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Motivation:To test General Relativity (GR), good to have an alternative theoryto 
ompare with, and test both against the data. The Brans-Di
ketheory was introdu
ed for that purpose long agoCosmi
 a

eleration: a new physi
al s
ale of dark energy, 10−33 eV ;this might be a s
ale where GR should be modi�edExtension of GR by a mass term is arguably a well motivated IRmodi�
ation. Yet, su
h an extension had been a problem up untilsome time ago. This problem � a good motivation for a �eldtheorist.GR extended with the mass term, evades S. Weinberg's no-gotheorem for the old 
osmologi
al 
onstant problem



GR Extended by Mass and Potential TermsPrevious no-go statements invalid: de Rham, GG, '10The Lagrangian of the theory: de Rham, GG, Tolley, '11Using gµν(x) and 4 s
alars φa(x), a = 0, 1, 2, 3, de�ne
Kµ

ν (g , φ) = δµ
ν −

√gµα∂αφa∂νφbηabThe Lagrangian is written using notation tr(K) ≡ [K]:
L = M2pl√g (R + m2 (U2 + α3 U3 + α4 U4))
U2 = [K]2 − [K2]
U3 = [K]3 − 3[K][K2] + 2[K3]
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]



Lagrangian Rewritten via Levi-Civita Symbols:de Rham, GG, Heisenberg, Pirtskhalava '11 (de
oupling limit)Koyama, Niz, Tasinato; Th. Nieuwenhuizen; '11 (full theory)
L = M2pl√g (R + m2 (U2 + α3 U3 + α4 U4))
U2 = ǫµναβǫρσαβKµ

ρKν
σ

U3 = ǫµναγǫρσβγKµ
ρKν

σKα
β

U4 = ǫµνρσǫαβγδKµ
αKν

βKρ
γKσ

δ

Kµ
ν (g , φ) = δµ

ν −
√gµα∂αφa∂νφbηab unitary gauge φa = xaHamiltonian 
onstru
tion: Hassan, Ra
hel A. Rosen, '11,'12Another proof: Mirbabayi, '12; Hinterbi
hler, R.A. Rosen, '12



No �at FRW solution:D'Ami
o, de Rham, Dubovsky, GG, Pirtskhalava, Tolley, '11ds2 = −dt2 + a(t)2d~x2, φ0(t) = f (t), φj(x) = x jMinisuperspa
e Lagrangian (for α3,4 = 0 ):L = 3M2pl (−aȧ2 + m2(2a3 − 3a2 + a) −m2ḟ (a3 − a2))ddt (m2(a3 − a2)) = 0No 
osmology if m is a 
onstant [Ex
eption: Open FRWselfa

elerated universe: Gumruk
uoglu, Lin, Mykohyama, '11℄.Possible ways to pro
eed with the �at universe:(1) Pseudo-homogeneous, or heterogeneous/anisotropi

osmologies(2) Field dependent mass m → m(σ): FRW solutions re-emerge



Selfa

eleration and pseudo-homogeneous solutionsIn the de
 limit: de Rham, GG, Heisenberg, PirtskhalavaExa
t solution: Koyama, Niz, Tasinato (1,2,3)Other solutions: M. Volkov; L. Berezhiani, et al; Langlois, NarukoFor instan
e, Koyama-Niz-Tasinato solution:ds2 = −dτ2 + emτ (dρ2 + ρ2dΩ2)while, φ0 and φρ, are inhomogeneous fun
tions:ar
tanh( sinh(mτ/2) + emτ/2m2ρ2/8
osh(mτ/2) − emτ/2m2ρ2/8) , ρemτ/2Selfa

eleration with heterogeneous metri
: Gratia, Hu, WymanSelfa

eleration is a generi
 feature of this theoryHowever, vanishing of kineti
 terms for extra modes seems to be a
ommon feature of these solutions.



Theory of Quasi-Dilaton: D'Ami
o, GG, Hui, Pirtskhalava, '12Invarian
e of the a
tion to res
aling of the referen
e frame
oordinates φa w.r.t. the physi
al spa
e 
oordinates, xa, requires a�eld σ. In the Einstein frame:
φa → eα φa, σ → σ − αMPlHen
e we 
an 
onstru
t the invariant a
tion by repla
ing K by K̄K̄µ

ν = δµ
ν − eσ/MPl√gµα∂αφa∂νφbηaband adding the sigma kineti
 term

L = L
(

K → K̄)− ω
√g(∂σ)2In the Einstein frame σ does not 
ouple to matter, but it does inthe Jordan frame



Cosmology of Quasi-Dilaton: Flat FRW Solutionsds2 = −dt2 + a(t)2d~x2 φ0 = f (t), φi = x i , σ = σ(t)Friedmann equation:3M2PlH2 =
ω2 σ̇2 + ρm +3M2Plm2 


0 + 
1(eσ/MPla )

+ 
2(eσ/MPla )2
+ 
3(eσ/MPla )3

Constraint equation:q0 + q1(eσ/MPla )

+ q2(eσ/MPla )2
+ q3(eσ/MPla )3

=
ke−σ/MPla3 .



Parti
ular Solutions for k = 0:
(eσ/MPla )

= 
 , σ̇ = MPlHFriedmann equation
(3− ω2 )M2Pl H2 = ρm + 3M2Plm2 [
0 + 
1
 + 
2
2 + 
3
3]Constraint equationq0 + q1
 + q2
2 + q3
3 = 0Determine f (t) from the sigma equation:aḟ = 1 +

ω3κm3 (3H2 + Ḣ)



Small Perturbations:Unitary gauge, φa's are frozen to their ba
kground valuesgµν = a2(ηµν + hµν(t, x)), σ = ln(
a) + ζ(t, x)No di� invarian
e for hµν as long as φa's are frozenLagrangian density in 
onformal 
oordinatesa4 (

ωa2 ((ζ ′)2 − (∂jζ)2) +
ωHa (h00 + hjj)ζ ′ − 2ωHa h0j∂jζ) +a4 (

(γ1h00 + γ2hjj )ζ + γ3h200 + γ4h00hjj + γ5h0jh0j + γ6hijhij + γ7h2jj)There is no BD ghost � should be absent by 
onstru
tion,self
onsisten
y 
he
k. γ6 = −γ7, and all modes have kineti
 terms(ω = 0 seems to be OK; more to appear)



Quantum 
onsisten
y of massive gravity:Exa
t Lagrangian in the de
oupling Limit for heli
ity 2 and 0:de Rham, GG, '10
L = −12hµν Êαβ

µν hαβ + hµν

(X (1)
µν +

α

Λ33X (2)
µν +

β

Λ63X (3)
µν

)X (1)
µν = ǫµαǫνβΠαβX (2)
µν = ǫµαρǫνβσΠαβΠρσX (3)
µν = ǫµαργǫνβσδΠ

αβΠρσΠγδ

Πµν = ∂µ∂νπ*Invariant, under linear di�s (up to a total derivative), undergalilean transformations of π*Can be diagonalized (for β = 0); gives rise to the galileons



β = 0: Classi
al theoryPartial diagonalization: hµν → hµν + ηµνπ

L = h∂2h + π∂2π + α
(∂π)2�π

Λ33 + α
hµνX (2)

µν (π)

Λ33 + πT + hµνTµν



β = 0: Classi
al theoryPartial diagonalization: hµν → hµν + ηµνπ

L = h∂2h + π∂2π + α
(∂π)2�π

Λ33 + α
hµνX (2)

µν (π)

Λ33 + πT + hµνTµνFull diagonalization: hµν → hµν + ηµνπ − α
∂µπ∂νπ

Λ33
L = h∂2h + π∂2π + α

(∂π)2�π

Λ33 + α2 (∂π)2((�π)2 − (∂∂π)2)
Λ63 (1)

+ πT − α
∂µπ∂νπ

Λ33 Tµν + hµνTµν



Importan
e of the new 
oupling:
−∂µπ∂νπ(ηµν + α

Tµν

Λ33 )An additional 
lassi
al renormalization of the π quadrati
 term,e.g., due to Earth's atmosphere
(1 + α1026)(∂0π)2 − (1 + α1014)(∂jπ)2Similar e�e
t is due to any lo
al sour
e with density/pressuregreater than the 
riti
al density ρ
 , (e.g., a measuring devi
e); thise�e
t makes π weakly 
oupled, even before the global Vainshteinme
hanism is invoked. Di�erent from DGP and Galileons.This extra suppression should be taken into a

ount while imposingbounds on graviton mass (more to appear).



Quantum 
orre
tions:The nonlinear terms do not get renormalized by quantum loopsde Rham, GG, Heisenberg, Pirtskhalava, to appear
L = −12hµν Êαβ

µν hαβ + hµν

(aX (1)
µν +

α

Λ33X (2)
µν +

β

Λ63X (3)
µν

)Quantum loop 
al
ulations: due to spe
i�
 stru
ture of the verti
esloops do no renormalize a, α, β.For the full theory, this implies that a 
hoi
e of the value of m, andthe two parameters α and β, is te
hni
ally natural.What about other terms that are indu
ed by quantum loops?



Quantum theory with β = 0:Partial diagonalization: S
ale invarian
e in the UV, similar to 
ubi
galileon, Rattazzi and Ni
olis, '04
LUV → α(∂π̄)2�π̄ + αh̄µνX (2)

µν (π̄) → α(h̄µν + ηµν π̄)X (2)
µν (π̄)

π̄ is a dimensionless �eld.Full diagonalization: quarti
 Galileon dominates in the UV; thelatter is not s
ale invariant
LUV = α2 (∂π̄)2((�π̄)2 − (∂∂π̄)2)

Λ23Hen
e, the 
ounterterms 
ould be naturally organized into s
aleinvariant terms (a la Rattazzi and Ni
olis) only for the partialdiagonalization. Massive gravity di�ers from quarti
 Galileon!



Con
lusions:
◮ A 
lassi
al theory that extends GR by the mass and potentialterm is available now
◮ Many questions of 
lassi
al gravity 
an be studied and
omparisons 
an be made with GR, and perhaps with data;e.g., generi
 
osmologi
al solutions have no FRW symmetries,but 
an approximate well FRW 
osmologies in the earlyuniverse
◮ Selfa

elerated solutions emerge as a generi
 feature; but some�u
tuations loose kineti
 terms
◮ Dynami
al mass theories di�er � FRW solutions re-emerge. Anexample: Quasi-dilaton with selfa

eleration exhibitsnonvanishing kineti
 terms for all perturbations
◮ Quantum aspe
ts not yet well understood: good e�e
tivetheory below a 
ertain s
ale, but needs UV extension up toMpl � dynami
al mass theories may be easier to 
omplete.


