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5d N=2 YM as the M5 brane theory

*  Circle compactifiction of 6d (2,0) superconformal field theories

*  coupling constant 1/gym? = 412/R

* instanton = quantum of KK modes of unit momentum

*  complete by its own?

*  symmetry: super Poincare symmetry + Sp(2)=S0O(5) R-symmetry
*  spatial SO(4) rotation: Jii, JaL

*  Sp(2)r=S0O(5) R-symmetry: Jir, J2r

*  Monopole strings in Coulomb phase

*  Electric description: nonabelian gauge field A2,, F=dA + A?

*  Magnetic description: nonabelian B3, H=dB+...=*F ?7?
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Instanton particles in 5d

* KK modes of mass k/ R = a threshold bound states of k instantons

*  abelian action in 5d:

H?+inHAB, orn°B*+iH A B

*  circle compactification and T-duality: DO becomes D1 strings ending on D3
branes

* KK modes becomes the fields in the adjoint representation of the magnetic
gauge group.

*  The nonabelian version in 4d should be

0uBys = 0, Bpy — i A9 B ]
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6d (2,0) M5 Brane Theory

* 6d (2,0) superconformal field theory with symmetry OSp(2,6|2)= O(2,6) x Sp(4)
*  2-form tensor field B, spinor W, scalar @,

*  purely quantum (*H=H=dB): h=1

* nonabelian ADE types: N-M5, NM5+OM5, Type |IB on C3/T

* N3 degrees of freedom

*  AdS7 x S* correspondence
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Seltdual Strings in Coulomb phase

*  Supersymmetric Transformation: [012345¢ = g [012345 \ = )\

* O\ ~ Hpvp [HVP ¢ + Dp (DI [H pl g, Hpvp= EpvpaPy HGBV/G, g012345=1

*  1/2 BPS selfdual strings along x° : %ps € = €, Hosy ~ *Hosy ~ Du®s
*  1/4 BPS string junctions: %% ps4 € = €, Hoay ~*Hoap ~ Du®P4

* 1/16 BPS webs of strings:
*  5d Monopole string webs: Kapustin-Witten equation (Ho-Ung Yee, KL)

*  Fab = €abcd Dec @d =i[@a, Pp], Da Pa=0 7 equations = octonions
*  Fao=Da ®s5 4 equations: 7+4=11 equations

*  Gauss law Da? Os -[Da,[ Pa, P5]]=0
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Junctions and Webs in Coulomb Phase

*  6d generalization of Kapustin-Witten equations
* 1/16 BPS condition: % py, e =¢, (4 =1,2,3,4,5):
* SO(5)rot X SO(5)R =SO(5)i0cking

*  BPS equations: a generalization of KW
* HOpv — *H0pv — ap q)v - av ¢|J y ap q)p:O
* 11 equations:

*  dH=d*H=0 is the equation of motion d*H=0, d*d ®, =0

Monday, October 15, 12



N-Cubic Degrees of Freedom

* Anomaly Coefficient: Cc = hg x dg /3

Group ra dg ha ci/3
Ay_1=SU(N) | N—-1 N?-1 N sN(N?—-1)
Dy = SO(2N) N N(@2N-1) 2(N-1)|3N(2N-1)(N -1)

Eg 6 78 12 312
E; 7 133 18 798
Eg 8 248 30 2480

*  1/4 BPS objects in Coulomb phase

* for ADE, dual Coxeter number=Coxeter number:

h=(d-r)/r = d=r(h+1)

*  selfdual strings with left and right moving waves: number of roots = d-r = hr

* junctions and anti-junctions: su(3) roots imbedding = rh(h-2)/3 < done by counting

explicitly in Bolognesi &KM

*  total number of 1/4 BPS objects: rh(h+1)/3= hd/3=anomaly coefficient

* More fundamental than 1/2 BPS selfdual strings?

*  Finite temperature phase transition in Coulomb phase

* beyond Hagedorn temperature, the webs of junctions could dominate the entropy
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(2,0) 1/16 BPS equation for Webs of selfdual strings

* 1/4 BPS objects are more fundamental than 1/2 BPS objects ?
*  Symmetric phase: New formalism including junctions?
*  W-boson scattering => Nonabelian gauge theory...

*  Vertex or Junction Fields?

*  Finite size BPS probes (tHooft operators)

=X

*  Degenerate limit: string+ momentum = S-dual of dyonic
instanton _

—
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Index of Dyonic Instantons in 5d N=2 SYM

*  Index for BPS states with k instantons Q =Qr L }:, SU2)r

Te (1t 71,72, 73) = Ty [(—1)%BQQQMHiewleL)7:72<2J2L>WV¥JR>}

» i : chemical potential for U(1)N < U(N)color adjoint hyper flavor

» Y1, Y2 YR : chemical potential for SU(2)11, SU(2)2, SU(2)r
*  calculate the index by the localization: (g, 1%, 71.2.3) Zqzqk

* Bbd N=2* instanton partition function on R*x S*: t ~ t+ [3

* |In B — 0 and small chemical potential limit, the index becomes 4d Nekrasov
instanton partition function :

a;, = 2 _61:2%2%@ 6222.71‘;71% _ e g = 2T
* \
/ \ / \ instanton fugacity
Scalar Vev Omega deformation parameter ~ , dij hypermultiplet mass
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U(1) instantons

*  DO's on a single D4

*  As instantons are KK modes of (2,0) theory, one expects a unique threshold
bound state for each instanton number k.

*  U(1) index for k=1

SU(2). SU((2)ir SU(2)2 SU(2)2r
sin (—V“LVQ ) sin (71_72 ) B, 3 1 1 1
T _ 2 K 6 1 1 2 2
cm . 4 . . |1 1 1 1
sin | LTIE ) gjp ( L=OR x| 2 1 2 1
2 - 2 1 1 2

* U(1) index [Igbal-Kozcaz-Shabbir 10]
Ty (g, €)= PE[%Icm(e%)], Plythethytic exponential
—dq

* Expand the single particle index in q

Y ¢*I., unique threshold bound state
k=0

*  Shown to be true for some U(N) for small number of k
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Nonrelativistic Superconformal index

*  To get the index in symmetric phase, integrate over pi=1a; with Haar measure
*  DLCQ on null circle: Nonrelativistic superconformal symmetry

*  P. on the null circle = instanton number [Aharony-Berkooz-Seiberg 97]

* Superalgebra: 2i{Q,S} =iD F (4Jop + 2J1g) = iD > +(4Jop + 2J1r)

*  Nonrelativistic superconformal index

Toe = Tr [(_Ufe—B{Q,S}e—zn-u./ne—zmJu,—zm.lue—zaiu,]

* In the limit B — 0, this superconformal index becomes our index.

*  For single instanton with ¢ = e VR

N-1
t + Z(ezn“r'z + e—z;n'yz)tn-'l'-l _ X% (,},2)t.'\'+l
n=1

I ei"!'? + 6—'i'7"2 —_ 62'","1 —_ 6“"'"."1
LT (= tem)(1 — te—™)

* Large N

ei"ﬂ + e—'i".'? —_— ei"f'l —_— e_i"f'l t —_— t3
I.-\'—-)oc,k=l =

(1 —te)(1 —te™) (1 —te2)(l —te 2)

AdS7 x S4 calculation confirm it.
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Linander&Ohlsson, Kallen& Zabzine,
Kim&Kim,Hosomich&Seong&Terashima,

6d (2,0) Theory on [{XS5 Kallen&Qui&Zabzine,

Jafferis&Pufu, Kim&Kim&KM

*  6d (2,0) theory on R®: radial quantization R x S°: OSp(2,6|2): SO(2,6) x
Sp(2)=SO(5)r

S= [ dd { — {5 Hunp MNP IXON00h — 30w0r0M 61 - S oudn}.
*  8°=U(1) fiber over CP? : ds?ss = ds?cp2 + (dy +V)?, dV=2J
*  S0O(6)=SU(4) > SU(3) x U(1)
* 32 Killing spinors = 24 (SU(3) triplet) + 8 (SU(3) singlet)
(1) €+~ exp(-it/2 +3iy/2)... : singlet
* () &+ ~exp(-it/2 -iy/2)... : triplet
*  Write down abelian theory on R x S° & Change the variables

. 3P45 _ 345 : . 4 43 . 4
(I) €old = € ‘ yenewa Aold =€ yAnewa (@4 =+ Z@F))Old - (“3+ ly((btl =}= 2@5)new'

P45 P . I Wy .,
(II) €old = e” %syf-newa Aold = e’ %ay)\new: (@4 + 7'6.")5)0111 =€ 1y(¢,)4 + 2¢5)"6w'

*  Write down the theory in new variables

(I) 8, — 8, + 3iR, (I) 8, — 8, —iR,.
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Z Modding & Dimensional Reduction to R x CP?

*  Zx modding of new variables 0
(s
y~y T

*  New variables to be independent of y: preserve some supersymmetries
¥ () pas € =-ig, 4 supersymmetries

* (i) pas € = -ig, 12 supersymmetries

*  Killing spinor equation on Rx CP2 9 = 576, Dme = —§JmnY"€ + 57mé,

3p45
2
P45

1
7Va, €= [p45 - §Jab’7’ab]€,

*  Complete the supersymmetry with Abelian gauge field and its action

(I) P45€4+ = —i€+, D(l — va -+

1
Va-, €= — [3P45 + §'Iab’\/ab] €,

(II) pases = —iey, Dy =V, —

*  Non-abelianize it

*  Fix the coupling constant: instantons should represent KK modes

1 k

gi?/M 4m2r’
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4 Supersymmetric Theory on R x CP?

*  Lagrangian

— k 5 1 pv ! Ky pon i
SI - A2 Lxcp2 d’x tr[ 4Fw,F -+ 26 qu (ApaaAn o 3APA0ATI)
1 w1 o 2 13
— §D,,¢ID o1 + Z[¢I’ ¢J] + geabcqba[(pb’ ¢C] — 29, — 7¢2
? < 15 15 mn 35
_ 5)\7#1)“)\ — §Ap1[¢1, Al — g)\'y A mn + Z)\P45)\], (2.22)

*x  Covariant derivative ,
F,, =0,A, —0,A, —i[A,, A,

Du¢a - p¢a - ’i[A“, ¢a]a
Dp¢i = 8p¢i - i[A;u ¢z] + 3V“€ij¢j,
1

3 .
DA = [0+ TWR + 5v,‘p‘,;,] A —i[A, .

*  Supersymmetric Transformation

0A, = +idye = —iey, ),
8¢ = —Apre = EprA,

1 . y ) 7 ) ) _
0N = +§1*,w7” € +1D,0rprye — §[¢1, dslprie — 3€ij0ipje — 201pre.

Monday, October 15, 12



12 Supersymmetric Theory on R x CP?

*  Lagrangian

_ k 5 1 w1 wpon ?
Su=gg | A tr| - ZFu FW 4 S, (4,04, - gA,,AaA,,)
1 1 1 d
- §Du¢1D“¢1 + 2[451, ¢J)° + gfabc¢a[¢b, dc] — 207 — 59’5?
i 5 15 1< mn 1<
— 5)‘7”)#’\ — 5)\p[[¢1, )\] - g/\'y )\Jmn _ Z)‘p45)\]a (225)
*  Covariant derivative F,, =38,A, —8,A, —i[A,, A),

Du¢a = u¢a - i[Am ¢a]a
D,¢i = 0uti — i[Ay, &i] — Vy€ijd;,
1

1 :
D#/\ - [8#)\ -T- szb’yab - 5 #p45] A — Z[Ap, )\]

*  Supersymmetric Transformation

6A, = idyue = —iEy,),
0p; = —Apre = €prA,

1 , g 5
o = +§Fu./y’“’6 + 1D, drpryte — 5[¢1, bslprse + €ijpipi€ — 201pr€.
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Properties

Hamiltonian on CP2 = Hamiltonian on S° = Conformal Dimension D

Instanton number ’
74

1
= o7 /.. d'x JtrF A F

KK-mode has mass k and so v instantons should have action ks: the coupling
constant

1k
g%,M 4172

5-d Chern-Simons term: Linander and Ohlsson Sz, g = dSz, ope + (dy + V)?

B, A are 2 and 1 forms in R X CP?

H=dB+ FAdy, F=dA
H=(dB—FAV)+FA(dy+V), F=dA
dB—FAV=*Fin R x CP?

d(dB—FAV) = —2FAJ = dF dF+2JAF=0

Myers term but no nontrivial vacuum
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Harmonic Analysis on S° & CP?

Pope,Hosomich at.al.,Kim&Kim

*  Scalar harmonics on R x S%  -0¢® =(-Ass +4) ®
(=Vis +4)Y52 = (£, + €y +2)’Y"2, —ig, Y% = (4 — £,) Y%,
*  highest weight vector:fyw; + £ow, degeneracy: (€1 +1)(ly+ 1) (€1 + €3+ 2) /2
* 2- _1 .
On CP?: y-independent mode for ®123 : (V2 + 4) Y5 = 4(£ + 1)2Y4,
*  conformal dimension: €=21+2  2({+1)%

¥ first KK mode: YOk YkO:eg=k+2, (k+1)(k+2)/2

* higher KK modes: ¢1- &2 = kn, n=1, -1,2, -2,...

*o@asl (VA 4V = (CD2 + 13) YRR = (14 5)2 Y4
*  Fermions: 5/2+....
‘Ijl — Yl’l+3€+, \1,2 — ,YT,,/mDmyl,l+3€+’ \113 — Yl’lf_ ’ \114 — ,YT,YmDmyl,le_’

*  Vector bosons: 4+...
A, =YH AL =D, YY", A% = J..D"Y", A% =€ nay" DY e,
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Superconformal Index

*  choose Q & S to be one of four supercharges: SU(3) singlet
{Q,S} =€ —j1—Jo—Js+ 2R +2R; = A,
* (2,0) index

I(-'Ee Y1, Y2, Q) = tr [( )F ETRlle_”y% ~9 ] r=eP, y =e‘i‘n,y2=c-i‘rz .

*  U(1) index: J. Bhattacharya, S. Bhattacharyya, S. Minwalla, S. Raju

—eXP!Z —f(z", 47" q ]

T+ 22¢® — 2%2¢* (1 /y1 + 1 /y2 + y2) + 23¢°
(1 —zqy1)(1 — zqy2/y1)(1 — 2q/ys)

f(:‘E’ Y1,Y2, q) -

* =0 limit= half index (16 susy): S. Bhattacharyya, S. Minwalla
N

1
Ij2-sps = | | T om

m=1
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Path Integral

*  Pathintegral I(z,y,q) = / DY S, = /H[da'] H [2 sin (
S xCP2 i<j
*  Perturbative Contribution: split to hyper and vector multiplets
* P12 € =-1 €, P12 Y=-i Y, P12 X= IX
* hyper: @1+i @2, Q4-iPs, Y
* vector: Ay, X, @3
*  hyper and vector contributions

dOtHf g detV,f
o ~ - nic;; =1
ol | ey = BT D 0 DR P~

aEroot n=1 i,

sin (

*  1-loop contribution= 1/2 index

1@, Y1 1)k = / H[da']H[qu( ,)] exp [Zznx" ‘

2
)] X Il—loop-
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Supergravity

AdS7 x S ds® = R*(— cosh® pd#* + dp® + sinh® pd23) + }IR%QZ‘I,
Fy ~ Ney, R/, =2(nN)3,

Zx moddi ds%s = dstp: + (dy' + V)2, '
ds%i = d¥* + sin® 9dx"? + cos® Vdssz.

Type llA ds?, = e 2/3ds?, + e (dy + A)?,
Fl = e"BF} + e?BF3 A dy.

8 1
ds?, = 122_k (— cosh? pdt* + dp® + sinh® pds?,p2) + Z(dﬂz + cos? ﬂdsgz)] : (5.15)

The curvature scale of the type IIA theory is of order \/R®/2k ~ \/N/k which is large
when 't Hooft coupling A = N/k is large.

10-d mze

Fiber radius

M-region: k < N3
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Conclusion

*  Index of dyonic instantons should tell more about selfdual strings ending on
multiple M5 branes, including the degenerated junctions

*  New supersymmetric theories on M5 are found.

*  We are working on the full Index calculation including instantons.

*  More work to be done on M5
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