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-  Beyond the inert core approximation 
  
-  A dynamical model for one- (11Be, 10Li,..) and 

two-neutron halo nuclei (12Be, 11Li,…)   

-  Comparison with experiment: structure and reaction       
  data 
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Remaining problems 

spatial structure of dineutron (cf. a large pair coherence length?) 
dineutron correlation in heavy nuclei? 
E1 excitations? 
Pair transfer? 

 

9Li 

n 

n What is the spatial structure  
of the valence neutrons? 
 
To what extent is this picture correct? 

Talk by K. Hagino  



Density-dependent delta-force   
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Three-body model with density-dependent delta force 

11Li, 6He 



vnn 

n 

n continuum states:  
discretized in a large box 

 contact interaction 
 v0: free n-n 
 density dependent term: medium many-body effects 



uncorrelated basis 

diagonalization of Hamiltonian 
matrix 
 (~ 1500 dimensions) 



IV. COMPARISONS TO FADDEEV CALCULATIONS

We apply our three-body model to calculate the ground
state of 11Li and 6He and compare the results to similar
Faddeev calculations, which are based on realistic nn inter-
actions. The comparison will hopefully indicate how reliable
our contact interaction �2.1� is.
The empirical knowledge of the structure of 11Li is still

quite uncertain, mainly due to uncertainties in the neutron-
core interaction. This is discussed and explored in more de-
tail in Sec. V. Here we adopt a shallow neutron-core poten-
tial which does not support any bound states. The advantage
is that we do not have to worry about effects of Pauli block-
ing when we compare to the corresponding Faddeev calcu-
lation.
The ground state of 6He is under better control. The

neutron-core interaction can be calibrated to reproduce the
measured low-energy neutron scattering on 4He, and 6He
serves therefore as a good test case for three-body models.
Finally, we also discuss the results we obtain in the limit
where we ignore the recoil of the core nucleus.

A. Shallow single-particle potential

The ground state of 11Li has been studied in several three-
body calculations �4,5,10,11� which make use of the shallow
neutron-core interaction

Vnc�r ���7.8 exp���r/2.55�2� MeV �4.1�

and a simple Gaussian interaction between the valence neu-
trons,

Vnn�r12���31 exp���r12/1.8 �2� MeV. �4.2�

The s-wave phase shifts generated by the latter interaction
are in good agreement with the empirical values. We quote
the ground state properties that have been obtained from the
hyperspherical method �10� in line 1 of Table I. The results
have apparently not fully converged since they differ slightly
from the results of the most recent Faddeev calculation �11�
which are shown in line 2. We shall therefore test our ap-
proach against the latter Faddeev calculation.
The results we obtain from the same neutron-core inter-

action �4.1�, and different approximations for the contact in-
teraction between the valence neutrons, are shown in lines

3–5 of Table I. All calculations are based on the same cutoff
energy Ecut�15 MeV and employ single-particle wave func-
tions that are confined to a radial box of 40 fm. The recoil of
the core is included in the three-body Hamiltonian, which is
diagonalized as described in Sec. III.
In the first calculation �line 3 of Table I� the nn interac-

tion �2.1� was determined by a scattering length of ann�
�18.5 fm and v� was set to zero. This interaction is clearly
too strong; it produces a binding energy of 569 keV. By
reducing the nn scattering length to �9.81 fm �see line 4� it
is possible to reproduce the 318 keV binding energy obtained
in the Faddeev calculation. The associated mean square dis-
tances are in reasonable but not perfect agreement with the
Faddeev calculation.
The nn interaction associated with the smaller scattering

length is, however, too weak. This is illustrated in Fig. 2
where nn phase shifts obtained from different contact inter-
actions are compared to the prediction of the Gaussian inter-

TABLE I. Ground state properties of 11Li obtained with the shallow neutron-core potential �4.1�. All of
our calculations employ a radial box of 40 fm; the cutoff in the two-particle spectrum is 15 MeV, except in
line 6. Line 7 is the no-recoil limit corresponding to line 5.

Line Comments ann S2n �rc ,2n
2 � �rn ,n

2 � (s1/2)2

�fm� �keV� �fm2) �fm2) �%�

1 HHM �10� �18.5 300 25.0 60.8 98.4
2 Faddeev �11� �18.5 318 28.1 62.4 95.1

3 v��0 �18.5 569 20.3 49.0 92.1
4 v��0 �9.81 318 26.0 65.3 93.5
5 v��0 �15.0 318 28.3 67.1 92.4
6 v��0, Ecut�25 MeV �15.0 318 27.6 62.9 91.1

7 line 5, no recoil �15.0 318 25.3 67.9 94.4

FIG. 2. Calculated nn phase shifts for s-wave scattering ob-
tained from a contact interaction with an energy cutoff at 15 MeV
and different scattering lengths, ann � �10, �15, and �18.5 fm.
The open circles are the phase shifts obtained from the Gaussian
interaction �4.2�.
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Good agreement with Faddeev calculations  

H. Esbensen, G.F. Bertsch, K. Hencken, Phys. Rev. C 56 (1997) 3054  



Inert core 
 
 
 
Different potentials 
for s- and p- waves 
 
Zero range interaction,  
with ad hoc 
density dependence 

Low-lying collective  
modes of the core taken 
into account 
 
Standard mean field  
potential 
 
Bare N-N interaction  
(Argonne) 
 

Relax some of the assumptions of Bertsch and Esbensen: 

10Li,   11Li   F. Barranco et al. EPJ A11 (2001) 385  
11Be, 12Be  G. Gori et al. PRC 69 (2004) 041302(R)  

H. Esbensen, G.F. Bertsch, K. Hencken, 
Phys. Rev. C 56 (1997) 3054  
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Introduction

We will try to draw information about the halo structure of
11

Li from the

reactions
1
H(

11
Li,

9
Li)

3
H and

1
H(

11
Li,

9
Li

∗
(2.69 MeV))

3
H (I. Tanihata et

al., Phys. Rev. Lett. 100, 192502 (2008))

Schematic depiction of
11

Li First excited state of
9
Li
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Mean-‐field	  results	  
(Sagawa,Brown,Esbensen	  PLB	  	  309(93)1)	  Experimental	  systemaCcs	  

Parity	  inversion	  in	  N=7	  isotones	  	  	  	  



Calculated ground state 

+⊗+=+ 213.087.02/1 2/52/1 ds

Exp.:  
J.S. Winfield et al., Nucl.Phys. A683 (2001) 48 

+⊗+=+ 216.084.02/1 2/52/1 ds

11Be(p,d)10Be in inverse kinematic 
detecting both the ground state and 
the 2+ excited state of 10Be. 



EshiJ	  =	  -‐	  2.5	  MeV	  

p1/2	  p3/2	  

2+	  

2+	  

s1/2	  

EshiJ	  =	  +	  2.5	  MeV	  

s1/2	  

d5/2	  

5	  MeV	   0	  MeV	  

½	  -‐	  

½+	  

Pauli blocking of 
core ground state 
correlations 

Self-energy 

Level inversion  

+ 

11Be 

H. Sagawa et al., PLB 309 (1993)1 



ja 

jb 

λ

From B(EL) experimental value  
in the core nucleus 

Mean field potential 



Fermionic degrees of freedom:  

•  s1/2, p1/2, d5/2 Wood-Saxon levels up to 150 MeV (discretized 
continuum) from a standard (Bohr-Mottelson) Woods-Saxon 
potential 

Bosonic degrees of freedom:  

•  2+ and 3- QRPA solutions with energy up to 50 MeV; residual 
interaction: multipole-multipole separable with the coupling 
constant tuned to reproduce E(2+)=3.36 MeV and 0.6<β2<0.7 

Main ingredients of our calculation 

11Be	  



A	  	  dynamical	  descripCon	  	  
of	  	  two-‐neutron	  halos	  

11Li	  
F.	  Barranco	  et	  al.	  EPJ	  A11	  (2001)	  385	  	  
	  
12Be	  
G.	  Gori	  et	  al.	  PRC	  69	  (2004)	  041302(R)	  	  
	  

Induced	  interacCon	  	  

Energy-‐dependent	  matrix	  	  

Bare	  	  interacCon	  	  



TheoreCcal	  calculaCon	  	  
	  	  	  	  	  	  	  for	  10Li	  and	  11Li	  	  

Low-‐lying	  dipole	  strength	  	  
	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  s-‐p	  mixing	  	  
	  

Phenomenological 
input:  
properties 
of collective models 
 
Predictions: 
binding energy,  
spectroscopic factors 



B(E1) calculated with  
separable force; coupling 
constant tuned to reproduce 
experimental strength; 
part of the strength comes 
from admixture of GDR   



0.369  MeV 

11Li correlated wave function 

Results for 10Li and  11Li 

 
 
 



Correlated	  halo	  wavefuncCon	  	  	  

Uncorrelated	  	  



11Li correlated wave function 

The halo wavefunction is made out of components which are  
superposition of single-particle wavefunctions in the  
discretized continuum, leading to a bound state:   

A part of the wavefunction is explicitly coupled to 1- and 2+ 
 vibrations: 



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
New	  result	  for	  S[1/2+]:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
0.28+0.03	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  -‐0.07	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  

Kanungo	  et	  al.	  
PLB	  682	  (2010)	  39	  

Spectroscopic	  factors	  from	  (12Be,11Be+γ)	  
reacCon	  to	  ½+	  and	  ½-‐	  final	  states:	  
S[1/2-‐]=	  0.37±0.10	  	  	  	  S[1/2+]=	  0.42±0.10	  	  

Results for 11Be,12Be 
Good  agreement between theory and experiment 
concerning energies and   spectroscopic factors   



r	  

Probing	  11Li	  halo-‐neutrons	  correla6ons	  
via	  (p,t)	  reac6on	  





CalculaCon	  of	  absolute	  two-‐nucleon	  transfer	  cross	  secCon	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  by	  finite-‐range	  	  DWBA	  calculaCon	  	  

B.F. Bayman and J. Chen, 
Phys. Rev. C 26 (1982) 150 
M. Igarashi, K. Kubo and K. 
Yagi, Phys. Rep. 199 (1991) 1 
G. Potel et al., arXiv:
0906.4298 



Vnp 
Vnp 
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11Li 9Li 10Li 

d t 
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�

n1,n2

an1,n2 [ψn1(r1)ψn2(r2)]00



G. Potel et al., PRL 105 (2010) 172502 



Decomposition into successive and simultaneous contributions 

3/2- ground state  1/2- excited state  



Convergence of the  calculation 
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R=40fm
R=30fm

With box  radius 
With number of intermediate 
states 



Channels c leading to the first 1/2− excited state of 9Li

c = 1: Transfer of the two halo neutrons
c = 2: Transfer of a p1/2 halo neutron and a p3/2 core neutron
c = 3: Transfer to the ground state + inelastic excitation

P(1) = 1.3× 10−3

P(2) = 4.6× 10−5

P(3) = 2.6× 10−6

σc = π
k2

�
l(2l + 1)|S (c)

l |2, P(c) =
�

l |S (c)
l |2 (c = 1, 2, 3).

Small probabilities ⇒ use of second order perturbation theory.
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Two-‐step	  effects	  :	  how	  important	  are	  they?	  

ExcitaCon	  of	  ½-‐	  	  state	  following	  transfer	  	  

E. Vigezzi et  al., 
J. Phys. G  Conf. Ser. 312 (2011) 092061 



Transition to the first 1/2−(2.69 MeV) excited state of 9Li

0 50 100 15010−3

10−2

10−1

100

!CM

d"
/d
#

 (m
b)

 

 1/2− experiment
1/2− channel 1 (halo transfer)
1/2− (total)
channels c=2+c=3

differential cross section calculated with

the Barranco et. al. (2001)
11

Li ground

state wavefunction, compared with

experimental data. According to this

model, the
9
Li excited state is found

after the transfer reaction because it is

already present in the
11

Li ground state.

1
H(

11
Li,

9
Li

∗
(2.69 MeV))

3
H at 33 MeV. Data from Tanihata et.al. (2008).
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Mean-‐field	  results	  
(Sagawa,Brown,Esbensen	  PLB	  	  309(93)1)	  Experimental	  systemaCcs	  

Parity	  inversion	  in	  N=7	  isotones	  	  	  	  



Comparison with the model by Ikeda, Myo et al.  

K. Ikeda et al, 
Lect. Notes in Physics 818 (2010)  

of forming a bound state in the free space. This means that the s-state structure
appears close to the threshold energy of 9Li + n.

5.1.2 Theoretical Studies on the Halo Structure in 11Li

The halo structure was completely new in nuclear physics community. Hence,
there were many theoretical studies to describe this interesting phenomenon.
We have recognized immediately that the standard shell model approach badly
fails due to the fact that the two additional neutrons in 11Li ought to enter in
the p1/2 neutron orbit but not in the s1/2 orbit due to the N = 8 magic structure.
Hence, most of theoretical studies introduce some phenomenology to bring
down the s1/2 orbit. For example, in the work of Thompson and Zhukov [9],
they treat 9Li as a core and add two neutrons by taking state dependent neu-
tron-core interactions. The additional attraction for s-wave component makes
the (s1/2)

2 state energetically close to the (p1/2)
2 state. In this case, the (s1/2)

2

state has a large component in the ground state, which provides the halo
structure for 11Li.

There is a theoretical study on the pairing property and the E1 excitation in 11Li
by Esbensen and Bertsch [10]. In their study, it is essential to bring down the s1/2
orbit to reproduce the experimental E1 excitation spectrum. As for the pairing
correlation, there are many studies to describe 11Li as the BCS state. In the study
of Meng and Ring [11], they describe 11Li in terms of a relativistic Hartree–
Bogoliubov model. In this study, they can include the continuum effect in their
pairing correlations. In the relativistic Hartree–Bogoliubov model, the s-wave
contribution comes out to be about a quarter of the p-wave contribution for the
paired two neutrons. We need more participation of the s-wave component as
compared to the finding of the experimental data of Simon et al. [3].

There is another interpretation on the halo structure as due to deformation.
In the work of Varga et al. [12], they try to break the 9Li core and introduce the
cluster structure. The wave function of 11Li is written as 4He + t + 4n and takes
the interaction among them by a phenomenological central interaction. In this way,
they can introduce the effect of the deformation and pairing correlations among the
nucleons. The deformation effect provides a large matter radius and some s-wave
component in the wave function.

The theoretical challenge on the halo structure is therefore summarized as
follows. There are many indications that the s-wave component is very large in
the ground state wave function. Hence, we have to find a mechanism to bring
down the s1/2 orbit with the amount to wash out the N = 8 magic structure.
The pairing properties are also very important to cause admixture of (p1/2)

2 and
(s1/2)

2 states. In the halo nucleus, we ought to consider the di-neutron pairing
correlation in a small nuclear matter density. All these new phenomena should
be understood in terms of the many body framework with the nucleon–nucleon
interaction.

5 Di-Neutron Clustering and Deuteron-like Tensor Correlation in Nuclear Structure 169

function, which is spatially compact and involves high momentum components.
These features should appear in finite nuclei as the deuteron-like tensor correla-
tion. We shall treat this correlation in terms of the tensor optimized shell model
(TOSM) in finite nuclei.

As for the di-neutron correlation, we have a moderate intermediate attraction
with a short range repulsion as shown in Fig. 5.5. There is no tensor interaction
and the relative motion is completely described by the central interaction. We are
aware that there is no bound state in the 1S0 channel, but that the scattering length
is negatively very large a = -18.5 ± 0.4 fm [8]. This negatively large scattering
length indicates that the di-neutron system is close to develop a bound state.
Hence, for a system like 11Li, we expect a strong di-neutron clustering phenom-
enon in the halo region. For the quantitative account we ought to use the NN
interaction for this phenomenon.

5.1.4 Wave Functions for 9,10Li and 11Li

We write the wave functions of the Li isotopes in order to understand the standard
shell model state, the di-neutron clustering and the deuteron-like tensor correla-
tion. It is illustrative to start writing the 9Li wave function.

j9Lii ¼ C1jðs1=2Þ2pðs1=2Þ
2
mðp3=2Þpðp3=2Þ

4
miJ¼3=2

þ C2jðs1=2Þ2pðs1=2Þ
2
mðp3=2Þpðp3=2Þ

2
mJ¼0ðp1=2Þ

2
mJ¼0iJ¼3=2

þ C3j½ðs1=2Þpðs1=2Þm&J¼1ðp3=2Þpðp3=2Þ
4
m ½ðp1=2Þpðp1=2Þm&J¼1iJ¼3=2

þ ' ' '

ð5:2Þ

We have written here only the dominant components explicitly where p and m for
each configuration denote proton and neutron, respectively. The term with the
amplitude C1 corresponds to the standard shell model state. The term with the
amplitude C2 corresponds to the main component of the two neutron pairing states,
where a two-neutron pair couples to Jp = 0+. The term with the amplitude
C3 corresponds to the main component of the deuteron-like tensor correlation
states, where a proton-neutron pair couples to Jp = 1+.

The di-neutron clustering correlation, which is associated with the C2 amplitude
component, should involve further particle states in sd and higher shells. As for
9Li, the di-neutron clustering correlation provides a similar structure as the BCS
state due to the fact that the nuclear density of the surface neutrons is ordinary as
expected from the standard size of neutron separation energies listed in Table 5.1.
With the increase of the neutron number, the nuclear density of the surface neu-
trons becomes very small and hence the di-neutron clustering correlation should
show up. This change of the di-neutron clustering correlation due to the nuclear
density is related with the BCS-BEC crossover. On the other hand, the deuteron-
like tensor correlation, which is associated with the C3 amplitude component,

172 K. Ikeda et al.

 
p1/2 orbit is pushed up by pairing correlations 
and tensor force. Only 3/2-  configurations 
are included: coupling to core vibrations (1/2-) is 
not considered. Binding energy is given  
as input. 50%(s2)-50%(p2) wavefunction is obtained 

and essentially all the theoretical works of 11Li had to accept that the 
1s1/2 single particle state is brought down to the 0p1/2 state without 
knowing its reason … 



CONCLUSION: 
 
According to a  dynamical model of the halo nucleus 11Li,  
a key role is played by the  coupling of the valence nucleons 
with the vibrations of the system. 
The structure model has been tested with a detailed reaction 
calculation, comparing with data obtained in a recent (t,p) experiment.  
Theoretical and experimental cross section are in reasonable agreement. 
 

Many open issues, among them: 
Optical potentials 
The role of the tensor force 


