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Fast Fourier Transform
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Poisson Equation:
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Green’s Function

G(x) = − 1
4π x ∇2G(x) = δ (x)

φ̂(k) = Ĝ(k)ρ̂(k)

φ(x) = G(x − x ')ρ(x ')∫ d 3x '
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G0 = − 1
4π

1≤ i ≤ NGi = − 1
4π i

= G2N−i
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Procedure

• Potential from FFT with Green’s function 
method

• Force from finite difference method with 
fourth-order accuracy

• Error is defined as, εFFT = FFFT − Fanaly



-1

1 1

-1

500 500 500

50 50 50

Fanaly

εFFT = FFFT − Fanaly

1

-1



-1

1 1

-1

500 500 500

50 50 50

Fanaly

εFFT = FFFT − Fanaly

1

-1

         
max( εFFT )
max(Fanaly )

~ 2 ⋅10−3



New Method:
Multipole correction
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φ = φFFT − ε
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FFT −φmono
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Multipole Correction
v.s.       Green’s Function
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Why?
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Green’s Function
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G0 = − 2.8362
4π
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F = FFFT − Flm
FFT − Flm
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FFT  Force

• Green’s Function

• Multipole Correction

F(x) = ∇φ(x) = ∇G(x − x ')[ ]ρ(x ')∫ d 3x '
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Computation Efficiency

643 1283 2563 5123

CPU 3.60 3.63 3.60 3.53

Speed ratio 

TMultipole

TGreen
=

TGreen : running time 
with Green’s func.

TMultipole : running time 
with Multipole corr.



Pros & Cons



Multipole Correction Green’s Function

Error free when l→∞ Singularity number 
optimizaton

Error is larger 
at peripheral region

Error is larger 
at denser region

3.6 times faster

80% memory usage of 
Green’s function
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Error from Multipole Force Corr.

εFFT = FFFT − Fanaly
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Error from Green’s Function Force Corr.

εFFT = FFFT − Fanaly
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Double and Single Precision
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Plummer Model
(force corr.)
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Green’s function singularity adaption



Potential Field

Green’s function singularity adaption



Green’s function singularity adaption



Finite Difference Method
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Multipole correction

ρlm (r,θ ,ϕ ) = qlmYlm (θ ,ϕ ) flm (r)

ρ(r,θ ,ϕ ) = ρlm (r,θ ,ϕ )
m=− l
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∇2φlm (x) = ρlm (x)

qlm = Ylm
*∫ (θ ',ϕ ')rlρ(x')d 3x '



Multipole correction
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Multipole correction

ρlm (r,θ ,ϕ ) = qlmYlm (θ ,ϕ ) flm (r)

ρ(r,θ ,ϕ ) = ρlm (r,θ ,ϕ )
m=− l

l

∑
l=0

∞

∑

ρ00 (r) =
q00

(σ 00 2π )3
e
− r2

2σ 00
2

φ00 (r) = − q00
4πr

erf( r
2σ 00

) q00 = Mtotal

l ≥1

φlm (r) =
(1− e

− r2

2σ lm
2

)2l+1

rl+1
qlm = Ylm

*∫ (θ ',ϕ ')rlρ(x')d 3x



Green’s Function

G0,0,0 = − 1
4π N

N

Gi, j ,k = − 1
4π i2 + j2 + k2

= G2N−i, j ,k = Gi,2N− j ,k = Gi, j ,2N−k

= G2N−i,2N− j ,k = Gi,2N− j ,2N−k = G2N−i, j ,2N−k

= G2N−i,2N− j ,2N−k

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

0 ≤ i, j,k ≤ N
i + j + k ≠ 0



Green’s Function

G0,0,0 = − 1
4π N

N

Gi, j ,k = − 1
4π i2 + j2 + k2

= G2N−i, j ,k = Gi,2N− j ,k = Gi, j ,2N−k

= G2N−i,2N− j ,k = Gi,2N− j ,2N−k = G2N−i, j ,2N−k

= G2N−i,2N− j ,2N−k

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

0 ≤ i, j,k ≤ N
i + j + k ≠ 0



Green’s Function

N

N

Gi, j ,k = − 1
4π i2 + j2 + k2

= G2N−i, j ,k = Gi,2N− j ,k = Gi, j ,2N−k

= G2N−i,2N− j ,k = Gi,2N− j ,2N−k = G2N−i, j ,2N−k

= G2N−i,2N− j ,2N−k

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

0 ≤ i, j,k ≤ N
i + j + k ≠ 0

G0,0,0 = − 2.8362
4π


