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Low Energy problems 



Schrödinger equation: 

Simple to solve numerically  for E < 0 or E > 0 
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e.g., Woods-Saxon 
Theories: e.g. radiative capture 
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Z. Phys. A356, 293 (1996) 
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Cluster models and reactions 

What one needs 

What one does 

Hill-Wheeler, 1955 

ab initio 
model 

Problem:  
intercluster effective interactions 
in  continuum 
H = T + ∑vij + ∑vijk 



•  Realistic interactions: CD-Bonn, INOY 
•  Accurate wave functions of 7Be, 8B 
•  Deduce the ANC of 8B 
 
But: 7Be+p scattering states defined in a potential model 
“Ab initio” only in the final state 
Convergence test with # 
of oscillator shells 

S17 = 22 ± 1 eV.b 

Navratil, Bertulani, Caurier  
PLB 634, 191 (2006)  
PRC 73, 065801 (2006) 

Ab initio models: e.g., no core shell model 5 



S17 = 19.4 ± 0.7 eV.b 
Quaglioni, Navratil, Roth  
PLB 704 (2011) 379 

Microscopic models: e.g., no core shell model + RGM 6 
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8 More energetic problems 



Theories:  
e.g.neutrinos 

Needs                      for nuclei A > 40 e- + (Z,A) ßà (Z-1, A) + νe 
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" e+
56Fe # 56Co* + e$

       Samana, Bertulani, PRC 78, 024312 (2008)  
 Samana, Krmpotic, Bertulani, CPC 181, 1123 (2010) 

Supernovae neutrinos 10 
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Brilliant ideas 



Astrophysically 
relevant  
cross section σ(E) for 
B + x à C + D  
from transfer  
A + B à C + D + s 

THM 

screening 

2H(6Li,α)4He 
from 
6Li(6Li,αα)4He Spitaleri et al., PRC 63, 055801 (2001) 

Trojan Horse Method 
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Fermi
motion

A 
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P! =
i
!

dt F!" R( )ei(E!!E! )t/!+(...)
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~ ! coll F!" D( )
2
g Q!"( )

F!" R( ) ~ d3r1! eiQ•r1!an
(A) R+ r1( ) V1A " U( )!an'

(b) r1( )
Q = momentum transfer 
V1A transfer interaction. 
Why not V1b ??   POST-PRIOR representation 

Multi-nucleon transfer (e.g. Pollarolo, Torino) 



P2n ~ 3 (P1n)2 

P3n ~ P2n P1n 

P4n ~ (P2n)2 

“That is what happens 
when theorists do not 
know what to do” 
 
Corradi, Legnaro, 2011 
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P1n 

96Zr+40Ca 



e.g., (n,f) from transfer reactions 
Kessedjian, et al., PLB 692, 297 (2010) 
 
Fission cross sections not sensitive to 
differences Jπ distributions!!! 
à Hauser-Feshbach = Ewing-Weisskopf 
à Surrogate transfer reactions work 

BUT, unfortunately, most often it 
doesn’t work this way. 

Surrogate reactions 

15 



16 

Other Beautiful ideas 



a b 

c 

Coulomb dissociation method  
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Applications to radiative capture (n,γ) and (p,γ) reactions in 
nuclear astrophysics.  
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Baur, Bertulani, Rebel  
NPA 458 (1986) 188 



DWBA 

!± ~ ! ±
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Born: only first order in U 

U V0 
V0 

18 



19 Coulomb excitation +  Nuclear excitation  

! 

finel
C "( ) # d3r d$

3
r'%k '

(& )* r( )' f r '( )VC r,r'( )%k(+) r( )' i r '( )

finel
N !( ) ! d3r d"

3
r '#k '

($)* r( )! f r '( )UN r,r'( )#k
(+) r( )!i r '( )

d!
d!

= finel
N "( )+ finelC "( )

2



20 

8B + Pb à 7Be + p + Pb 
50 MeV/nucleon 
 
Relevant for 7Be(p,γ)8B  (Sun) 
 
Data: Kikuchi et al, PLB 391, 261 (1997) 
Calc:  Bertulani, Gai, NPA  636, 227 (1998) 
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8B + Pb à 7Be + p + Pb 
50 MeV/nucleon 
 
Relevant for 7Be(p,γ)8B  (Sun) 
 
Data: Kikuchi et al, PLB 391, 261 (1997) 
Calc:  Bertulani, Gai, NPA  636, 227 (1998) 

Good wins! 
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6Li + Pb à α + d + Pb 
26 MeV/nucleon 
 
Relevant for BBN 
 
 
Data: Hammache et al., PRC 82 (2010) 065803 
Calc:  Stefan Typel 
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Evil wins! 

6Li + Pb à α + d + Pb 
26 MeV/nucleon 
 
Relevant for BBN 
 
 
Data: Hammache et al., PRC 82 (2010) 065803 
Calc:  Stefan Typel 
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More ways 



Charge-exchange reactions (e.g., Fujita, RCNP) 

One step       Two step 

(meson exchange) 

             Two step 

(nucleon pickup & stripping) 
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Effective interaction VNN     (phenomenological) 
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Love, Franey, NPA 1981, 1985 
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Lenske, Wolter, Bohlen, PRL 62, 1457 (1989) 

12C(12C,12N)12B(1+,gs) 

Two step (proton pickup & neutron-stripping) 

12C+12C 

13N+11B 11C+13C 

12N+12B 

s,p,d 

Two step (double π+ρ exchange) 

13C(13N,13C)13N       70 MeV/nuc.    

σ2nd   ∼   10-4 × σ1st  

←p 
n→ 

n→ 
←p 

Bertulani, NPA 554, 493 (1993) 
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eikonal + few pages of algebra 
Bertulani, NPA 554, 493 (1993) 
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13C(13N,13C)13N       70 MeV/nuc.  

  Bertulani, Lotti, PLB 402 (1997) 237 
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Relax 



All the way back to 1911 (Rutherford?) 

33 

Rolling back. We forgot lots of things! 



34 

Aguiar, Aleixo, Bertulani, PRC 42, 2180 (1990)  
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! 

d" elast

d"Ruth

important for elastic scattering: 
experimental data often reported 
as 

! 
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NLO 

Deviations from  
Rutherford 

PRC 42, 2180 (1990)  
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37 So what? 



38 Coulomb excitation: orbital integrals with retardation 
Aleixo, Bertulani, NPA 505, 448 (1989) 
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v
bEx
γ

ξ =

NR 

Corrections important 

large b’s, large Ex’s 

Deviations from  
non-relativistic 

40S (100 MeV/nucleon) + Au 

 



40 

40S (100 MeV/nucleon) + Au 

 Ex = 0.89 MeV 

! exact !! R or NR

! R or NR

(%)

Deviations from  
non-relativistic 

& from relativistic 
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! 

W" #"( ) =1+ B$Q$ E"( )
$ = 2,4
% P$ cos#"( )De-excitation by γ–ray emission 

38S (100 MeV/nucleon) + Au 

  

Deviations from  
from relativistic 
theory 

Exact/R 
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We all know that: 

•  Relativitiy obviously important at GANIL, GSI, MSU and  
RIKEN 
   (we are talking dynamics) 
 
•  ‘Rather’ easy to include for Coulomb interaction 
   (transformation properties of  E/M fields well known) 
 
 
How about nuclear interaction? 

 
•  Transformation properties of nucleus-nucleus potentials 
not exactly known  

•  Solution has to be based on QFT (QM + relativity) 

•  Can we save our DWBA, CC, or CDCC knowledge for 
something practical? 

   



43 Way out? 



Continuum (CDCC) 

!b = Eb, JbMb

! (c)
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continuum 
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        Coupled-channels 
Bertulani, Canto, NPA 539, 163 (1992) 
11Li+208Pb (100 MeV/nucleon) 

        continuum discretization 



45 

! 

"2 + k 2 #U[ ] $ R,r( ) = 0

b 

z ! 

U =V0 2E "V0( )

( ) ( ) ( )

( )z

ezS zik

,

,,,

bR

rbrR

=

=Ψ ∑
α

αα φα

SikS
EVU

zz∂<<∇

≈
2

02

Relativistic-CDCC       Bertulani, PRL 94, 072701 (2005) 

V0 

invariant Lorentz 
CDCCicRelativist

=vector-4 ofcomponent 
 like-time0 =V

iv!zS! b, z( ) = V
!"
b, z( )S! b, z( ) ei k!"k"( ) z

!

#

f" Q( ) = " ik
2!

db eiQ.b S! b, z =$( )"!",0%& '()
Q =K*

' "K* ! = jlJM



46 

LO 

all orders 

all orders 
relativistic 

V0 = Coulomb + nuclear 
with relativistic 
corrections 

DATA: Davids et al, 2002 

0 0.5 1 1.5 2
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]

  4-10% effect 

Pb(8B,p7Be) at 83 MeV/nucleon 
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Nuclear 



48 Clue: Proton-nucleus scattering at intermediate energies 
 •  meson exchange, two-nucleon interaction 

•  mean field approximation, U0 (ω exchange), US (2π exchange) 

 Arnold, Clark, PLB 84, 46 (1979) 

 non-relativistic reduction 
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Eikonal scattering waves                    
Transition: low to high energies 
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Relativistic CDCC 
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Assumptions  
ü  Point charges for 1, 2 and A  
ü  Neglecting far-field (ri > R) contribution  
ü  Correction to nuclear form factor 

Form factor of non-rel. E-CDCC 

 Lorentz tranform of form factor and coordinates 
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Theory movie in next 5 transparencies (enjoy!)©  
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 © Ogata-san 
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Truncation and Discretization 
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Truncation and Discretization 
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THE END. 
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               8B  
lmax= 3 
Ns=20, Np-d=10 , 
Nf=5  
εmax=10 MeV  
rmax= 200 fm 
Rmax= 500 fm 
Nch = 138 

Reaction 
       208Pb(8B, 7Be+p) at 250 A MeV and 100 A MeV 
       208Pb(11Be, 10Be+n) at 250 A MeV and 100 A MeV 
 
Projectile wave function and distorting potential 
        Standard Woods-Saxon 
 
Modelspace 

R, K (L) 

8B or 11Be 
208Pb 

              11Be  
lmax= 3 
Ns,p=20, Nd=10 , 
Nf=5  
εmax=10 MeV  
rmax= 200 fm 
Rmax= 450 fm 
Nch = 166 
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Ex = 1.5 MeV 

θ = 0.06o 

Pb(8B,p7Be) at 250 MeV/nucleon 58 



all orders 

|σall – σNR| 

|σall- σno-nuclear| 
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Pb(8B,p7Be) at 250 MeV/nucleon 



60 
Things can get worse 
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61 Relativistic MF nucleus-nucleus potential 
σ, ω, ρ and γ exchange Long, Bertulani, PRC 83, 024907 (2011). 

Lorentz transform 
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! 

E(At , Ap , v) = E(At ) + E(Ap,v) + E (At , Ap , v)
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Ex:  σ and ω contributions 

Projectile densities boosted to the target frame 



63 Results for 12C + 12C 



64 Contribution of different fields 



65 Dependence on energy and impact parameter 
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12C + 12C 

Elastic scattering 

        relativistic 

        non-relativistic 
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OUT OF TIME 


