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O Dipole sum rule in nuclear physics (Giant dipole resonance)
4r?e?

Trot = —7— ;(Eu — Eo)|{v|D]0))? ” Energy we1ghted sum |
4T oD, (1, DY o 4= |
= Tha y [, ~ Double commutator

2m2e*h NZ
e A (1+K) q Universal constant |

Veyssiere et al., 1970

1+ Exparimental points
... Lorentz line

What about sum rules
in QFT such as QCD ?
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Introduction 11

O QCD sum rules from OPE (553%?%@&%) [Shifman, Vainshtein & Zhakharov (SVZ)]
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241 GG 0)xe

Resonances < quark & gluon condensates (0|7¢|0)xp, (0|G*0)np

Kwon et al., 2008
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Derive/ Generalize QCD sum rules from CRs without OPE
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Canonical quantization of QCD  [Kugo & Ojima, ‘78]

Lot = @7 (i) — my)qy — —G““”G“ —9,BAM 1 & (B“) — iore DX

QCD lﬂ"tonian

a - a - . 1 a ra
Hegr = —ngqut qr + Qf(—w’“Dk +my)qr + 5 ((E )* + (H )2)

FE - (VA - gfunc AV A7) + 0, B A" — 2(B")?

HTIOTIS + g fapeJIC AR — i0RE* D24

* Heisenberg fields: a5 4f i.Afm B'aa By, ¢ 'Hg> I,

quarks gluons ghosts
* CCRs: {q,q}, [A%, B, [A%, EY], {c*, 1%}, {c*, 11}

* BRST chargeless Qz|phys) =0
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Sum rules for QCD current correlator

O Spectral function j

(2m)*6' (g — p){013,.(0) [p) p|5* (0)[0)

O Energy weighted sum rules at zero 3MOM | s — w? |

/Ooo ;1_; 3”,0( ) — _é /d?’x <0|[[]M(O7f)7H]Zn—l,]M(O)]|O>

O Renormalization of perturbative UV divergence

1

“lpls) = p™(s)) = —3 /dgw (01170, Z), H]2n—1, 7#(0)]|0)np
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Commutators for QCD current correlator I
O Basic commutator
[ury u, H] = —itiy*y°4* D g — ity* Dy u + myily*, lu

O Double commutator

[ary*u, H], H] = ay*y* D™ Dyru — y* Dy 74 %7 D

—|—2zmuufy ~AH Ay fyk’Dku—I—zgu’y fyO’yk’Eata

+m2a(y* — +*u + h. c.

Canonical commutation relations alone, no OPE at all
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Commutators for QCD current correlator 11

O 15t moment

[uy*u, H], uy,u] = —4iﬁ7k<ﬁku + 12m,au

O 2nd moment

— W — L O sl s Y e L =E PR R
[urv*u, H]a, [ty,u, H]] = 20ia D" D v Du+ 4iaD " Dy D pu

— 16muﬂ<l—?k<l—)ku — 8igmuﬂ707kEku
+ 24im? ﬂ’yk’ 1—5 u — 24m? iu

— dgury yk Dkq/ Eku—|—4gquD Eru
+ 4gz_woD2dEku

— 4¢% (T %) (ayy°t%w) + (h. C.)
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Weinberg sum rules

QO Difference between vector and axial-vector currents;
gt = (@y'u —dy*d) /2 | §4 = (@y"y u — dy"y°d) /2

O Chiral transformation; q="'(u,d) — ew“T“v“”q

O Non-OPE derivation of Weinberg sum rules

e 1st moment
> ds 1 . .
/ % o) = - / @ (O|[[7% 4, (0, 2), H], (4 (0, 0)]]0)
0 Tr

e 2nd moment

/0°° (21_; Sovia(s) = _% /d% (OlL7v(4)(0,2), Hl2, [jv (), (0, 0), H]}|0)
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QO Difference between vector and axial-vector currents;
v = (@"u—dy"d)/2 [ jh = @y u — Jv“f’d)/ 2

7_

O Chiral transformation; q="(u,d) — g

O Non-OPE derivation of Weinberg sum rules

e st moment

|5 sial) = i) = 0

4HML 4”@
3

—2dd|0)np

e 2nd moment

> ds ~ ~ a "7 a
/ o 5°(Pals) = pv(s)) = {087 (g7t T2qr) (vt T2qr) O)nv
0

& consistent with SVZ sum rules from OPE
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Sum rules for vector correlation I

O 1t moment bare sum rule it = (wry,u — dry,d) /2

/OOO (21_; spv(s) = / d*z (0[[[jy (0, %), H], jiv,.(0, 0)]]0)

= <O|%ﬂl<7;;’yku — myuu|0) + (u & d)

O Renormalized sum rule = T
* Dirac Eq. + Lorentz invariance (Olgy" D" q|0) = = —(01gPq|0)

[ (v - ) = 0] - e - a0

* No gluon condensate in (axial) vector sum rule!? | {0|G*** G}, |0)np
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Commutator by BJL limit [Bjorken, Johnson, Low, 66]

O Causality

Yy [A@).BOkr = GO, V.)sP(@)

O Commutator btw asymptotic states

/d393<04|[z4(w), (0)]gT|B) = lim (—iqo)/d433 e'* (a| T*[A(x), B(0)]|8)

qY—o0

O Point splitting regularization
=» Anomalous matrix elements (Higher orders in ()

: hm
q%—o0

Deviation from CCRs (Commutator anomaly)
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Commutator anomaly I

O Tree diagrams = Results of CCRs  (quark|[gl'q, ¢I"¢]gr|quark)
p—q

* Diagram (a)

/d3a: (quark]|[qTq(x), qT"q(0)]gT|quark)
= (—iq") ((quarklciil“ijf%lqz [quark) S3 (p — q)

—(quark| g T g [anark) SE(p + q) )
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Commutator anomaly I

O Tree diagrams = Results of CCRs  (quark]|[ql'q, ¢I" ¢|gT|quark)
pP—q

* BJL limit; ¢ — (o0, 0) | Free propagators in BJL limit = CCRs |

/d3:1: (quark|[glq(x), qT"q(0)]gT|quark)

= (—iq") ((quarklciifijf?clqz [ quark) Sy* (p — q)

—(quark|gxI'},;I'i;q; |quark) S (p + q) )
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Commutator anomaly I

O Tree diagrams = Results of CCRs  (quark]|[ql'q, ¢I" ¢|gT|quark)
pP—q

* BJL limit; ¢ — (o0, 0)

/d3a: (quark|[glq(x), qT"q(0)]gT|quark)

— (quark|g,T;7% Dy arlauark) — {quark|g T /) Tsq; [quark)

& consistent with CCRs
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Commutator anomaly II

O Loop diagrams # Results of CCRs g1u0n| ql'q, 1" q]gT|gluon)

k+q
P‘l'q
>< q
k-l-q i

jj
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Commutator anomaly II

O Loop diagrams # Results of CCRs  (gluon|[ql'q, I q]gT|gluon)

< O
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Commutator anomaly II

O Loop diagrams # Results of CCRs  (gluon|[ql'q, I q]gT|gluon)

< O
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Commutator anomaly II

O Loop diagrams # Results of CCRs  (gluon|[ql'q, I q]gT|gluon)

reproduce (gluon|qgl'yT’q — qI’~"T'¢|gluon)

Deviation written by pure gluonic operator
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Sum rules for vector correlation II

O Bare sum rule it = (wry,u — dry,d) /2

/ooo ;1_; spv (s) = —%/d% (0[[54 (0, ), H], 5v,,(0,0)]|0)

O BJL modified commutator

[[ay*u, H], uy,u] = —4iﬂ7k<ﬁku + 12my uu

iy, 1], wy,u] = —4iay® D i+ =G, G
[[uy"u, H], ay,ul iuy” D pu+ 12myuu + 27TGkk/Gkk/

O Renormalized sum rule

> ds o)
e ___con ~ S a apuv
| 5 s(ovor - rien) G, G 0) e

& consistent with SVZ sum rules from OPE
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Summary of sum rules by QCD commutator

O 15t and 2" Weinberg sum rules

4md -

| 5 s(Ba) = py(5) = 01T T dao)

> dS - — a ~ a
/ or s°(pa(s) — pv(s)) = (018mas(qry"t"72q1 ) (AR VWt *T2qr)|0) NP
0

O Sum rule for vector and axial-vector currents

> ds o)
e ___con = S a apuyv
| 5 s(ovio = o) G, G e

*ds —con 5 _ Xs  ~a auv
/o 2 s(pa(s) —px"(s)) = (()|quqq B 2471'G/WG "10)wp

CCR commutator =» Chiral condensate
Commutator anomaly =2 Gluon condensate
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SVZ approach

OPE as an operator identity

Perturbative calculation of
Wilson coefficients

Subtraction of perturbative
contribution from
the unit operator

Our approach
Commutators btw currents and

the effective Hamiltonian

Perturbative calculation of
commutator anomalies

Subtraction of perturbative
vacuum graph
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O Energy weighted sum rules at zero 3MOM | 5 — w? |
* Odd
1

/Ooo ;1_; 5n<p(5) — pcon(s)) = —g /d3gj <0H[j,u<07f)aH]2n—1,jM(O)”O>NP

/OOO o s (p(s) — peO(s)) = %<OI([QWH]n—1)2|O>NP

where Qr = /d% 77(0, 7)

O 1stmoment

8

| 5 st = ) = S

Resonances < Charge fluctuations | xxp = (0|Qg|0)xp/V
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O New derivation of QCD sum rules by commutator approach
< simple & straightforward generalization of dipole sum rule
based on Kugo-Ojima operator formalism
commutator anomaly
suitable subtractions of UV divergences

O Weinberg and (axial) vector sum rules are derived
| & consistent with SVZ sum rules based on OPE

O New sum rules are derived

- Hadronic resonances < Charge fluctuations

Future

* Hadrons in dense matters

- Nucleon sum rules in finite chemical potential

* Application to other strongly interacting systems
e.g., ultra-cold atom gases and graphene
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