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• Requirements
– Shadow by Disk
– Scattering
– Multi-Color (λ = 0.1 μ - 1mm)
– Thermal and Hydrodynamical Balance
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• Potential Solutions
– Sampling:   Monte-Carlo   [noise]
– Consider only dominant sources 
– Reduced Angular Dependence: FLD, M1

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

1

6D  Full radiative transfer 
is hard to solve.



Reduce the Angular Resolution
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Intensity Iν (r, t. n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

1

Moment

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

1

Diffusion 
Approx. E

M1 model  (E, F)

0th: 

1st: 

2nd:

Radiation Diffusion
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M1 Model

M1

transfer absorption

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

1

emission scattering

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

1

Exact

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

1

closure 

Standard M1 model does not work when optically thick. 
We propose an idea to fix this.



Numerical Integration of M1 model
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Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮
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←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





1
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c

∮
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∮
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∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν
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2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν
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Fz,ν



 , F x =





Fx,ν

c2Pxx,ν
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c2Pxz,ν
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∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

1

Conservation Form

(i, j, k) (i+1, j, k)

Numerical  Flux

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν
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+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
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1 − χ

2
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2
nn

)
Eν , n =

F ν

F ν
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5 + 2
√

4 − 3f 2
, f =

|F ν |
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∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

F x,i+1/2,j,k = F x,i+1/2,j,k (Ux,i,j,k, Ux,i+1,j,k) (7)

1

x
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∮
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∮

n I(x, t, n) dn (3)
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c

∮
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+ σνSν (r, t, n) + σν,s

∮
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∂Eν
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∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
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(
1 − χ

2

←→
I +

3χ − 1

2
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)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν
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c2Pxx,ν
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∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

F x,i+1/2,j,k = F x,i+1/2,j,k (Ux,i,j,k, Ux,i+1,j,k) (7)

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

1



Upwind Scheme
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Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c. λL = −c (9)

2

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

2

(simple) HLL

Godunov  (eigenvalues & eigenvectors) 
      less diffusive but difficult to calculate 

Maximal Speed,   safe but diffusive

Reconstruction (this work)

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

Iν(n) =
3Eν

8π

(1 − β2)3

3 + β2
(1 − β · n)−4 (10)

β =
3f

2 +
√

4 − 3f 2
, β = β

F

|F |

2
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∮
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∮
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2
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2
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5 + 2
√
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∂

∂t
U +

∂
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F x +

∂

∂y
F y +

∂
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1

Consistent with the closure relation



Radiation Field 
consistent with the 
M1 closure

Upwind Reconstruction 
of the Radiation Field
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Reconstructed Flux is Analytic.
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∂U ν

∂t
+

3∑

i=1

∂F ν,i

∂xi

= Sν . (1)

U ν =





Eν

Fν,1

Fν,2

Fν,3




, F ν,i =





Fν,i

c2Pν,1i

c2Pν,2i

c2Pν,3i




, Sν =





σν,a (4πBν − c Eν)

− c (σν,a + σν,s) Fν,1

− c (σν,a + σν,s) Fν,2

− c (σν,a + σν,s) Fν,3




.

(2)

Iν(n) =
3 c (1 − β2

ν)
3 Eν

8π (3 + β2
ν)

(1 − βν · n)−4 (3)

βν =
3f ν

2 +
√

4 − 3 |f ν |
2
, (4)

I∗
ν (n) =

{
Iν,L(n) (n · ei ≥ 0)

Iν,R(n) (n · ei < 0)
, (5)

F ∗
ν,i =

∫
(ei · n) I∗

ν (n) dn , (6)

is expected to inherit the “upwind”nature and accordingly to be an alternative to

the Godunov-type numerical flux. Similarly the momentum flux is evaluated to

be

P ∗
ν,ij =

1

c

∫
(ei · n) (ej · n) I∗

ν (n) dn , (7)

F ∗
ν,i = F

(+)
ν,i,L + F

(−)
ν,i,R ,

F
(+)
ν,i,L =

[
3 qν,L + 6 β2

ν,L cos2 ψν,L q−1
ν,L − β4

ν,L cos4 ψν,Lq−3
ν,L + 8βν,L cosψν,L

4 (β2
ν,L + 3)

]

cEν,L ,

F
(−)
ν,i,R = −

[
3 qν,R + 6 β2

ν,R cos2 ψν,Rq−1
ν,R − β4

ν,R cos4 ψν,Rq−3
ν,R − 8βν,R cosψν,R

4 (β2
ν,R + 3)

]

cEν,R .

qν,L =
(
1 − β2

ν,L sin2 ψν,L

)1/2
, (ei · βL) = βν,L cos ψν,L .

qν,R =
(
1 − β2

ν,R sin2 ψν,R

)1/2
, (ei · βR) = βν,R cos ψν,R .

where the angular variables, θ, ϕ, and ψ, are defined to satisty

(ei · n) = cos θ , (8)

(ej · n) = sin θ cos ϕ , (9)

(ek · n) = sin θ sin ϕ , (10)

(ei · βL) = βν,L cos ψν,L .

1

The symbols, ej and ek denote the unit vectors perpendicular to ei. The suffix, L,

indicates that the variables are evaluated in cell L. We used the computer software,

Mathematica, to obtain the above integral. Similarly we obtain the other half,

P ∗
ν,ii = P

(+)
ν,ii,L + P

(−)
ν,ii,R ,

P
(+)
ν,ii.L =

[
β3

ν,L cos3 ψq−1
ν,L + 3βν,L cosψν,Lqν,L + 4β2

ν,L cos2 ψν,L + 1 − β2
ν,L

2 (β2
ν,L + 3)

]

,

P
(−)
ν,ii.R =

[
− β3

ν,R cos3 ψq−1
ν,R − 3βν,R cosψν,Rqν,R + 4β2

ν,R cos2 ψν,R + 1 − β2
ν,R

2 (β2
ν,R + 3)

]

,

P ∗
ν,ij = βν,j,L F

(+)
ν,i,L + βν,j,R F

(−)
ν,i,R .

The values of P (+)
zz and P (+)

xx are denoted by the grey solid and dashed curves,

respectively, in Figure ??.

0.1 Inclusion of Absorption and Emission within a Cell

In the previous subsection we implicitly assumed that the radiation field is

uniform within a cell. This is not a good approximation when the cell under

consideration itself is optically thick. The intensity differ appreciably on the cell

surface from that at the cell center. Taking account of the absorption, emission,

and scattering within a numerical cell, we modify Equation (8) into

F ∗
ν,i = εν,i,L

[
ζν,i,L F

(+)
ν,i,L + (1 − ζν,i,L)

cEν,L

4

]
+ (1 − εν,i,L) πBν,L

+ εν,i,R

[
ζν,i,R F

(+)
ν,i,R − (1 − ζν,i,R)

cEν,R

4

]
− (1 − εν,i,R) πBν,R ,(11)

εν,i,L = exp
[
− ρν,a,L ρ∆xi,L

2

]
, (12)

εν,i,R = exp
[
− κν,a,R ρ∆xi,R

2

]
, (13)

ζν,i,L = exp
[
− κν,s,L ρ∆xi,L

2

]
, (14)

ζν,i,R = exp
[
− κν,s,R ρ∆xi,R

2

]
. (15)

Equation (12) denotes an approximation to the formal soultion of the radiative

transfer in the limit of ∆x → 0. On the other hand, in the limit of of ∆x → ∞,

it describes the state in which the radiation is in the thermal equilibrium in each

cell.

2



Absorption & Emission within Cell
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Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

3

Flux at boundary absorption　Flux at center           Emission
Fν,x,i+1/2,j,k = F

′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
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(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
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Irradiated Protoplanetary Disk 
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stellar, scattered, and 
reemitted photons

AB Aur 
Hashimoto+ 
2011 
H-band 
(1.6 µm)

Thermal &  Hydrostatic 
      Equilibrium

0.1 µm ≤ λ ≤ 1 mm (1)

∆ log λ = 0.02 (2)

1

Eν(t + ∆t) = e−κν,aρ∆t Eν(t) +
(
1 − e−κν,aρ∆t

) (

Bν +
∆Fν

κν,aρ

)

, (30)

Fvν,j(t + ∆t) = e−(κν,a+κν,s)ρ∆t Fν,j(t) +
[
1 − e−(κν,a+κν,s)ρ∆t

] ∆Pν,j

(κν,a + κν,s)ρ
,(31)

Eν = E ′
ν + E ′′

ν , (32)

F ν = F ′
ν + F ′′

ν , (33)

∂E ′
ν

∂t
+

3∑

i=1

∂F ′
ν,i

∂xi

= − [κν,a + κν,s (1 − 〈cos θ〉] ρ cE ′
ν . (34)

∂E ′′
ν

∂t
+

3∑

i=1

∂F ′′
ν,i

∂xi

= [κν,s (1 − 〈cos θ〉)] ρ cE ′
ν − κν,a ρ [cE ′′

ν − 4πBν(T )] ,(35)

∂F ′
ν,i

∂t
+ c2

3∑

j=1

P ′
ν,ij = − [κν,a + κν,s (1 − 〈cos θ〉] cF ′

ν,i , (36)

∂F ′′
ν,i

∂t
+ c2

3∑

j=1

P ′′
ν,ij = − [κν,a + κν,s (1 − 〈cos θ〉)] cF ′′

ν,i . (37)

E ′
ν(r, z) =

π

c

(
R∗

R

)2

Bν(Teff) exp

[

− τν(z)

α

]

, (38)

τν(z) = [κν,a + κν,s (1 − 〈cos θ〉)]
∫ ∞

z
ρ(r, z′) dz′ , (39)

α =

[

0.4
R∗

R
+ R

d

dR

(
H∗

R

)]

, (40)

ln Σ =
1

2

{
ln (ΣinΣout) + ln

(
Σout

Σin

)
tanh

[
Γ ln

(
r

r0

)]}
− ln

(
r

r0

)
, (41)

4

Two sets of M1 models

stellar scattered
+emission



Model
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Disk with inner hole = Transition disk

cf. Honda+ 12

Opacity (Draine 03)

Eν(t + ∆t) = e−κν,aρ∆t Eν(t) +
(
1 − e−κν,aρ∆t

) (

Bν +
∆Fν

κν,aρ

)

, (30)

Fvν,j(t + ∆t) = e−(κν,a+κν,s)ρ∆t Fν,j(t) +
[
1 − e−(κν,a+κν,s)ρ∆t

] ∆Pν,j

(κν,a + κν,s)ρ
,(31)

Eν = E ′
ν + E ′′

ν , (32)

F ν = F ′
ν + F ′′

ν , (33)

∂E ′
ν

∂t
+

3∑

i=1

∂F ′
ν,i

∂xi

= − [κν,a + κν,s (1 − 〈cos θ〉] ρ cE ′
ν . (34)

∂E ′′
ν

∂t
+

3∑

i=1

∂F ′′
ν,i

∂xi

= [κν,s (1 − 〈cos θ〉)] ρ cE ′
ν − κν,a ρ [cE ′′

ν − 4πBν(T )] ,(35)

∂F ′
ν,i

∂t
+ c2

3∑

j=1

P ′
ν,ij = − [κν,a + κν,s (1 − 〈cos θ〉] cF ′

ν,i , (36)

∂F ′′
ν,i

∂t
+ c2

3∑

j=1

P ′′
ν,ij = − [κν,a + κν,s (1 − 〈cos θ〉)] cF ′′

ν,i . (37)

E ′
ν(r, z) =

π

c

(
R∗

R

)2

Bν(Teff) exp

[

− τν(z)

α

]

, (38)

τν(z) = [κν,a + κν,s (1 − 〈cos θ〉)]
∫ ∞

z
ρ(r, z′) dz′ , (39)

α =

[

0.4
R∗

R
+ R

d

dR

(
H∗

R

)]

, (40)

ln Σ =
1

2

{
ln (ΣinΣout) + ln

(
Σout

Σin

)
tanh

[
Γ ln

(
r

r0

)]}
− ln

(
r

r0

)
, (41)

∆r = 0.3 AU, ∆z = 0.4 AU

4

9,500 K 
2 Mo, 2.5Ro

HD169142



Radiation Field
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Simulated Images
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Ray tracing based on the source function obtained by M1.



Summary
• M1 model can be applied to optically thick 

media if our reconstructed flux is applied.
• M1 model can simulate a protoplanetary disk 

if two sets are used.
• M1 model can be used for hydrodynamics 

(Poster by Harada).  
– If we use a semi-implicit solution and reduced 

speed of light.
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