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1. Introduction

Upwind Schemes

Upwind schemes solve hyperbolic partial differential
equations by simulating direction of propagation of
information in a flow field
Eigenvalues and eigenvectors of the system
are required

But they have not yet been analytically given
for RMHDs

[Previous StlldieS] Using fully upwind schemes

Balsara (2001) — numerical calculations of eigenvalues
and eigenvectors

Anton et al 20100 — analytic formulae for eigenvectors,
but numerical calculations of eigenvalues
Most of recent codes for RMHDs are based on HLLL., HLLI.C, HLLD...
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2. Conservation Equations
Conservation equations

/ —> ? \ i D_ —2> Mass density
O q 0 F; N ]U; —> Momentum densities
I — O q — E' |—> Energy density
\ J J B state vector
| 2] )
D - [ : proper mass density

Mo~ BIB/T* 1 0,(( - B8, (p,p,, + B2)| P ses pressure
- U : fluid velocity

k= (E+p, +p Jv.—B(v - B) i
’ Po Bpr,n _JB 1 : h : specific enthalpy
flux vector By, — B, B;: Magnetic field

| Lorentz factor

D:pF 2 N N r: l_vz (Czl)

J — » 2, __ N
M, = phI™v,+ B2, — B(v - B) A
E=phl™—(p,+p,)+B P =B/ I+ (v - B)
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2. Conservation Equations
Jacobian matrix Aj

N . - = —
0q OB _oq 4 00 o |, 07 P45 ou
ot  ox, ot Jagz:j \3 ¢ 91 3(]/

(A Ayp Ay Ay Ay5 Ai Arr) -
Ayy Ayy Agg Agy Ags Ay Aoy f
1 Agy Az Ay Agy Ags Ay Ay {j
A, = Y Ay Ay Ay Ay Ay5 Ayg Asq U= | v
N 0 0 0 0 0 0 p
Agy Agy Agz Agy Ags Ags Ao ggj
\A7, AT_Q) A?j Aqy Azy Azg Az parame_te; vector
N=hn[b*/T*+ (v - b)*(1— cg) +1%(1 —CEUQ)]
n= pg—z — 1 : polytropic index ¢ = — %g—f} t sound speed  f); = \/i—h
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2. Conservatlon Equations

A = hb2e[1 —v® +n(1 = )(1 —v2 —v2)] + hablo,(1 — 02 — v

S

+ hnb?u, (1 — 02 — 12—c1)+lal) (b,v, + v, [7111—03)12—0—(1—721 (1 =2?)] J b. 3 A
+ 2hnbyb. v, (1 — ’ e2) + hv,[1 4+ n E,ly— A\r? aCO 1 an matrlX j
Agy = hb2v,[2 ( +o?) — (1+n)(171 3 2n(1 — ck?)] - hb? 14 n) (1 — o)

— hb?y (1+m )(1 —v2) — 2hb b, v,v,0.(1 4 ne? )+hnb by (1 — 02)(17-1‘2)
— hbybyv,[2 (1+;162)t *I‘!(l*t )(172 )] — hl%0,(1 + ne?)(1 — o)

A =2n(l —v?) —n(v ><b|x (1 — ) 4 byv, (v - E)(1+H)
+T2[n(1 = 2v?) + (1 + nc)o?] + b2n(7 x bl,) (lft 2) /(T2 + b?)

Ayg = b2ugu, (1 + 1) + byvgn(v x b| )1 =) + 2hnby (T B)(T x blo) (7 x b,)(1 = 2)/(L2 + b?)
—HJb[ +?1(1—l)—ITCI]+bblI(1+?1E‘)+rll(1+nc‘g) 1‘125:hbi[l7(2+?I)l'2+(1+llf) 2]+ hb2[L — 02 + n(v? + 2o?)]
+ 620 (T % bl,) (7 x b| )1 =) /(T2 + %) + hbZ[1 — L'§+n(c2t2+t )]+ 2hbv (by1y+b v )(1+an)
_9 o (1 — 2 o) (] — 202
Avg = Bugu,(1 4+ 1) — byvoan(3 x b| )1 -2 ) 2hnbyb, vy (1 — ¢2) + ”AT2[(1+n)(1 — v2) — n(l — 2?)]
+ bebyvyv, (14 nc?) + boby[v? +n(l — 02 — (’212)] Agg = hb3v,v,[2n(1 — 202 —v? — ) (14+ned)(1 =02 =20 2 202)]
+ 20,0.(1 + nc?) 4+ 0?n(7 x b.)(7 ><b| ) 1— /(2 + %) — hb3u,v (1+)2€2)(171 )7}163(171 )[(1—?1}(1—13 v?) + 2nctel]
— hB2b,[(1 — 02 —v2)(1 — 02 — 202) — (1 - )1 v?) — n(l v — o) (1 = 20?)
2., Y T z y Uz
Ars = —(1+n)[by(7 B)+ I <] +m?(1—oz ‘31 )+?2<212(1 )+<5m§(1—13+51§)}
Are = by [vl +n(1 = vy — 02)] + 200 b.v,0,0. (1 + n) — hb2bvyu-[(1 —n+ne?) (1402 — 202 — 21 ) —n—n(l —42)?
+ 02y, (1 — 02 + 1'3 —v? 4 27’”'3) + bibmlry(l +-n)(1 _ -1_‘3 —v?) + hbﬁbmzfzy[ (1 —n)o? 4+ 4n(l — 0215 v2) = 3(L +ne?)(1 — 2]
+ B2byvy[v2 + n(1 — 02 — v])] + bebyb. zz(l -4 +‘)my) —hb2bvyv. 712)[1771 2— ‘3(2)]7.%26 Vv, [(1+nc? )(1712+2z )—2n(1l—c2)v?
+ 0,720, 02 +n(1 =02 )+;1C (v —ly )]+byl"2 [(1_1;)(1_1 —v2) 4+ 2nc0? 7] f}zbyb (171 1 —v? —w 772(171 712)+m2(t +v2)]
+ b.T20,0,0.(1 —n 4 2né) — T2 (7 - ”)(r-x bla) (7 x bly) (1 — 2) /(T2 +b?) — 2hbybyb.vzv.[(1 — n) (v} — v2) + (1 = 2n 4 nc? )(171 )+ dckne?]
2, 2 , —_ o3 — _
Apr = Bo. o2 4 n(l — o2 — 02)] + 02b,0,[1 — 02 — o2 + (14 2n)02] 0y by + bov)(1 ,lf)[lz il j“ﬁl} )
+ 22byvayv. (1 + n) + by, [02 + (1 - v — 2)} 2hgv, (1 +n)(1 - 22 *‘lx)[(l;n)(l — v} —v2) + 2ncv]]
+ bybyb,v, (1 — 02 — 12 + (1 +2n)0?) + b, 120, [02 4+ n( l —v2) + ncd(v? -vg —v?)] + 2hmb (T - 0)” (7 % blo)(F x bl,) (1 = e3) /(T + b7)
+ b, r2 lmlylz[lfﬂ(l*r)C’ )| +b. rg (L —=n)(1— -'y)+2ncs z] Agr = —hb20,0,[(1 +n)(1 — 202 — 2 57 )7‘?)1(176313271‘571'3)]
— T2n(T - b)(7 x blo) (7 x bl.)(1 — 2) /(T2 + b?) 4;1:%1‘91 (1 + ne? )(1—?)—115;3(1—12 )[(1731)(1715 )+§nc§r2]
a2 — hb2byv,o[(1 —n 4+ nc)(1 4+ v — 202 — 202) —n — n(1 —42)0?]
Agy = —h%(1 — nc?)[B? — b20? — (T x b|,) — (T x b, ) +I2(1 —22)] + hbgbj[;(l — 2 [y)l_.z _ (1 292: ’ )(1 —? - 215)
Agy = —hbo,[(1+ne?)(1 — 02 =20 — 2v )—712(1—132—13—12)] —0—?1(1—22 (1= vt — 12) nv2(1 — 5v? — 3v2)
— hbZu,[(1 = n)(1 = v2) + 2n(c2vl + 02)] = hb2v,[(1 = n)(1 —v2) + 2n(v] + co?)] +nc?(v? l‘f)(l‘i*?l?) ncv?(20? 4+ 1))
— hbybyv, 202 4 n(1 — (1 — 30?) + 2nc?(1 — 13 v?)] +-Lhnbyazz.mz.yaz(l ) - thb U0z [(1 4+ ne?) (1 — o2 4+ 202 )7272(1 —cn y]
— hb.bv,[202 +n(170)(1731 )+?nc (171,3 v?)] ,hb?b (1—v2)[1 =2 13 n(l— 712)+m ( + v2)]
+hr21=1[9n - (l — ne )(1 —v2) — 2c2n(v? +z- +1)] +hb§bmz¢12[2(1 —n)v? y Han(l— v — 20l = 3(1 + nd)(1 - Y]
4 2hnby (- B)(@ x Bla) (1 — 2)/(T2 + 1) — hb2byeyv. (1 —v2)[1 — ?1(2—5363)}

— 2hbybyb v,y (1 = 20 +nck)(1 — v2) — (1 —n)(vg — v?) + dnco?]

Ags = hbi-z'y[Q(-z’y + 03 — (1+n)(1—02) +2n(1 — 2] — th y(14+nc)(1—02) B hl"'sz(by-z'y 4 byve 4 b,0)(1 = 02)[1 = n(1 = 262)] — boh(1 —n)(1 — o2)

— hb2u, (1 +n)(1 — v2) — hbb,v,[2(1 +nc2)t27n(17c )1 — )] Z9 -

- T DIy . Prd s — 2 2

+ hnbyb.v, ( 2)(1—1 ) = 2hb:byvavyv. (1 +nel) — Al 2oy (1 + ne?)(1 —v2) o+ 2hmby (7 ) (7 ¢ Bla) (7 x Blo) (1 = )/ (T + 87)
[ ]

+ 2hnby (T - B) (T x bl,) (T x b|y)(l — A2+ b?) o
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3. Eigen—-Structure
Analytic forms of Eigenvalues

det(4, —a;) = (a; —v,)(A,a; +Aa, + A)(Cia; + Cya? + Coa: + Cya; + C)

Entropy Alfven modes Compressible modes
mode

aent-ra-p-y — Ux

— ]

(T2 8%)(a; — v,) + bo(T- D)2 — D21+ b — (% b) ] =0

) v (T2 + 02) — by (T-b)— | b, |\/1+b2 (Txb)
aAlfven: 1-*2_|_bg

[+ 1) — b b, \/1 b — (7 x b)

PR U ) D)+ [ b | Y1482 — (T x D)
fven ['2 + ph2
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3. Eigen—-Structure
Analytic forms of Eigenvalues

det(4, —a;) = (a; —v,)(A,a; +Aa, + A)(Cia; + Cya? + Coa: + Cya; + C)
Entropy Alfven modes Compressible modes

mode /
— 92

Fg(l—(7'2)((1.31—’1.!.‘?_)4—(1—(1.2)((z..g—t..ﬂm)z[b%rcg—(17 X D) |

+A(1—a?) by /T = (T - b)(a;—v,)]* = 0

General solutions for quartic equations are too
complicated to use in the code.

Eigenvalues are correspond to characteristic
speeds of the fluids, so they have to be real.

Using this criteria, we have obtained analytic
forms for eigenvalues.
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3. Eigen—-Structure

Analytic forms of Eigenvalues
det(A4, —

a;,) = (a,—v, )(Asa; +Aa;,+A4,)(Ca; + Coal + Cya; + Cia, + C)

Entropy Alfven modes Compressible modes

mode /

Fg(l—c'-Q)(a@—-z-* V' —(1—a?)(a;—v. ) [b* +c2— (T x g)z]
+A(L=a?)[by /T2 = (T - b)(a;—v,)]* = 0

N =—-A—VB+C N=—-A+vVB+C

\3= A—vB-C M= A++VB-C
1 (fast) = Uz + A1 () = Uz + Ao
(;Ou) = Uy T /\3 a4(—f|_a3t) = Uz T )‘4

a‘l(;ast) = (o (Eﬂf'uen) = a3 (&ow) = (,14(: Uif) = a5 (;Eow) = (g (ziffuen) = a‘T(}_ast)
EANAM 2012

October 29 -November 2, 2012



3. Eigen—-Structure
Analytic forms of Eigenvectors

With the eigenvalues, we can express eivenvectors
in a relatively simple form.

[ Right Eigenvectors J (Al, _a?;) . E =0

1= [Rﬂ:f Ry, Rz Hy s Hy , Hig s R'?] g

1

—

[ Left Eigenvectors } L - ( A _ai) =

7

— 1
L= f [Lﬂ:f Ly s Ligs Ly s Lig s Lig Li?]

7
When some eigenvalues become same,

all components of the eigenvectors go to zero

Singularity occurs!

— Degeneracy issue
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3. Eigen—-Structure

Degeneracy issue
Di =by/(a; —vy). Yii = [a;(T x b|.) = b] . Yoy = —[a;i(F x bly) +b.] . Vi=/VE+ V3

AA; = (a; —ay . Wa; —ax, (T2 + %) : Alfven mode equation
Alfven Al fven

[Degeneracy Casel J When bx = 0

- - - _ - - -
(q (fast) E[(J,Z (Alfven) = a3 (siaw) =< (14(— vm) = as (slow) = (g (A.vae'n,)] = a‘T(fast)

[Degeneracy CaseZJ When AAi =0, Yi=0

[al (;a.st) g[ag (:ﬂften) < Qs (;ou:- )]g ay (: 'UI_) g[aé (;Eow) < Qg (fot‘en)] < a- (;—a,ﬁtﬂ

When AAi = O Yi=0, B
2 =[2/I2+ (v s b))/ [L+b/ T2+ (v e b))

[(.11 (;ast) = Ao (Eif"uen) = as (éaw)]g a’4(: U;r) g[a% (sia'w) = (g (;lf'uen) = a?g‘rastj
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3. Eigen—-Structure

Analytic forms of Eigenvectors
Dy = bo /(@ = va), Yii = [ai(T X Bl.) = by] , Yai = —[aa(F x D) +b:] , Vi = VYE+ V5

AA; = (a; — af, foen) (@i — Gy f,‘r_}m)([‘2 +b%) : Alfven mode equation

For fast modes, eigenvectors are renormalized with [( a; — -1.-':,:)%‘.4443-.

|

24 4.
All componnents are divided by (a; — v, )*AA,;. Casel
C;l-i — }’71.3'/;11‘4.3' ) ;Qi — };Qi/fl;qi 4
C;-iﬁ — (F | )/’-1/-1 lelz — ;gi'l?y)/(l — a-i'l-’r). C—L — 1/(“3 — 'I?T)?

For slow modes and Alfven modes, eigenvectors are renormalized with [( a; — -trT)%}’},

}

Case2&3
Case2&3

All componnents are divided by (a; — v;)?Y;. Casel
Gy =YY, . Goy=Y5/Y.) Gi= (0 bl:c /Y 710, Gzi'l-’y)/(l — a;v,),
5= AA; /| (a; )?}’;;].

» We put the physically meaningful values into
(Di,|G1i, G2i, Cil, instead of 0/0
> Casel Case2&3



3. Eigen—-Structure
Analytic forms of Eigenvectors

[ ]
[ Compressible mode J [ Alfven mode ]
R;=[Ru/(hD) Ry, Ry, Ry, Ris, Rig/\/ph . Riz//ph|" R;=[Ry/(hT). Rag. Riz. Ry . Ris .Ri/\/ph . Rin/\/pk]"
Ryt = —Gui(Dyvy + by) — Gai( Dy, + b)) — Ci(1 = auy) Ry = G[D?/T? +2Dy(7 - b) — 7]
L= L (Lith/T . Lio . Lis . Liy, Lis . Lig\/ph . Lir/ph] L1
2nL; L; = f [Lﬂ . Lo, Lig, Lis, Lis . Lzﬁm- Li?\/ﬁ]

L; = —Dy(1 - a})[D;/T* — (7 - )][G}; + 63, — (1 — a}) G

Ei:DiDi I‘Q—‘?-F 1—(;21— 2
— C"i(ai _ '1’9:)2[(1 — (TL"E-'I)CWZ' + (;‘il(Di‘Uy + by) + GiQ(DiUZ —|— bz)} [ / (l ))H 31( CL?’)]

[ Entropy mOde } R’Z — [m b /U.T- 3 rU'y b /UZ b 1 'O b O]T

(1 — nc? b b
( _‘ans) /T, e, vy, 0., =1, (b/T2+0.(G-B)/ph . (by/T2 + v, (5 B))/ph]

nes

Ea':
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4. Equation of State

EOS for fixed adiabatic index ,.}/@
h : specific enthalpy 7 * polytrophic index h, — 1 I ID
= 5/3 for sub-relativistic "}/ T 1

v=4/3 for ultra-relativistic O = /
—P/p

EOS which models for (" - ; )

relativistic perfect gas J 3 9 9

suggested by Taub(1948) h = ;_@ + a9 ©= + n
2 T 'y

e

Ultra-relativistic TM

4

ID v=4/3
®3.5 i TM

3t

h—1

ID +=5/3

25
Sub-relativistic

0.1 1 @ 10 100
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5. Numerical Tests

Using the analytic expressions of
eigenvalues and eigenvectors,

——> A RMHD code based on the TVD
scheme was built with ID and TM EOS

——> One-dimensional shock tube tests
-ln-mn

L Bx=5

testl
R 1 0 0 0 0.7 0.7 1 tend=0.4
1 0 0.3 04 6 2 5 Bx=1

test2

R 09 O 0 0 5 2 53 tend=0.375
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5. Numerical Tests

4_ T T I ] I T | T I T T T T I T T I ] 30
- :r/ ]
3—_ ID f}/ {) 3 7
- : 20
22 f SS 1w
- . 10
——JFR____ SR ;
0 —+—+————+————————————— 0.6
i « 0.4
i 5
" g 0.2
: ] 0
: = 0
0 ————————————————————]
St - -0.1
- 1
o 4 7 -0.2
m - —
o [ _ -0.3
0: 1 1 | ‘ l 1 | | 1 | | | 1 | I | | 1 : O
0 0.2 0.4 0.6 0.8 1

s
|
&
N

g
|l v w vz By [ Bz | p | nstep-s192 [y
L1 0 0 0 6 6 30

Bx=5 -0.3
tend=0.4

testl
R 1 0 0 0 0.7 0.7 1

Exact sol. (Bruno 2006)

TVD scheme
: T T I T | I I I I I I T :
n FR: fastrarefactionwave —
u SR: slowrarefactionwave
— FS: fastshock -
B SS: slowshock .
: T T T T | T T T I T I 1 :
B 1 1 | ‘ ‘ 1 | | | | I | | 1 ]
: 1 1 I ‘ ‘ 1 | I | I I I I 1 :
:_ ] | | ‘ ‘ | | | | | I | | ] _:
: T T 1 ‘ ‘ T | 1 | I I 1 1 T :
:_ 1 1 | ‘ | ‘ 1 | | | | I | | 1 _:
0 0.2 0.4 0.6 0.8 1



D. Numerlcal Test

1.4 .
:ID ’}/ )/ 3 : ;
12 - _ .
Q - i 2 B
I SS 1
LR SS FS °
I S
6 RD: rotational discontinuity | ~ 0.06
RD 1 004
Sl E 0.02
i RD ] |
5 __ I__ 0
S T T T e L AL A I : 0.4
l: \ ! 0.3
C 4 .~ 02
N 1.5 - ] >
o ] 0.1
3 1 o
0‘5 C 1 1 | | | | | | | 1 | | | | | | 1 l
0 0.2 0.4 0.6 0.8 1 0.4
X
Y
-Iﬂﬂ-ﬂﬂ
Bx=1
test2 0
R09 0 0 0 5 2 53 tend=0.375

Exact sol. (Bruno 2006)
TVD scheme

FR: fast rarefaction wave
SR: slowrarefaction wave

FS: fastshock
SS: slow shock

;.

{

o

0.2

0.4

0.6 0.8



ID (y=5/3) — TM

5 Numerlcal Test — o

Fror L L B B S I T
- | — I — —| — ] - _:

. :_ ] E 20 .

- ] ol C ]
Q2 3 10 .
N FR S e

- NS SR . ——

1 1 | | | | | | | ] | | | | | | | | T C 7]

0 B L L L L L 086 [ : B

6 B o B ]

i 1 Lo04l .

L : > B ]

o 0 ) i 02 [ =
2 [ - 0L i
e T 0 F .

0 L L L L B .

6 1 -0t [ NS -

L — > C -

L - C _

4 +— — — __ _
o I ) !_F ] 0.2 - ]
2 _ 03 [ .

B 7 B 1 ] I | | I I | I 1 | | | I I | I I ] g

L _ [t t [t t T [ Tt t | Tt 1t T -

0 1 1 | | | | | | | 1 | | | | ] ] | | 1 O L |

0 0.2 0.4 0.6 0.8 1 C : : i

X _0_1 C [ / ]
-ll!-lﬂll nstep=5192 [N E
Bx=5 _-0.3 - -

testl 1 0 Eo ey
R 0 0 0.7 0.7 1 tend=0.4 0 0.2 04 0.6 08 ]



ID (y=5/3)

—
=

0. Numerical Tests — »uww

-

L ‘ T T
1.4 - 8 - f_
LR 1o« fr
I SS 1 5 F .
1 —TFR | : \ \
: ‘ | Sls I FS I ; — f |I \‘ T T |‘ |I }
: I I | ‘ | I I ‘ | I | | I | I I | | I : 006 —_ ”“'_I
6 | .‘ — -
i \ RD 1,004
o 5.5 | 1 1 . >002} -_u
i RD ] o f
5 B B
s R N A I I U e B N I . 04 1
2 — . 0.3 F
- 1 . o2F
B 1 = E
o 1OF E 0.1 F
- : 0
1 F . -
- 1 1 01
0-5 L 1 1 | ‘ | | ‘ | 1 | | | | | I | | 1 ] -
0 0.2 0.4 0.6 0.8 1 0.4 r ’
X
oy
| | o ] w | vz lBy]Bz] p | nstep=2192 RN
L 1 0 03 04 6 2 5 Bx=1 -
test2 0

R 0.9 0 0 0 5 2 5.3 tend=0.375 I L1 [



6. Summary

For building RMHD codes based on
upwind schemes

Analytic forms for
the eigenvalues and eigenvectors

Degeneracy issue

EOS for fixed adiabatic index
& EOS for relativistic perfect gas

Successfully built an RMHD
code based on an upwind scheme
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