Non-Abelian statistics for non-Abelian vortices
in color superconductivity
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What is the quantum statistics?



Non-Abelian statistics of non-Abelian vortices

Majorana operator 7

1) Majorana condition (particle=hole) vortex

v = 7T :c\/lajo-rana
ermion

-~
N~~
~
§~.

2) Phase changes by sign, when a Mojorana
fermion turns around a vortex.




Non-Abelian statistics of non-Abelian vortices

SY, K.ltakura, M.Nitta,
PRB83, 134518 (2011)

Exchange of two non-Abelian vortices

a a
vortex ANV k vortex k+1 Yk+1 vortex k+1 Yk+1
------------ ;;0 o REEEEEEEEEEEEE

a — a
Tp:{ 'k lkélya (a=1,2,3;
Tk+1 k Triplet)

Cf. Bose/Fermi
T, is non-Abelian; (T,)1# T, | statistics
Tl ¢(1,2) = ¢(2I1)

Cf. Abelian vortex: Ivanov, PRL86, 268 (2001)

—x A1 D\
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Ex. n=4 non-Abelian vortices
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Ex. n=4 non-Abelian vortices

vortex 2 vortex 4
vortex 1 / vortex 3 /
. .
\.a Ao \,;a 74
T, (1) T, (n)
T, (T,)

1 _
1) Exchange operator: 7« = || ﬁ(l o) W = T

a=1,2,3
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Ex. n=4 non-Abelian vortices

vortex 2 vortex 4
vortex 1 / vortex 3 /
e, 1 e, 1o
Y1 3

1
Dirac fermion operator \J% — 1 (v§ +ivs) Vg == (”}/g + ifyff) (Triplet)
(non-local) 2 2

1) Exchange operator : Tk = a—ll—IQ 3 %(1 +yea) = Tt
2) Hilbert space : SU(2) representations {V{, \IJ?T} = 5,090
loo + 133 + 111 + 109 + 103 + 130 + 121 + 112 8 Singlets
+ 302 + 331 + 322 + 311 + 320 + 313 + 301 + 332 + 321 + 312 + 323 + 310
+ 922 + 911 + 921 + 512 4 Quintets 12 Triplets
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Ex. n=4 non-Abelian vortices

Sl—ngﬂ SU(2) Representation
@@ + 133 + 111 + 122 + 103 + 130 + 121 + 112

n.n, : n, (n,) is number of Dirac fermions in pairing vortex 1, 2 (3, 4)
Parity: Even/Odd for total fermion number (n;+n,)

Singlet- Singlet-Odd
E n 1 Tat g e
100) ={0F 1g3) = geabcququgw;\o>
1 1 AL AL A kA b A b A :
1g3) = i— e — e/ GGG GIGET i 1 pegatibtie
133) 13!6 3!6 1 1 *¥1 ¥2 *2 130) = —Zgéabc\lflT\Ijl{T\Ile’(D
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1 :’L.—\I/CLT\IJCLJr 0 I 1 Tata 1,C
| 11> 3 1 *2 ‘ > ‘]_21> — _ﬁgeabcqflT\If{iT\I}2T‘O>
‘1 > _ LieabCieade\iij\ijCT\ide@BT’0> 1 1 | “  pt oo
22 32 ol 1 *1 ¥2 *2 115) = i——'eabC\IJELT\IJQT\IJST\())

/32!
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Ex. n=4 non-Abelian vortices

Triplet
302 + 331 +3220 +311 +320+ 313+ 301 +332+ 321 + 312+ 323 + 310
Triplet-Even Triplet-Odd
1 abe3.bT 1. C ~a
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Ex. n=4 non-Abelian vortices
Quintet

522 + 511 + 521 + 519
Quintet-Even

1 (1 NPT | IR 1 NN | A4

522) = iN [5 {EEGCd\IfiT\If‘fTEebef\I!;T\Ing + Eﬁde\PiT\IffTaeaef\Il;T\IlgT}
6% 1 -4 1 -
— e B e fg\Ing\pgT] 0)

1 - . . ab ..
) = 7 |5 {1941+ #1122 as | )
Quintet-Odd
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Non-Abelian statistics of non-Abelian vortices

Ex. n=4 non-Abelian vortices k=1,2,3
Matrix of t, TMP = oM hT M=1,3,5 SU(2)

P = E(even), O(odd)Parit
y
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Ex. n=4 non-Abelian vortices k=1, 2,3
. M=1,3,5 SU(2)
Matrix of T, P = oM - :
P = E(even), O(odd)Parit
h,f : lvanov’s matrices (Abelian vortices) cf. vanov, PRLS6, 268 (2011) Y

et 0 1 (1 —1 o
=18 = (4 Se ) M=o (1) men =t




Non-Abelian statistics of non-Abelian vortices

Ex. n=4 non-Abelian vortices

Matrix of T,

k=1, 2,3

M, P
T

hLD

M=1.,3.5 SU(2)
P = E(even), O(odd)Parit

h.P: lvanov’s matrices (Abelian vortices) cf. ivanov, PRL86, 268 (2011)
k .
E__ 10 € 4
h{ = hy = (

1=

0

1

V2

0

y TC
e i

) h = hy =

y
1 _1) RE = h9T = he

1 1

(

o M : Color-Flavor SU(2) NEW for non-Abelian vortices !!

Singlet
Triplet

011:<
—1 00
0 10
0O 01

—10 11 /1 V3 1_ 1
0 1 02—2 V3 —1 03 = 04
1 V2 1 10 0
cs==1 V2 0 —2 os=101 0
1 —v2 1 00 —1
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Ex. n=4 non-Abelian vortices k=1,2,3

. M=1,3.5 SU(2)
Matrix of T MP — oMo KP s
S L Tk O | p — gleven), O(0dd)Parit
hk’3 : lvanov’s matrices (Abelian vortices) cf. vanov, PRLS6, 268 (2011) Y
e _,o_ (€% 0 e_,o_ 1 (1 -1 £ _ 10t 3¢
h{ =h _(0 6_2%) hg_h2_ﬁ(1 1) hs = hg' = hS

o M : Color-Flavor SU(2) NEW for non-Abelian vortices !!

. —1 0 1/ 1 V3

let 1 1 1 1
>Inglet oy < 0 1) 72 2(\/§ —1) 73 T
Triplet

~100 (L v2od 10 0
o= 0 10 os==1+v2 0 —V2 o5=101 0

0 01 2\ 1 -3 1 00 —1
Quintet .

— 49 — 49 _
o] =0, =05 =1

SU(2) independent (singlet) h,"® SU(2) dependent o,V 11!




oM : Color-Flavor SU(2) NEW for non-Abelian vortices !!

: — 1
Singlet 0-11:(01?) 021:§<\}§ f) ol = ol

Triplet ~100 (L V2o

o] = 0 10 os==1+v2 0 —V2 o3 =
0 01 2 1 —v2 1

Quintet .

10 0
01 O
00 —1




oM : Color-Flavor SU(2) NEW for non-Abelian vortices !!

: — 1
Singlet J%:<01(1)> 02125(\}3 f) ol = ol

Triplet
0 0 (L v2 o 10 0
10 03:5 V2 0 —V/2 os=101 0
01 1 —v2 1 00 —1
0] =09 = ag’ =1
¥ |n the Hilbert space ...  triplet (3)

singlet (1)
0'33
H. S. M. Coxeter 0'21
(1907-2003)
“Coxeter group” !
4>
O1 1 ‘

2-simplex (triangle) 3-simplex (tetrahedron)




Summary

= Zero-mode Majorana fermions exist in CFL non-Abelian vortices.

* Non-Abelian statistics appears in non-Abelian vortices.

M, : A=diag(e®®, 1, 1)
* Majorana vortices (Majorana fermion; non-local Hilbert space)

Abelian vortex = Ivanov’s matrices Ivanov, PRL86, 268 (2001)

Non-Abelian SU(2)=SO(3) vortex - Coxeter® lvanov ﬁﬁg;ﬁ;ﬁl‘gﬁgoﬂ)
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= Applications to compact stars?




The End



