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Relation between the fundamental laws and the irreversible kinetic equations �
 
Irreversibility as an exact dynamics in terms of resonance states �
    Irreversibility is not a result of approximations or statistical operations, �
    such as the coarse-graining �
 
Difficulty of the problem: infinitely many degrees of freedom�
    So far, there is no exact solution of the Liouville-von Neumann eq. �
    that shows irreversibility to approach to thermal equilibrium �
    in space and momentum distribution �
�
This talk �
 presents an exact solution of irreversible process that exhibits �
 transport phenomena and approaches to equilibrium�
�
    One-dimensional Weakly Coupled Quantum Lorentz Gas�
�
�
  Especially we discuss transport process for a non-hydrodynamic situation.�
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Classical 
Model�

Modern Model (Not 
Quantum) �

Perfect Lorentz Gas 

Pachinko (Japanese Slot machine) 
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One-dimensional Weakly Coupled Quantum 
Lorentz Gas 

Exact solution including non-hydrodynamic modes with the situation 

Liouville-von Neumann Eq. 

Eigenvalue Problem the Liouvillian  

M M M 

Heavy particles are in equilibrium   

V (x) = 2!
L

Vk
k
! eikx

to avoid the 1st order secular effect  V0 = 0
 Vk ~ o k( ) k!0" !"" 0 ( )
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Exact form of the imaginary part of the eigenvalue of the Liouvillian �

Burnett process �

Phenomenological Boltzmann eq.�

kc ! lm
"1

hydrodynamics�

Relaxation mode�

Exact treatment of  Transport process �
based on dynamics �

V0 = 0
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Brillouin-Wigner (Feshbach) method for the eigenvalue problme of Hamiltonian 

H = H0 + gV H0 =
�

α

�ωα|α��α|

H|ϕα� = zα|ϕα�eigenvalue problem: 

Pα = |α��α|, Qα = 1− Pα

with projection operators: 



PαH (Pα|ϕα�+Qα|ϕα�) = zαPα|ϕα�
QαH (Pα|ϕα�+Qα|ϕα�) = zαQα|ϕα�

resonance states     complex eigenvalues: decay rates (irreversibility) 

!" = N" P" +
1

z" !Q"HQ"

Q"gVP"
"

#
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Solution of the eigenstate: 

dispersion equation:  

self-energy part 

!!" + " gV " + " gVQ"

1
z" !Q"HQ"

Q"gV " = z"

Q! "! =
1

z! !Q!HQ!

Q!gVP! "!

P!HP! + P!gVQ!

1
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complex spectral representation of Liouvillian 

Liouville-von Neumann equation: �

collision operator (self-frequency part of the Liouvillian) in kinetic equation 

complex eigenvalues       Transport coefficients 

eigenvalue problem L|F (µ)
j �� = Z(µ)

j |F (µ)
j �� !Fj

(µ ) L = Z j
(µ ) !Fj

(µ ), 

L0P
(µ ) = P (µ )L0

Q(µ ) =1! P (µ )
P (µ )  2 = P (µ )

! (µ ) (z) = P (µ )LP (µ ) + P (µ )gLVQ
(µ ) 1
z !Q(µ )LQ(µ )

Q(µ )gLV P
(µ )

Solution of the eigenstate: 

Liouvillian: � L = L0 +gLV

! (µ ) Z j
(µ )( )P (µ ) Fj(µ ) = Z j

(µ )P (µ ) Fj
(µ )

Fj
(µ ) = N j

(µ ) P (µ ) + 1
Z j
(µ ) !Q(µ )LQ(µ )

Q(µ )gLV P
(µ )

"

#
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(µ ) Fj
(µ )

L0|α��β| =
1

� [H0|α��β|− |α��β|H0] = (ωα − ωβ)|α��β|

L0|α��α| = L0|β��β| = · · · = 0 intrinsic degeneracy 
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! 0( ) = f (0)! !heavy
eq pN( ),Initial condition �

Reduced kinetic equation  for � f (t) = Trheavy ! t( )!
"

#
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fk (P, t) ! P + !
2
k f (t) P " !

2
k

The Wigner distribution function 
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No temperature dependence in the limit             :  perfect Lorentz gas  

v ! P
m

Collision term�
Non-Markov�Flow term�

! g2!"2
(k ) Z!

(k )( )

P (k )LP (k ) +g2P (k )LVQ
(µ ) 1
Z!
(k ) !Q(µ )L0Q

(µ )
Q(µ )LV P

(µ )
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(k ) = Z!
(k ) u!

(k )

f W (X ,P,t) ! 1
2!

dk  eikX fk (P,t)
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Phenomenological Boltzmann equation  

g2!!2
(k ) (Z"

(k ) )" g2!!2
(0) (+i0) = g2 2!c
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 k < lm
!1 lm  : mean free path~

 k!2
(k ) Z!

(k )( ) = "ikv +g2!!2
(k ) Z!

(k )( )

９ 



Z
±;P0

(k ) !"i
g2!P0

2
±
P0

m
k " kc   for  k

kc
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lm = kc
!1

Eigenvalues of the phenomenological Boltzmann equation ! �
  

imaginary part� real part�
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!P  and kc <! for Vk ~ o k( ) k!0" !"" 0
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Exact Eigenvalue of the Liouvillian 

: interaction range 

Three spatial scales: 
Mean free length: � Interaction range: �

Initial width： 

Relaxation 
mode 

Imaginary part �

Phenomenological Boltzmann eq.�

Real part �

kc

hydrodynamics�

2P0
!
+
1
a

V0 = 0
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k f !
2P0

!
+
C1

a
,   C1 =O(1)

Time Evolution of 

period in k Beat 

Modulation: 

Non-Markov�

Burnett process �

Diffusion  

f W (X ,P0 ,t) ! 1
2!

dk  eikX fk (P0 ,t)
"#

+#
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!
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X !v 0t

X !v 0t

final width 

initial width 
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Modulation: 

kV !
2P0
!

2!
k f ! kV
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Distribution in P space Distribution in X space 
!(P,t) ! P f (t) P n(X ,t) ! X f (t) X

Causality ! 
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The Wigner distribution function f W (X ,P,t) ! 1
2!

dk  eikX fk (P,t)
"#

+#

$

t2t1t = 0

Causality ! 
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Summary�
�

We could described irreversible process �
as an purely dynamical process �

as a solution of�
 the Liouville-von Neumann equation! 
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