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Introduc3on	  ~重力波天文学~	  

LCGT-‐>KAGRA	  

Advanced	  LIGO	  

Advanced	  Virgo	  

GW	  

Binary	  Compact	  Star	  inspiral	  
	  

期待されるイベントレート	  
	  	  	  	  ~40	  events	  /	  yr　	  

地上GW	  Advanced	  detectors	  
(2017~)	  

Promising	  source	

正確な理論波形を用意可能	  
	  	  	  	  	  	  	  	  	  テンプレート	  (m1、m2)	

Matched	  filtering	

検出した時点で、	  
質量が決まる　　　NSの“半径”は決まるか？	

Abadie	  et	  al.(2010)	
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Introduc3on　~重力波放射~	
重力波放射の四重極公式	

距離	  (天体-‐観測者)	

四重極モーメント	  
	  	  	  	  	  	  	  	  （~	  M*R*R）	  
　　運動に依存	

とても重いものが、とても速く動くと	  
　　　　　振幅の大きな重力波が出る　➡　BH	  や	  NS	
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連星BHの運動と重力波	
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重力波で質量を測る	

一般相対論が十分正しいとする	

M1

M2

BHの運動は、M1、M2で決定される	  
　　　※スピンは無視できるとする	

重力波の波形は、運動で決まり、	  
観測できれば	  M1、M2	  がわかる	  

連星BH	
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連星BHの運動を摂動的に解く	

4

The next-to-leading order contributions of the tidal in-
teractions are given by [19]

Â(A)
l=2(u) = 1 + α(A)

1 u, (16)

where α(A)
1 = 5MA/2M . The resummed version of the

tidal interactions including the next-next-to leading order
is described by [22]

Â(A)
l=2(u) = 1 + α(A)

1 u + α(A)
2

u2

1 − r̂LRu
, (17)

where

α(A)
2 = 337M1

A/28M2 + MA/8M + 3, (18)

and

r̂LR(ν,κ2) = 3
[
1 − 5ν

33
+

4
36

κ2 + O(ν2, κ2ν,κ2
2)
]

, (19)

is the dimensionless radius of the light ring orbit.
For calculating the dynamics of the binary, we solve

the EOB Hamilton equations

dr
dt = A(r)√

D0
3(r)

∂Hreal
∂pr∗

, (20)

dφ
dt = ∂Hreal

∂pφ
. (21)

dpr∗
dt = − A(r)√

D0
3(r)

∂Hreal
∂r , (22)

dpφ

dt = Fφ. (23)

where D0
3(r) is a (0, 3) Pade approximant of D(r). Here

Fφ is the radiation-reaction force given by

Fφ = − 1
8πνω

8∑

l=2

l∑

m=1

(mω)2 |Rh(ε)
lm|2, (24)

where ω = dφ/dt, hε
lm is the multipolar waveforms, and

ε is 0 for l + m is even and 1 for l + m is odd. We adopt
the waveforms h22 which are described in the equation
(4) of Ref. [20]. For higher multipolar waveforms, we use
the form in the equation (1) of Ref. [21].

III. NUMERICAL RELATIVITY SIMULATION

In this section, we briefly describe the formulation and
the numerical schemes employed in this work. See details
for Ref[26].

A. Evolution and Initial Condition

We follow the inspiral and merger phases of bi-
nary NSs using a NR code, called SACRA, described
in Ref. [1]. SACRA employs a moving puncture ver-
sion of the Baumgarte-Shapiro-Shibata-Nakamura for-
malism [16, 34, 35] to solve Einstein’s equation with only

imposing equatorial and π-symmetry. In the numeri-
cal simulations, a fourth-order finite differencing scheme
in space and time is used implementing an adaptive
mesh refinement algorithm. At refinement boundaries,
a second-order interpolation scheme is partly adopted.
The advection terms are evaluated by a fourth-order non-
centered finite difference [54]. A fourth-order Runge-
Kutta method is employed for the time evolution. For
the hydrodynamics, we employ a high-resolution central
scheme by Kurganov and Tadmor [52] with a third-order
piecewise parabolic interpolation and with a steep min-
mod limiter.

In this study, we prepare seven refinement levels both
for resolving two NSs and extracting GWs in a local wave
zone. More precisely, two sets of four finer domains co-
moving with each NSs cover the region of their vicin-
ity. The other three coaser domains cover both NSs by
a wider domain with their origins fixed approximately at
the center of the mass of the binary. Each refinement do-
main consists of the uniform, vertex-centered Cartesian
grids with (2N +1, 2N +1, N +1) grid points for (x, y, z)
with the equatorial plane symmetry at z = 0 imposed.
The half of the edge length of the largest domain (i.e., the
distance from the origin to outer boundaries along each
axis) is denoted by L which is chosen to be larger than
λ0, where λ0 = π/Ω0 is the initial wave length of GWs.
The grid spacing for each domain is hl = L/(2lN), where
l = 0 − 6. In this work, we choose N = 60, 54, 48, 42 for
the resolution study. With the highest resolution, the
semimajor diameter of each NS is covered by about 100-
110 grid points.

We prepare binary NSs in quasiequilibrium states for
the initial condition of numerical simulations by using the
spectral-method library, LORENE [42]. To track more
than 8 orbits, the orbital angular velocity of the initial
configuration is chosen to be Mω = 0.019. The neutron
stars are assumed to have an irrotational velocity field,
which is believe to be an astrophysically realistic config-
uration [43, 44]. The parameters for the initial models
are shown in Table I

B. Equation of State

In this work, we employ a parameterized piecewise-
polytropic EOS proposed by Read et al. [45]. This EOS
is written in terms of four segments of polytropes

P =Kiρ
Γi (25)

( for ρi ≤ ρ < ρi+1, 0 ≤ i ≤ 3),

where ρ is the rest-mass density, P is the pressure, Ki

is the polytropic constant, and Γi is the adiabatic index.
We refer to the pressure in the form of Eq. (3) as the
cold-part pressure, Pcold. At each boundary of the piece-
wise polytropes, ρ = ρi, the pressure is required to be
continuous, i.e., Kiρ

Γi
i = Ki+1ρ

Γi+1
i . Read et al. de-

termine these parameters in the following manner [45].

ハミルトニアン	

計量	

重力波の反作用	  
	

これらを、ポストニュートン展開（1/r）して解く	

Effec3ve	  One	  Body	  formalism	
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連星BHのinspiral	  波形	

連星の軌道	 重力波波形	

M1 =M2 =1.35Msun

Ref	  :	  Y.	  Pan	  et	  al.	  (2011)	 8/21	



Equal	  mass	  	  vs	  Unequal	  mass	

連星の軌道	 重力波波形	

Ref	  :	  Y.	  Pan	  et	  al.	  (2011)	

M1 =1.5Msun M2 =1.2Msun

vs	
赤	

緑	

それぞれの質量は、1%ほどの精度で決まる	  
(Cutler	  and	  Flanagan	  1994)	 9/21	

M1 =M2 =1.35Msun



連星NSの運動と重力波	  
(摂動計算)	

〜重力波で“半径”が測ることができるか？〜	
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重力波で“サイズ”を測る	

一般相対論が十分正しいとする	

M1

M2

変形した天体の運動は、	  
M1、M2、Λ1、Λ2	  で決定される	  
　　　※スピンは無視できるとする	

重力波の波形は、運動で決まり、	  
観測すれば	  M1、M2、Λ1、Λ2がわかる	  
	

Λ1

Λ2 潮汐変形率	
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中性子星の潮汐変形率	

星の四重極モーメント	 星に働く、潮汐重力	

潮汐変形率	  
(EOSで決まる)	  

※断熱近似	

12/21	

Qij = −ΛEijQij = −ΛEij



EOS毎の潮汐変形率	
Ref)	  Hinderer	  et	  al.	  (2010)	

潮
汐
変
形
率	

質量	 13/21	



中性子星の潮汐力変形	

Neutron	  	  
Star	

潮汐力	伴星の重力場	

連星系	

潮汐エネルギー(l=2,m=2)	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ＝（四重極モーメント）＊（重力ポテンシャルl=2）	

重力エネルギー(l=0,m=0)	  
　　　　　　　＝（NSの質量）＊（重力ポテンシャルl=0）	

潮汐エネルギー	

潮汐力は、５次ポストニュートン以降の引力	

∝1 r3
∝−1 r

∝−1 r3

∝−1 r6
∝1 r3

摂動計算に取り入れれて、運動を解く	 14/21	



連星BH	  	  vs	  	  連星NS	

赤：ブラックホール	  
緑：中性子星	 Ref)	  Y.	  Pan	  et	  al.	  (2011)	  

	  	  	  	  	  	  	  	  T.	  Damour	  and	  A.	  Nagar	  (2010)	  
	  	  	  	  	  	  	  	  T.	  Damour	  et	  al.	  (2012)	

M1 =M2 =1.35Msun
EOS	  :	  MS	
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潮汐変形率の測定可能性	  
（Advanced	  detector	  2017~）	

[9]. We will discuss below the reasons behind this differ-
ence in conclusion.

To complement the graphical representation of our re-
sults in Fig. 4, we present in Table II numerical data
referring not only to the 5! 5, spinless, Fisher matrix
calculation behind this figure, but to other calculations.
More precisely, this table gives SNR-normalized errors
!̂"i

for all parameters of direct physical significance,
namely "3 ¼ M, "4 ¼ # and "T ¼ G$2. [Note that the
numerical value of each !̂"i

formally gives the error cor-
responding to a unit SNR, % ¼ 1. For larger values of % the
error has to be divided by %.]. This table now considers the
larger sample of EOS made by GNH3, BSK21, BSK20,
SLy, APR, FPS and BSK19. For each one of these EOS we
computed a 6! 6 (or 5! 5, see below) reduced Fisher

matrix F̂ij, Eq. (47), corresponding now to the parameters
½"1; . . . ;"4;&;"T$. Here, in addition to the first four bi-
nary–system parameters considered above and of the tidal
parameter "T we also consider the spin-orbit parameter &
(which will be treated with various different constraints,
see below). We use the same frequency window
(½fmin; fmax$, with fmin ¼ 10 Hz and fmax ¼ fcontact) as
above. We now consider the diagonal elements of the

inverse of the matrix F̂ij for all the parameters of direct
physical significance, namely "3 ¼ M, "4 ¼ # and "T ¼
G$2, we list in Table II the corresponding SNR-
normalized errors !̂"i

.
For each EOS, the results are displayed along four rows.

On each row, the first four columns give: (i) information
about the treatment of the spin-orbit parameter &; (ii) the
value of the neutron star radius (in km); (iii) the value of
the compactness; (iv) the value of the tidal parameterG$2.
The following four columns give: (v) the fractional, SNR-
normalized, error on the chirp mass !̂lnM % !̂M=M;
(vi) the fractional SNR-normalized, error on the symmetric
mass ratio, !̂ln# % !̂#=#; (vii) the absolute, SNR-
normalized error !̂G$2

on G$2 (in ½km5$); and finally
(viii) the fractional, SNR-normalized error !̂lnG$2

%
!̂G$2

=ðG$2Þ on G$2. Concerning the treatment of the
spin-orbit parameter, the first row, labeled with j&j<
þ1 refers to a 6! 6 Fisher matrix analysis where & is
included as a sixth unconstrained parameter. The second
row, j&j< 8:5, refers to a 6! 6 Fisher matrix analysis
where & is constrained by adding a Gaussian prior propor-
tional to exp½)1=2ð2&=8:5Þ2$. Similarly, the third row
corresponds to a more constraining prior proportional to
exp½)1=2ð2&=0:2Þ2$. Finally, the fourth row corresponds
to a 5! 5 Fisher matrix analysis where & is set to zero
from the beginning without being fitted for, which was
used to obtain the data displayed in Fig. 4. As already
mentioned above, the results for the strong prior j&j<
0:2 (3rd row) are nearly indistinguishable from the results
of the 5! 5 Fisher matrix analysis (4th row). This justifies
our use of the 5! 5 Fisher matrix results in Fig. 4 above.
By contrast, we see that the results corresponding either to
the conservative prior j&j< 8:5 (second row) or the lack of
any prior (first row) are close to each other but differ from
the strongly &-constrained results by very significant fac-
tors. To be precise, the measurability of the chirp mass is
worsened by a factor larger than 7; that of the symmetric
mass ratio is worsened by a factor of order 30!; finally, that
of G$2 is only worsened by about 20%. These results are
linked to the different origins of the effective signals
contributing to the measurability of the various parameters
displayed in Fig. 3.
We can roughly summarize the results for the measur-

ability of the nontidal parameters (in the strongly con-
strained & cases) in the following way:

!M

M
* 4:3! 10)4

%
; (68)

and

!#

#
* 0:11

%
: (69)

For instance, when% ¼ 10 this means that the chirp mass is
measured to a fractional precision of 4! 10)5, while the
symmetric mass ratio is measured at a fractional precision
of 0.01. As usual, the fractional precision onM is excellent

FIG. 4 (color online). Measurability of the tidal polarizability
parameter G$2 (in units of km

5) as a function of the neutron star
mass for a sample of realistic EOS from Table I. This plot refers
to the observation (at the SNR level % ¼ 16) of the gravitational
wave signal from an equal-mass BNS merger as seen by a single
advanced LIGO detector. The solid lines represent the values of
G$2 as a function of the NS mass, while the dashed lines
represent the 1! (68% confidence level) expected statistical
errors. The vertical line marks the canonical NS mass 1:4M+.
Note that over a wide range of masses each solid line lies
comfortably above the corresponding measurability threshold,
therefore indicating that the advanced LIGO-Virgo detector
network can significantly measure G$2.

DAMOUR, NAGAR, AND VILLAIN PHYSICAL REVIEW D 85, 123007 (2012)

123007-14

Damour,	  Nagar,	  and	  Vaillaine	  (2012)	
10~数10	  %の精度	

仮定：合体直前まで摂動論が正しい	
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連星NSの運動と重力波	  
(数値相対論)	

〜合体直前で、摂動計算はどれくらい正しいか？〜	

17/21	



連星NS合体　Full	  GR	
M1 =1.4Msun M2 =1.3Msun

EOS	  :	  APR	

密度プロファイル	

18/21	
Hotokezaka,	  Shibata,	  Sekiguchi	  +	  	  
In	  prep.	



Full	  GR	  と 摂動の位相差	 12
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FIG. 6: Phase difference between the extrapolated waveform and the analytic description ones for APR4 (left panel) and H4
(right panel). The horizontal dashed lines denote the uncertainty due to the modulation of the numerical data. In this figure,
we set the order of the convergence to be 1.8.
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FIG. 7: GW Phase differences for MS1 and GW phase for the three EOSs. Here we set the order of the convergence to be 1.8.
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Full	  GR	  計算の方が早く落ちている	  
　　　➡潮汐の効果は“摂動計算結果”より強い	 19/21	
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まとめ	

•  Advanced	  GW	  detector	  (2017~)によって、	  
重力波の初検出が期待されている	  
	  
•  コンパクト連星のInspiral波形は正確に計算できる	  
➡　連星のパラメータを測定可能	  

•  連星NSの運動は天体の潮汐変形に依る	  
➡　これを通してEOSの情報を得る	  

•  正確な波形を得るには、数値相対論と摂動論をつなぐべき	  
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今後	

•  Inspiral	  –	  Merger	  –	  Hypermassive	  NS	  
　　　　　　　　一連のテンプレートを作る	  

•  電磁波	  Signal	  を理論的に詳しく調べる	  
（目的　：　パラメータ決定精度の向上、新しい天文学）	  
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連星BH、全質量依存性	
M1 =M2 =1.4Msun

M1 =M2 =1.4Msun

vs	
赤	

緑	


