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Which EOS parameter dominates macroscopic properties of 
neutron-rich nuclei in laboratory and in neutron-star crusts?

Energy per nucleon of nearly symmetric nuclear matter

n0 : nuclear density, w0 :saturation energy, K0 : incompressibility

S0 : symmetry energy at n=n0, L: its density derivative coefficient
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The energy density of bulk nuclear matter is a function of nucleon density n and
proton fraction x, which are related to the neutron and proton number densities nn

and np as nn = n(1 − x) and np = nx. We can generally express the energy per
nucleon near the saturation point of symmetric nuclear matter as 12)

w = w0 +
K0

18n2
0
(n − n0)2 +

[
S0 +

L

3n0
(n − n0)

]
α2. (1.2)

Here w0, n0 and K0 are the saturation energy, the saturation density and the incom-
pressibility of symmetric nuclear matter, and α = 1 − 2x is the neutron excess. L
and S0 are associated with the density dependent symmetry energy coefficient S(n):
S0 is the symmetry energy coefficient at n = n0, and L = 3n0(dS/dn)n=n0 is the
symmetry energy density derivative coefficient (hereafter referred to as the “density
symmetry coefficient”). As the neutron excess increases from zero, the saturation
point moves in the density versus energy plane. This movement is determined mainly
by the parameters L and S0. Up to second order in α, the saturation energy ws and
density ns are given by

ws = w0 + S0α
2 (1.3)

and
ns = n0 −

3n0L

K0
α2. (1.4)

The slope, y, of the saturation line near α = 0 (x = 1/2) is thus expressed as

y = −K0S0

3n0L
. (1.5)

Hereafter, this slope will be utilized as an empirical parameter characterizing the
EOS of asymmetric matter.

The derivation of the EOS parameters from nuclear observables is generally
obscured by the surface and electrostatic properties as well as shell and pairing
effects. Among the observables, the masses and root-mean-square radii of nuclei,
which are controlled mainly by the bulk properties, are expected to be good tracers
of L and S0. This expectation was stressed in an earlier investigation 3) based on
two macroscopic nuclear models, which treat nuclear observables including surface
diffuseness and neutron (proton) skin thickness in terms of a specific EOS. Such
macroscopic models are relevant in the range of values of the neutron excess satisfying
α <∼ 0.3 and mass number satisfying A >∼ 50. In this range, the neutron separation
energy that can be evaluated from the Weizsäcker-Bethe mass formula is greater than
2 MeV, precluding the possibility of the neutron halo formation expected at large
neutron excess (or small separation energy). In constraining the EOS by using masses
and radii of nuclei with neutron excess α <∼ 0.3 and mass number A >∼ 50 within the
framework of macroscopic models, a systematic study allowing for uncertainties in
the EOS parameters is necessary.

In this paper we thus explore a systematic way of extracting L and S0 from
empirical masses and radii of nuclei, together with the parameters, n0, w0 and K0,
characterizing the saturation of symmetric nuclear matter. We first give an expres-
sion for the energy of uniform nuclear matter, which reduces to the phenomenological
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原子核内部ではx≈0.5で
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Approaches to obtain the EOS 
of (uniform) nuclear matter

approach starts from ingredients Theory/Model

empirical 
parametrized 

EOS
nuclear mass, 

size, ...

Liquid-Drop Model
Droplet Model

Thomas-Fermi Theory
......

Phenomenological
effective NN int.

(Hamiltonian, 
Lagrangean)

nuclear mass, 
size, ...

Skyrme HF
RMF
AMD
.......

microscopic
bare NN int.
(AV18, Bonn, 

Paris,...)
NN scattering, ...

Variational Calc.
DBHF
........
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不安定核と中性子星クラスト

• 不安定核

• 半径、反応断面積 

• 質量

• 中性子星

• クラストの原子核 

• クラスト・コア境界
• EOS

• 対称核物質
• 飽和密度、飽和エネルギー、非圧縮率
• 対称エネルギー
• 密度依存性、非対称度依存性
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Step 1

Generate all empirically allowed EOS's
systematically

K. Oyamatsu and K. Iida, Prog. Theor. Phys. 109, 631 (2003).
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(or Energy of a nucleus)
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neutron (proton) density distribution nn (np)

Rn (Rp) : neutron (proton) radius parameter

tn (tp) : neutron (proton) surface thickness parameter

niin : central desnity

nnout : neutron gas density (npout=0)
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charge distribution

exp.
calc.

Simplified Thomas-Fermi calculation
energy minimization with respect to parameters of nn(r) and np(r) (and lattice constant)

The values of parameters a1〜b3(EOS) and F0 are determined

to fit masses and radii of stable nuclei.
=> about 200 sets of empirical EOS+F0

A good function form
The n and p distributions are independent.

=> neutron skin
The empirical information is limited: radius and thickness.
The gradient term in Euler Eq. is continuous.
The density is zero beyond the classical turning point.

stable nucleusni r =
niin –niout 1 – r

Ri

t i
3

+ niout r < Ri

niout r < Ri

(The same method as Shen EOS)
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K. Oyamatsu and K. Iida, Prog. Theor. Phys. 109, 631 (2003).

Step 2

Calculate neutron-rich nuclei in labs
with the 200 EOS's

Oyamatsu and Iida, PRC81, 054302, 2010.
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The mass, radius and neutron skin are dependent on L but not on K0.
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Let’s examine the L dependence of mass.

To be studied 
by Kurotama
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L dependence comes from surface symmetry energy

(>_<) volume symmetry energy

        Larger L  => larger volume symmetry energy S0 => larger mass

(^_^) surface symmetry energy
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Larger L => smaller mass

Oyamatsu and Iida, PRC81, 054302, 2010.
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Surface energy comes from ...

in the cases of beta-stable nuclei
in neutron-star crusts and in laboratories

1/2 from

the remaining
1/2 mainly from (EOS)

Anyway, L dependence emerge  through density distribution.

Oyamatsu and Iida, PTP109, 631-650, 2003.
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S2p, S2n : clear L dependence
better than mass
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scatterings due to numerical errors in optimizing n0, w0,  and K0

Oyamatsu and Iida, PRC81, 054302, 2010.

12年9月22日土曜日



neutron and proton drip lines
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(L=146 MeV)
(L=5.7 MeV)

EOS uncertainty:
comparable with 

shell and pairing effects

Oyamatsu, Iida and H. Koura, PRC 82, 027301, 2010.
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K. Oyamatsu and K. Iida,Phys. Rev. C75 (2007) 015801.

Step 3

Calculate nuclei in neutron star crusts
with 200 EOS's

Density region of pasta nuclei
Proton number and fraction
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中性子星クラスト計算例
（n,nb：核子数密度、ρ：物質密度）

原子核密度
n0=0.16 (fm-3)

ρ0=3×1014 (g/cm3)

コア・内殻境界密度 ：Lに感度
ρ=(1/3 - 2/3)ρ0

nb=(0.06 - 0.1) (fm-3)

内殻・外殻境界密度：S0で決まる
ρNDP=4×1011 (g/cm3)

(NDP: Neutron Drip Point)

パスタ原子核層：70 m

クラストの質量、慣性モーメントの大部分

K. Oyamatsu, 1994 (unpublished).
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原子核の体積比
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C.J. Pethick and D.G. Ravenhall, Annu. Rev. Nucl. Part. Sci.45, 429 (1995).

μの微分＝＞L依存性を示唆
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Oyamatsu and Iida, PRC75, 015801, 2007.

中性子星のコア・クラスト境界

クラストコアの境界密度（青）
パスタ原子核の存在領域

球形核存在領域の最大密度（赤）

Dark domains means nuclei (proton clusters).
At low densities in neutron-star crusts, we 

have nuclei which are more or less spherical. 
In the core we have uniform matter. Pasta 

nuclei could exists in between.

Existence of pasta nuclei depends on the EOS.
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If L < 100 MeV, 
gyroid could appear at finite temperarure.

(hole)

Nakazato, Oyamatsu and Yamada, PRL103, 132501, 2009.
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Inner-crust nuclei:
Proton number and fraction

decrease with L
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For large L, S(n) at n<n0 is small
so that nuclei become more neutron-rich.
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まとめ：対称エネルギーS0とL
• 通常はS0が支配的

• 安定原子核の質量・大きさ
• Lの感度はそれほど強くない ：核図表のdrip line、中性子星のdrip point

• Lを見るには工夫（微分）が必要

• 中性子過剰核
• S2n, S2pのN,Z依存性

• 原子核の大きさ、中性子スキンのN,Z依存性

• 中性子星物質：コア（核密度）に近づくほど感度が増す
• 陽子混在度
• 中性子星のコア・クラストの境界、パスタ原子核の存在

• 中性子星の観測からLの値を評価する試み　＝＞祖谷さん
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