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 We assume EoM of GW is modified by  
time-dependent graviton mass: 

 
 
 

 
  Argue how to detect MGW (t)  

from observational signals  
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1. Motivation, model description 
 

2. Evolution of gravitational wave 
 

3. Observed spectrum 
 

4. Summary 
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 Cosmological solutions & perturbations  
 in the Nonlinear Massive Gravity model 

 
 In this model, the tensor mode EoM is modified by 

a time-dependent mass term. 
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(Initial) motivation: 



 Motivation: IR modification of gravity 
 

 Pauli-Fierz massive gravity (1939) 
 
 
 

Suffers from 

 Ghost at non-linear level 

 vDVZ discontinuity 
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 Non-linear extension of FP massive gravity 

 

 

 

 

23rd July - 9th August, 2012 YITP Workshop "Nonlinear massive gravity theory and its observational test" 6 

(de Rham, Gabadadze & Tolley 2011) 



 Non-linear extension of FP massive gravity 

 

 

 

 

 No BD ghost even at non-linear level 
 

 Cosmological solutions, exact solutions 

 Cosmological perturbations 
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(de Rham, Gabadadze & Tolley 2011) 

(Hassan & Rosen 2011) 



 Cosmological perturbations 
 

 Background solution:  FRW with Λ 
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(Gümrükҫüoğlu, Lin & Mukohyama 2011) 



 Cosmological perturbations 
 

 Background solution:  FRW with Λ 

 2 scalar + 2 vector + 2 tensor modes 

▪ Scalar & Vector:  

         Vanishing kinetic terms + Finite mass terms   

▪ Tensor:  

         GR + Mass term 
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(Gümrükҫüoğlu, Lin & Mukohyama 2011) 



▪ Tensor:  GR + Mass term 

 
 
 

 
 
 

 Modification only for tensor modes by MGW (t) 
 

     Probe by gravitational wave observations 
 

 Direct observations of gravitational wave 

 CMB polarizations 
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FRW solution is unstable!! 



 Cosmology in the Non-linear Massive Gravity model 

23rd July - 9th August, 2012 YITP Workshop "Nonlinear massive gravity theory and its observational test" 13 

(Initial) motivation: 



 Cosmology in the Non-linear Massive Gravity model 
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(Initial) motivation: 



 Cosmology in the Non-linear Massive Gravity model 
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(Initial) motivation: 

 Assume a general quadratic action  
 with modifications (only) in tensor sector: 



 Assume a general quadratic action  
 with modifications (only) in tensor sector: 

16 



 Assume a general quadratic action  
 with modifications (only) in tensor sector: 

17 



 Assume a general quadratic action  
 with modifications (only) in tensor sector: 
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 Pure GR: 
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 Pure GR: 
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γ ~ 1/a 

ak 



 Pure GR: 

 

 
 

 WKB solution with thin-horizon approximation 
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:   Primordial amplitude 



 Pure GR + Mass term: 
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 Pure GR + Mass term: 

 Large k     : Same as pure GR 

 Medium k : Suppression of γ near today 

 Small k     : Dominated by MGW (t) 
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 Pure GR + Mass term: 

 Large k     : Same as pure GR 

 Medium k : Suppression of γ near today 

 Small k     : Dominated by MGW (t) 
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 Pure GR + Mass term: 
 
 
 

 

 WKB solution with thin-horizon approximation 
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GR: 



 Pure GR + Mass term: 

 Large k     : Same as pure GR 

 Medium k : Suppression of γ near today 

 Small k     : Dominated by MGW (t) 
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Same as GR 
MGW  dominant 



 Pure GR + Mass term: 

 Large k     : Same as pure GR 

 Medium k : Suppression of γ near today 

 Small k     : Dominated by MGW (t) 
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 Pure GR + Mass term: 
 
 

 WKB solution with thin-horizon approximation 

 

 

 
 
 

28 
GR: 



 ( k3|γk|
2 in MG) / ( k3|γk|

2 in GR) for the same k 
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 We’ve discussed power spectrum w.r.t. k: 

 
 

 What we really observe is power spectrum w.r.t. ω: 
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 We’ve discussed power spectrum w.r.t. k: 

 
 

 What we really observe is power spectrum w.r.t. ω: 

 



 ( P(ω) in MG) / ( P(ω) in GR) for the same ω 
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  (ω0 − MGW(t0))
-1 

  (ω0 − MGW(t0))
-3/2 

0 



 Divergence of P(ω) is sensitive to Pprim(k): 
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• If Pprim(k) has IR cutoff, 

∴  Peak height         

⇔ 
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 

ωcutoff  = ω(kcutoff ),  kcutoff < H0 

 Divergence of P(ω) is sensitive to Pprim(k) 
 

 Frequency resolution ~ 1/Tobs 

    possible suppression for |ω0-MGW(t0)| < 1/Tobs 
 



 ( P(ω) in MG) / ( P(ω) in GR) for the same ω 
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  (ω0 − MGW(t0))
-1 

  (ω0 − MGW(t0))
-3/2 

0 



 ( P(ω) in MG) / ( P(ω) in GR) for the same ω 
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  (ω0 − MGW(t0))
-1 

  (ω0 − MGW(t0))
-3/2 

0 

MGW,0+ 1/Tobs 

MGW,0 
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 Divergence of P(ω) is sensitive to Pprim(k) 
 

 Frequency resolution ~ 1/Tobs 

    possible suppression for |ω0-MGW(t0)| < 1/Tobs 
 

• Peak height      
 
                                   IR cutoff of Pprim(k)? 
 

• Peak location     MGW (t0) 
 

• Peak shape         MGW (tcrit) 

∴ 



 Sensitivity range: 

 LISA:                  10-4~1 Hz 

 DECIGO:           10-1~1 Hz 

 SKA, PPTA:        ~10-8 Hz 
 

 Current bound:  

 MGW(t0) < 10-4 Hz from binary pulsar timing 

 
            10-8 Hz < MGW(t0) < 10-4 Hz  
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[Finn &  Sutton 2002] 
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[Smith et al. (2006)] 

SKA 

LIGO 

ΩGWh2   

  f 2 P( f )  
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[Smith et al. (2006)] 

SKA 

LIGO 

ΩGWh2   

  f 2 P( f )  
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• MGW(t0) =10-8 Hz ≈ 109 H0
 

• kcutoff = 1 H0 

• Tobs = 5 years 

ex.) 

~1023 ~ 105 

• MGW(t0) =10-4 Hz ≈ 1013 H0
 

• kcutoff = 1 H0 

• Tobs = 5 years 
~1035 ~ 1013 
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[Smith et al. (2006)] 

SKA 

LIGO 

ΩGWh2   

  f 2 P( f )  

×106 



 GW observations  MGW (t) at t = t0 & tcrit 

 MGW (t) at any other time? 

 
 GW  CMB polarizations 

 Sensitive to MGW (t) at recombination 

 Suppression at lower multipoles: 

   
  

     MGW (t) at recombination 
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[Dubovsky et al. 2009] 



 Probe time-dependent mass of general massive 
gravity theories by GW observations 
 

 GW direct observations: 
 Sharp peak in P(ω) 

 MGW (t) at t = t0 & tcrit 

 
 CMB polarizations 
 MGW (t) at recombination time 
 

 Other probes for MGW (t) ?  
 ΩGWh2    ω2 P(ω)  ~  MGW(t)2 P(ω)   BBN constraint? 
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[Hobbs (2008)] 


