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Models with non-minimal coupling

e.g.

• In the context of  unifying theories, modified gravity and renormalisation, 
non-minimal coupling of  scalar fields to the Ricci Scalar is common.

Φ = df / dR( )

Sf (R) = d 4x∫ −g f (R)

SHiggs = d 4x∫ −g 1
2
Mpl

2 + ξh2( )R + ...⎡
⎣⎢

⎤
⎦⎥

⇒ d 4x∫ −g(ΦR + ...)

• In general we expect multiple fields in context of  unifying theories

• Models with non-minimal coupling
are favoured by Planck
Kaiser & Sfakianakis ’13, Kallosh & Linde ’13

Let us consider the general class of  models with action of  the form

S = d 4x∫ −g f (φ)R − 1
2
habg

µν ∂µφ
a ∂νφ

b −V (φ)+ Lmatter
⎧
⎨
⎩

⎫
⎬
⎭

⇒



The Jordan and Einstein frames

• By making a conformal transformation

⇒

 
gµν =

gµν
2 f

 
S = d 4x∫ − g

R
2
− 1
2
Sab g

µν ∂µφ
a ∂νφ

b − V (φ)+ Lmatter
⎧
⎨
⎩

⎫
⎬
⎭

• Original frame called Jordan frame - matter minimally coupled

• New frame called Einstein frame - canonical Einstein Hilbert gravity 
but mass-, length- and time-scales become spacetime dependent! 

Sab =
1
2 f

hab +
3 fa fb
f

⎛
⎝⎜

⎞
⎠⎟

 
V = V

4 f 2

• Calculations seem easier in the Einstein frame - how are the Jordan and 
Einstein frame quantities related?

• In particular, we are interested in ζ ↔ ΔT
T

⇒ How are     and       related?

What is the effect of  non-minimal coupling on CMB spectrum?

ζ  
ζ



 Linear order:  single field case Makino & Sasaki ’91

• Introduce canonically normalised field      satisfying  
φ

 

d φ
dφ

= Sφφ

4

A. Curvature perturbation in the Jordan frame

Let us begin by discussing the Jordan frame. Following [29], we define our perturbed Jordan frame metric
as

ds2 = a(⌘)2
⇢
�(1 + 2AY )d⌘2 � 2BY

i

d⌘dxi +


(1 + 2R) �

ij

+ 2H
T

1

k2
Y
,ij

�
dxidxj

�
, (7)

where d⌘ = dt/a is the conformal time, a and t are the scale factor and the proper time in the Jordan frame,
respectively, the scalar harmonic functions Y satisfy (r2 + k2)Y = 0 and Y

i

= �k�1Y
,i

[29], and each of the
perturbation quantities is decomposed in terms of first- and second-order components as

R = R(1) +
1

2
R(2). (8)

Note that here we neglect vector and tensor modes and only consider scalar perturbations. We expect
this simplifying assumption to be valid on super-horizon scales. On super-horizon scales, by considering
gauge transformations up to second order, we find the Sasaki-Mukhanov variables [30, 31], or flat-gauge field
perturbations, to be given as [32]

��a

R(1) = ��a

(1) �
�0a

H R(1) (9)

��a

R(2) = ��a

(2) �
�0a

H R(2) +

✓R(1)

H

◆2 
2H�0a + �00a � H0

H �0a
�
+ 2

�0a

H2
R0

(1)R(1) �
2

HR(1)��
0a
(1),

where a prime denotes the derivative with respect to conformal time, H = a0/a and the subscript R denotes
the flat-gauge field perturbations in the Jordan frame.

Similarly, we define the perturbed Einstein frame metric as

ds̃2 = ã(⌘)2
⇢
�(1 + 2ÃY )d⌘2 � 2B̃Y

i

d⌘dxi +

⇣
1 + 2R̃

⌘
�
ij

+ 2H̃
T

1

k2
Y
,ij

�
dxidxj

�
, (10)

where ã =
p
2fa and dt̃ =

p
2fdt are the scale factor and the proper time in the Einstein frame, respectively,

d⌘ = dt̃/ã = dt/a is again the conformal time, and each of the perturbation quantities is again decomposed
in terms of first- and second-order components as

R̃ = R̃(1) +
1

2
R̃(2). (11)

The flat-gauge field perturbations in the Einstein frame, ��a

R̃(1)
and ��a

R̃(2)
, are then found by replacing all

R and H in (9) with R̃ and H̃ = ã0/ã respectively.
In order to find the relation between the flat-gauge field perturbations in the Jordan and Einstein frames,

we first need to determine the relation between R and R̃ to second order. Using the fact that ds̃2 = 2fds2

we find that

R̃(1) = R(1) +
f
a

��a

(1)

2f
(12)

and R̃(2) = R(2) +
f
a

��a

(2)

2f
+

f
ab

��a

(1)��
b

(1)

2f
�

f
a

f
b

��a

(1)��
b

(1)

f2
+

2f
a

��a

(1)R̃(1)

f
. (13)

Substituting these relations, along with the background result H̃ = H + f

0

2f , into (9) and evaluating the

right-hand side of each equation in the flat gauge of the Einstein frame (recall that we can evaluate the
right-hand side of the equations in whichever gauge we like, as overall the expressions are gauge-invariant)
we deduce

��a

R(1) = ⇧a

b

��b

R̃(1)
(14)

��a

R(2) = ⇧a

b

��b

R̃(2)
+

�0a

H
f
cb

��c

R̃(1)
��b

R̃(1)

2f
� 2�0a

H

 
f
b

��b

R̃(1)

2f

!2

+
1

H
d

d⌘

2

4�
0a

H

 
f
b

��b

R̃(1)

2f

!2
3

5

+
2

H
f
b

��b

R̃(1)
��0a

R̃(1)

2f
, (15)

• Decompose metric in Jordan frame as 

• Make similar decomposition in Einstein frame, but with tildes everywhere, 
then require  ds

2 = 2 fds2

⇒
  
H = H + f ′

2 f   
R = R + δ f

2 f

• Substitute these relations into definition of  

  
ζ ≡ R − H

φ′
δ φ = R − H

φ′
δφ = ζ

 
ζ

• i.e. the comoving curvature perturbation is frame independent!



 Linear order:  multi-field case  J.W., M. Minamitsuji & M. Sasaki ’12

• Cannot canonically normalise all fields

• In the absence of  isocurvature modes,             , the two 
curvature perturbations do coincide.

 K
ab = 0

⇒ • Difference between     and      a direct consequence of  
isocurvature modes

ζ  
ζ

• Also find                         , i.e. evolutions can be very different 

9

curvature perturbation at the end of inflation is e↵ected through the reheating stage. This

work is currently in progress.

˙̃⇣ = 0 < ⇣̇ = 0 (37)

f�/
p

f ⇠ O(
p
✏) (38)

IV. CONCLUSIONS

• Where                                         are isocurvature perturbations
and         and          just depend on background quantites. Aab

  K
ab = δφ a φb −δφb φ a

 Bab

• Using the fact that                                  in the JF and similarly in EF  
  
ζ R + H

ρ + p
δq

⇒   ζ − ζ  AabK
ab +Bab K

ab
.

�q / �T 0
i



Beyond linear order
• Following Gong et al. ’11 (1107.1840), define metric and conformal 

transformation as 

  R = R + ΔΩ⇒
⇒ Curvature perturbations same in gauge where �⌦ = 0

• Multi-field case:                   does not necessarily coincide with the 
comoving gauges.

�⌦ = 0

 
ζ ≠ ζ⇒

• Single field case: Ω =Ω(φ)⇒ΔΩ = 0⇒δφ = 0

coincides with comoving gauges in both frames

 
ζ = ζ⇒

�⌦ = 0

gij = a2e2R�ij , g̃µ⌫ = ⌦2gµ⌫ , g̃ij = ã2e2R̃�̃ij , ⌦ = ⌦0e
�⌦



δN formalism in Jordan and Einstein frames
• Have established            in multi-field case 

ζ ≠ ζ

• Two differences:

• Definition of  initial flat hypersurface field perturbations

⇒ can we relate      back to      beyond linear order using the δN?

• We already know how to calculate      and its spectral properties

 
ζ ζ

⇣̃

• δN formalism states that ⇣ = �N = N(t⇤, t⇧;x)�N0(t⇤, t⇧)

• Dependence on initial conditions of        and        N Ñ

No. of  e-foldings between initial flat 
slice and final constant energy slice

Fiducial background no. 
of  e-foldings

• δN expansions in the Jordan and Einstein frames are:

⇣ = �N = Na��
a
R +

1

2
Nab��

a
R��b

R + ...

⇣̃ = �Ñ = Ña��
a
R̃ +

1

2
Ñab��

a
R̃��b

R̃ + ...

J. W., M. Minamitsuji & M. Sasaki 1306.6186

http://arXiv.org/abs/arXiv:1306.6186
http://arXiv.org/abs/arXiv:1306.6186


δN formalism in Jordan and Einstein frames

φ1

φ 2
δφ∗

i                     defines final constant 
energy surface in Jordan frame
ω = const.

                      defines final constant 
energy surface in Einstein frame
 ω = const.

 
Na ≠ Na   δφR

a ≠ δφ
R
a

• First turn to the relation Ña $ Na

N =

Z
!=const.

R=0
Hd⌘

Ñ =

Z
!̃=const.

R̃=0
H̃d⌘ =

Z
!̃=const.

R̃=0
Hd⌘ +

1

2
ln

✓
f
!̃=const

fR̃=0

◆

=

Z
!̃=const.

R̃=0
Hd⌘ +

1

2
ln

✓
f
!̃=const

fR̃=0

◆

⇒
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take this constant energy surface to be at a time when isocurvature modes are still present, then one finds
that constant energy surfaces as defined in the two frames do not necessarily coincide, thus meaning that
Ñ

a

6= N
a

etc. However, if we take the final surface to be one of constant energy in the radiation dominated
phase after inflation, and assume that no isocurvature modes remain during this epoch, then the upper limits
of the two integrals coincide, and consequently so too do the contributions of the integral terms to N

a

and
Ñ

a

etc.
We can show explicitly that in any adiabatic limit the two expansions for �N and �Ñ do coincide, as we

would expect. We have already argued that as the final surface is in an epoch where the two frames coincide,
its e↵ect on the values of N

a

and Ñ
a

etc is frame independent. One might still be concerned that the di↵erence
in the initial flat hypersurfaces as defined in the two frames might lead to a di↵erence in the expansions for
�N and �Ñ . What we find, however, is that this di↵erence in definition of the initial hypersurface is exactly
cancelled by the additional log term in the Einstein frame expression for Ñ . Let us see this explicitly up to
second order.

Using (29) and (30) we see that derivatives of Ñ are related to those of N as

Ñ
a

= N !̃

a

� f
a

2f

����
⇤
+

f
b

2f

����
⇧

@�b

!̃

@�a⇤
(31)

Ñ
ab

= N !̃

ab

� f
ab

2f

����
⇤
+

f
a

f
b

2f2

����
⇤
+

f
cd

2f

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
� f

c

f
d

2f2

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
+

f
c

2f

����
⇧

@2�c

!̃

@�a⇤@�b⇤
, (32)

where the superscript !̃ on derivatives of N indicates that they are derivatives of the Jordan frame e-folding
number but with the upper limit of the integral being that defined in the Einstein frame. As such, combining
with (18), we find that the di↵erence between ⇣ and ⇣̃ is

⇣ � ⇣̃ = (N
a

�N !̃

a

)��a

R̃ +
1

2
(N

ab

�N !̃

ab

)��a

R̃(1)
��b

R̃(1)
(33)

� f
b

2f

����
⇧

@�b

!̃

@�a⇤
��a

R̃ �
✓
f
cd

2f

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
� f

c

f
d

2f2

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
+

f
c

2f

����
⇧

@2�c

!̃

@�a⇤@�b⇤

◆
��a

R̃(1)
��b

R̃(1)
.

If we assume that an adiabatic limit is reached then we have two simplifications. Firstly, as discussed above,
the definition of the final surface becomes frame independent, meaning N

a

= N !̃

a

and N
ab

= N !̃

ab

. Secondly,
the final values of all the fields are independent of the initial conditions, i.e. @�a

!̃

/@�b

⇤ = 0. From the above
expression it is clear that in this case ⇣ = ⇣̃. With regard to the expressions for the power spectra, spectral
tilts and f

NL

parameters in the two frames, their equivalence in an adiabatic limit is evident from the fact
that in such a limit Ñ

a

= N
a

and r̃
a

r̃
b

Ñ = r̃
a

r̃
b

N .
More generally, we see that even in the case that an adiabatic limit is not reached, the di↵erence in

definition of the initial flat hypersurfaces does not a↵ect ⇣ � ⇣̃. This is because the di↵erences resulting from
��a

R $ ��a

R̃ exactly cancel with the additional ln(fR̃=0)/2 term coming from (30).

III. ANALYTICALLY SOLUBLE MODELS

Having found general expressions for the non-linear curvature perturbation in both frames, in this section we
consider cases where the number of e-foldings and its dependence on the initial field values can be determined
analytically.

A. Solubility conditions

Varying the Jordan frame action (1) with respect to the fields �a and metric g
µ⌫

, at background level the
equations of motion and Friedmann equation are given as

D�̇a

dt
+ 3H�̇a + hab (V

b

� f
b

R) = 0 and 3H2 =
1

2f

⇣1
2
h
ab

�̇a�̇b + V � 6Hḟ
⌘
, (34)

which we would like to approximate as

3H�̇a ' �hab

✓
V
b

� 2V
f
b

f

◆
= �f2habW

b

and 3H2 ' V

2f
(35)

} N !̃

a

=
@

�a

⇤

Z
!̃=const.

⇤
Hd⌘

• Diagrammatically:



δN formalism in Jordan and Einstein frames
• Next turning to the relation   δφR

a ↔δφ
R
a

3

The action in its original form (4) is said to be in the Jordan frame, but by making the

conformal transformation g
µ⌫

= (2f)�1g̃
µ⌫

we are able to move to the Einstein frame, where

the action takes the form

S =

Z
d4x

p
�g̃

(
R̃

2
� 1

2
S
ab

(�)g̃µ⌫@
µ

�a@
⌫

�b � Ṽ (�)

)
, (5)

with

S
ab

=
1

2f

✓
h
ab

+
3f

a

f
b

f

◆
and Ṽ (�) =

V

4f 2
. (6)

Here f
a

denotes the derivative of f with respect to the a’th field and we have taken 2 = 1.

The action (5), with its canonical gravity sector, is one we are more familiar with, and com-

putations are seemingly more tractable in this frame. Indeed, a framework for the calculation

of ⇣̃ and its non-gaussianity for an action of the form (5) has recently been developed in []

and applied to some well motivated examples in []. It was found that the form of potential Ṽ

induced by the conformal transformation naturally displays ridge-like features, the presence

of which is known to allow for the possibility of large non-gaussianities in multi-field inflation

models []. Furthermore, we see that even if the Jordan frame field-space metric is taken to

be flat, i.e. h
ab

= �
ab

, the induced Einstein frame field-space is not flat, leading to additional

couplings between the fields and potentially another source for non-gaussianity.

With a framework for performing calculations in the Einstein frame already in place, in

this paper we try to consider how the quantity ⇣̃ and its non-gaussianity can be related

back to ⇣ and its non-gaussianity in the original Jordan frame. This seems important, as

depending on which metric matter is minimally coupled to, and the physics of reheating at

the end of inflation, it may be the statistics of ⇣̃ rather than ⇣ that turn out to be more

important.

Decomposing the Einstein frame spatial metric in a similar form as (1), we find the relation

at first order

R̃ = R+
�f

2f
. (7)

We thus see that the two curvature perturbations would be the same in a gauge corresponding

to �f = 0. In the single field case, as f = f(�), �f = 0 ) �� = 0, which coincides with the

constant energy �T 0
0 = 0 and comoving �T 0

i

= 0 gauge conditions in both frames. As such,

one finds that the comoving curvature perturbation is the same in the two frames. More

generally, however, the gauge �f = 0 does not coincide with the comoving or constant energy

• In an adiabatic limit:  ω = const.⇔ ω = const.

 ∂φ ω
a / ∂φ∗

b = 0 ⇒  
ζ = ζ}

• Using the definition of  Sasaki-Mukhanov variables to first order:

��a
R = ��a � �0a

H R
��a

R =

✓
�ab +

�0afb
2fH

◆
��b

R̃} ⇒

• Combining with 
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take this constant energy surface to be at a time when isocurvature modes are still present, then one finds
that constant energy surfaces as defined in the two frames do not necessarily coincide, thus meaning that
Ñ

a

6= N
a

etc. However, if we take the final surface to be one of constant energy in the radiation dominated
phase after inflation, and assume that no isocurvature modes remain during this epoch, then the upper limits
of the two integrals coincide, and consequently so too do the contributions of the integral terms to N

a

and
Ñ

a

etc.
We can show explicitly that in any adiabatic limit the two expansions for �N and �Ñ do coincide, as we

would expect. We have already argued that as the final surface is in an epoch where the two frames coincide,
its e↵ect on the values of N

a

and Ñ
a

etc is frame independent. One might still be concerned that the di↵erence
in the initial flat hypersurfaces as defined in the two frames might lead to a di↵erence in the expansions for
�N and �Ñ . What we find, however, is that this di↵erence in definition of the initial hypersurface is exactly
cancelled by the additional log term in the Einstein frame expression for Ñ . Let us see this explicitly up to
second order.

Using (29) and (30) we see that derivatives of Ñ are related to those of N as

Ñ
a

= N !̃

a

� f
a

2f

����
⇤
+

f
b

2f

����
⇧

@�b

!̃

@�a⇤
(31)

Ñ
ab

= N !̃

ab

� f
ab

2f

����
⇤
+

f
a

f
b

2f2

����
⇤
+

f
cd

2f

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
� f

c

f
d

2f2

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
+

f
c

2f

����
⇧

@2�c

!̃

@�a⇤@�b⇤
, (32)

where the superscript !̃ on derivatives of N indicates that they are derivatives of the Jordan frame e-folding
number but with the upper limit of the integral being that defined in the Einstein frame. As such, combining
with (18), we find that the di↵erence between ⇣ and ⇣̃ is

⇣ � ⇣̃ = (N
a

�N !̃

a

)��a

R̃ +
1

2
(N

ab

�N !̃

ab

)��a

R̃(1)
��b

R̃(1)
(33)

� f
b

2f

����
⇧

@�b

!̃

@�a⇤
��a

R̃ �
✓
f
cd

2f

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
� f

c

f
d

2f2

����
⇧

@�c

!̃

@�a⇤

@�d

!̃

@�b⇤
+

f
c

2f

����
⇧

@2�c

!̃

@�a⇤@�b⇤

◆
��a

R̃(1)
��b

R̃(1)
.

If we assume that an adiabatic limit is reached then we have two simplifications. Firstly, as discussed above,
the definition of the final surface becomes frame independent, meaning N

a

= N !̃

a

and N
ab

= N !̃

ab

. Secondly,
the final values of all the fields are independent of the initial conditions, i.e. @�a

!̃

/@�b

⇤ = 0. From the above
expression it is clear that in this case ⇣ = ⇣̃. With regard to the expressions for the power spectra, spectral
tilts and f

NL

parameters in the two frames, their equivalence in an adiabatic limit is evident from the fact
that in such a limit Ñ

a

= N
a

and r̃
a

r̃
b

Ñ = r̃
a

r̃
b

N .
More generally, we see that even in the case that an adiabatic limit is not reached, the di↵erence in

definition of the initial flat hypersurfaces does not a↵ect ⇣ � ⇣̃. This is because the di↵erences resulting from
��a

R $ ��a

R̃ exactly cancel with the additional ln(fR̃=0)/2 term coming from (30).

III. ANALYTICALLY SOLUBLE MODELS

Having found general expressions for the non-linear curvature perturbation in both frames, in this section we
consider cases where the number of e-foldings and its dependence on the initial field values can be determined
analytically.

A. Solubility conditions

Varying the Jordan frame action (1) with respect to the fields �a and metric g
µ⌫

, at background level the
equations of motion and Friedmann equation are given as

D�̇a

dt
+ 3H�̇a + hab (V

b

� f
b

R) = 0 and 3H2 =
1

2f

⇣1
2
h
ab

�̇a�̇b + V � 6Hḟ
⌘
, (34)

which we would like to approximate as

3H�̇a ' �hab

✓
V
b

� 2V
f
b

f

◆
= �f2habW

b

and 3H2 ' V

2f
(35)
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phase after inflation, and assume that no isocurvature modes remain during this epoch, then the upper limits
of the two integrals coincide, and consequently so too do the contributions of the integral terms to Na and
Ña etc.

We can show explicitly that in any adiabatic limit the two expansions for �N and �Ñ do coincide, as we
would expect. We have already argued that as the final surface is in an epoch where the two frames coincide,
its e↵ect on the values of Na and Ña etc is frame independent. One might still be concerned that the di↵erence
in the initial flat hypersurfaces as defined in the two frames might lead to a di↵erence in the expansions for
�N and �Ñ . What we find, however, is that this di↵erence in definition of the initial hypersurface is exactly
cancelled by the additional log term in the Einstein frame expression for Ñ . Let us see this explicitly up to
second order.

Using (29) and (30) we see that derivatives of Ñ are related to those of N as

Ña = N !̃
a � fa

2f

����
⇤
+

fb
2f

����
⇧

@�b
!̃

@�a⇤
(31)

Ñab = N !̃
ab �

fab
2f

����
⇤
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fafb
2f2

����
⇤
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fcd
2f

����
⇧

@�c
!̃

@�a⇤

@�d
!̃

@�b⇤
� fcfd

2f2

����
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@�c
!̃
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@�d
!̃

@�b⇤
+
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2f

����
⇧

@2�c
!̃

@�a⇤@�b⇤
, (32)

where the superscript !̃ on derivatives of N indicates that they are derivatives of the Jordan frame e-folding
number but with the upper limit of the integral being that defined in the Einstein frame. As such, combining
with (18), we find that the di↵erence between ⇣ and ⇣̃ is

⇣ � ⇣̃ = (Na �N !̃
a )��

a
R̃ +

1

2
(Nab �N !̃

ab)��
a
R̃(1)

��b
R̃(1)

(33)
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����
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◆
��a

R̃(1)
��b

R̃(1)
.

If we assume that an adiabatic limit is reached then we have two simplifications. Firstly, as discussed above,
the definition of the final surface becomes frame independent, meaning Na = N !̃

a and Nab = N !̃
ab. Secondly,

the final value of all the fields are independent of the initial conditions, i.e. @�a
!̃/@�

b
⇤ = 0. From the above

expression it is clear that in this case ⇣ = ⇣̃. With regard to the expressions for the power spectra, spectral
tilts and fNL parameters in the two frames, their equivalence in an adiabatic limit is evident from the fact
that in such a limit Ña = Na and r̃ar̃bÑ = r̃ar̃bN .

More generally, we see that even in the case that an adiabatic limit is not reached, the di↵erence in
definition of the initial flat hypersurfaces does not a↵ect ⇣ � ⇣̃. This is because the di↵erences resulting from
��a

R $ ��a
R̃ exactly cancel with the additional ln(fR̃)/2 term coming from (30).

III. ANALYTICALLY SOLUBLE EXAMPLES

Having found general expressions for the non-linear curvature perturbation in both frames, in this section
we apply the results to analytically soluble models and discuss in detail the properties of spectral quantities
and their frame dependence.

A. The product separable case

Varying the Jordan frame action (1) with respect to the fields �a and metric gµ⌫ , at background level the
equations of motion and Friedmann equation are given as

D�̇a

dt
+ 3H�̇a + hab (Vb � fbR) = 0 and 3H2 =

1

2f

⇣1
2
hab�̇

a�̇b + V � 6Hḟ
⌘
, (34)

which we would like to approximate as

3H�̇a ' �hab

✓
Vb � 2V

fb
f

◆
= �f2habWb and 3H2 ' V

2f
(35)

• Terms circled in red cancel and we find:
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C. Power spectrum and non-gaussianity
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, is that we can

now exploit the fact that the correlation functions of ��a
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as opposed to those of ��a

f

are

known.

To use the results of Elliston et al directly, there is one final adjustment we need to make.

As first introduced by Gong and Tanaka, instead of considering the perturbations ��a
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, which

don’t live in the tangent space of the field-space manifold defined by S
ab

, we in fact consider

the quantities Qa
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Using these quantities, and the fact that they satisfy
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we are able to find general expressions for the power spectrum and 3-point correlation function

in the Jordan frame as
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In the Einstein frame we have the familiar expressions
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Einstein frame
so we obtain the standard results

��a
R̃
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a � fb

2f

����
⇧

@�b
w̃

@�a
⇤



8

in the slow-roll limit, where W = V/f2 (see Eq. (3)), and a dot denotes taking the derivative with respect
to the physical time in the Jordan frame 1. For this approximation to be valid we require

D�̇a

dt
⌧ H�̇a, h

ab

�̇a�̇b ⌧ V and Hḟ ⌧ V. (36)

Using the first of (35) to determine D�̇

a

dt

we find

1

H�̇a

D�̇a

dt
' � Ḣ

H2
�

�̇br
b

�
f2hacW

c

�

3H2�̇a

' � Ḣ

H2
�

2fhbdW
d

r
b

�
f2hacW

c

�

V haeW
e

. (37)

Note that here the index a is not summed over. Similarly we find

h
ab

�̇a�̇b

V
' 2f5habW

a

W
b

3V 2
and

Hḟ

V
' ḟ

6Hf
' �f2habf

a

W
b

3V
, (38)

so that we are able to define the slow-roll conditions

✏ ⌘ fhabW
a

W
b

W 2
; ✏ ⌧ 1 (39)

⌘(a) ⌘ 2f
hbcW

c

r
b

�
hadW

d

�

WhaeW
e

+
4hbcf

b

W
c

W
; |⌘(a)| ⌧ 1 (40)

� ⌘ habf
a

W
b

3W
; |�| ⌧ 1. (41)

Note that to derive these conditions we have also assumed Ḣ ⌧ H2. Taking the time derivative of the second
of (35) we find

Ḣ

H2
= �✏� 3�, (42)

so that if the slow roll conditions (39) and (41) are satisfied then Ḣ ⌧ H2 will also be satisfied.
Having established the slow-roll equations and corresponding consistency relations we now look to deter-

mine under what circumstances we are able to solve for the number of e-folds of inflation analytically. We
start by replacing cosmic time t with the number of e-folds using dN = Hdt. The first of (35) can then be
written as

d�a

dN
= �2fhab

W
b

W
. (43)

This can be solved analytically if

2fhab

W
b

W
=

g(a)(�a)

F (�)
, (44)

where g(a)(�a) represents some function of just the a’th field and F (�) is some function of all the fields, as
this allows us to write

1

g(a)(�a)

d�a

dN
= � 1

F (�)
(45)

for all a, which in turn means that any one field can be expressed as a function of any one of the other fields.
Note that here the index a is not summed over. Explicitly, we can see that (44) is satisfied if

hab =
1

G(�)
diag

⇣
h(1)(�1), h(2)(�2), ..., h(n)(�n)

⌘
(46)

1 Note that here we use the Jordan frame equations of motion to determine the derivatives of N with respect to the initial
conditions and we then relate these to derivatives of Ñ . We could equally use the Einstein frame equations of motion to
determine derivatives of Ñ and then relate these back to derivatives of N . In Appendix A, we discuss this further.

analytically soluble if  ⇒
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of (35) we find

Ḣ
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1 Note that here we use the Jordan frame equations of motion to determine the derivatives of N with respect to the initial
conditions and we then relate these to derivatives of Ñ . We could equally use the Einstein frame equations of motion to
determine derivatives of Ñ and then relate these back to derivatives of N . In Appendix A, we discuss this further.

W = V/f2

• Introduce the new coordinates                  satisfying

9

and either

W =
Y

a

W (a)(�a) or W =
X

a

W (a)(�a), (47)

where again h(a)(�a) and W (a)(�a) represent functions of the single field �a and G(�) is some function
of all the fields. In fact, the form of the field-space metric (46) can be simplified further by noticing that
the h(a)(�a) can always be absorbed by a field redefinition. As such, making the additional simplifying
assumption G(�) = 1, we see that F (�) = 1/(2f) and g(a)(�a) = W

a

/W .
Following [28],2 we next introduce the coordinates qa = qna defined by

ln qa =

Z
d�a

g(a)(�a)
and

X

a

(na)2 = 1. (48)

The equations of motion can then be expressed as

d ln q

dN
= � 1

F (q, na)
and

dna

dN
= 0, (49)

and on integrating the first of these we obtain

N = �
Z ⇧

⇤
Fd ln q =

Z ⇤

⇧
Fd ln q. (50)

We can now proceed to calculate the derivatives of N with respect to the initial field values.

B. The product separable case

In this paper we focus on the product separable case where W =
Q

a

W (a)(�a), for which we find [34]

N
c

= F⇧
g
(c)
⇧
g
(c)
⇤

@!/@�c

⇧P
a

@!

@�

a
⇧
g
(a)
⇧

+

Z ⇤

⇧

@F

@�c

g(c)

g
(c)
⇤

d ln q, (51)

where !(�⇧) = const. is the condition specifying the final surface up to which the number of e-folds is
calculated.

If we take the final surface in each frame to correspond to a constant energy surface, i.e. ! = ⇢ = 3H2 =
fW/2 = const in the Jordan frame and !̃ = ⇢̃ = 3H̃2 = W/4 = const in the Einstein frame, then we have

N
c

=
1

2

g
(c)
⇧
g
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⇤

⇣
fc

f
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⇧
+ g
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✏⇧ + 3�⇧
+
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g(c)

g
(c)
⇤

d ln q (52)

in the Jordan frame, and the contribution N !̃

c

to Ñ
c

in the Einstein frame is

N !̃

c

=
1

2

(g(c)⇧ )2

✏⇧g
(c)
⇤

+

Z ⇤

⇧

@F

@�c

g(c)

g
(c)
⇤

d ln q. (53)

The above expression can of course be di↵erentiated again to find higher-order derivatives of N . The
second order derivatives can be found as
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2 See also [33–36] for considerations of analytically soluble applications of the �N formalism in multi-field inflation.

qa = qna

a function of  only a’th field

a function of  all the fields

• Taking                          require W is either sum or product separablehab = �ab ⇒
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where again h(a)(�a) and W (a)(�a) represent functions of the single field �a and G(�) is some function
of all the fields. In fact, the form of the field-space metric (46) can be simplified further by noticing that
the h(a)(�a) can always be absorbed by a field redefinition. As such, making the additional simplifying
assumption G(�) = 1, we see that F (�) = 1/(2f) and g(a)(�a) = W
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Following [28],2 we next introduce the coordinates qa = qna defined by

ln qa =

Z
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g(a)(�a)
and

X
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(na)2 = 1. (48)

The equations of motion can then be expressed as
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= � 1

F (q, na)
and
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= 0, (49)

and on integrating the first of these we obtain

N = �
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We can now proceed to calculate the derivatives of N with respect to the initial field values.

B. The product separable case
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where !(�⇧) = const. is the condition specifying the final surface up to which the number of e-folds is
calculated.

If we take the final surface in each frame to correspond to a constant energy surface, i.e. ! = ⇢ = 3H2 =
fW/2 = const in the Jordan frame and !̃ = ⇢̃ = 3H̃2 = W/4 = const in the Einstein frame, then we have

N
c

=
1

2

g
(c)
⇧
g
(c)
⇤

⇣
fc

f

���
⇧
+ g

(c)
⇧
⌘

✏⇧ + 3�⇧
+

Z ⇤

⇧

@F

@�c

g(c)

g
(c)
⇤

d ln q (52)
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The above expression can of course be di↵erentiated again to find higher-order derivatives of N . The
second order derivatives can be found as
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2 See also [33–36] for considerations of analytically soluble applications of the �N formalism in multi-field inflation.

• Eom now written as 

⇒ N =

Z ⇤

⇧
Fd ln q



Non-minimally coupled “spectator” example

• Take a two field example
W product separable:

= inflaton, minimally coupled
= “spectator”, non-minimally coupled
    but non-dynamical, i.e. 

�
�

�0 = 0

•     does contribute to the curvature perturbation due to its non-
minimal coupling
�

Na 6= Ña ��a
R 6= ��a

R̃ (1)

��a
R ⌘ ��a � �0a

H R =

 

�ab +
�0afb
2fH

!

��b
R̃ (2)

R = 0 and R̃ = 0 (3)

N !̃
a =

@

@�a
⇤

✓Z !̃

⇤
Hd⌘

◆
(4)

@�a
!̃/@�

b
⇤ = 0

N !̃
a = Na

⇣ � ⇣̃ ' f�
2f✏⇧

��R̃ (5)

1

• At linear order we find

(slow-roll parameter at final time)

difference due to 
“spectator” field

• Difference a result of the difference in definition of the final 
constant energy surface:

⇢ = 3H2 =
fW

2
JF: ⇢̃ = 3H̃2 =

W

4
EF:

• For                 we consider  |ζ |~|
ζ |

9

curvature perturbation at the end of inflation is e↵ected through the reheating stage. This

work is currently in progress.

˙̃⇣ = 0 < ⇣̇ = 0 (37)

f�/
p

f ⇠ O(
p
✏) (38)

IV. CONCLUSIONS



Non-minimally coupled “spectator” example

• Consider the explicit example                         and 
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• Evolution in the two frames is very different  

• The difference between frames goes as 

• finally the frames agree to leading order as 
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Non-minimally coupled “spectator” example
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• For p=1, p=1/2 and a range of      and       we plot end-of-inflation 
predictions for     and r.

fχ fχχ
ns

• Non-zero       gives rise to a more blue-tilted spectrum.  fχχ

• Contribution from 𝛿𝜒  suppresses tensor-to-scalar ratio and gives rise 
to redder tilt as      is increased.fχ

• Predictions can be brought within 68% CL of  Planck



Non-minimally coupled “spectator” example

• Going beyond linear order we find   fNL ,
fNL , fNL − fNL ~O(1)× fχχ

• In our analytic calculation of        we require the curvature of  the Einstein 
frame field-space to be negligible, which in turn requires  

fNL
 fχχ 1

• Both        and        are very small           

• Evolution in two frames very different  

• Strong dependence of        on   fχfNL

fNL  
fNL

Upper plot: The evolution of        and       
for              and a range of　    at the limit 

of  validity of  the analytic results.
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Non-minimally coupled multi-brid example

• Non-minimally coupled extension of  the multi-brid inflation model with  

14
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FIG. 3: Left: Evolution of the fNL parameters in the Jordan (JF) and Einstein (EF) frames for a range of
f��. f� = 0.1, and the remaining parameters are as given in the caption of Figure 1. Left: Dependence of

the fNL parameters on f� for a range of f��.

and fNL(N = 0) = �fNL(N = N⇤) = �f̃NL(N = N⇤).
In the right-hand panel of Figure 3 we plot the final Jordan frame fNL as a function of f� for the same

values of f�� as used in the left-hand plot. Referring to (69), it is clear that fNL ! 0 in the limit f� ! 0.
Similarly, for f2

�/f � 1/(2N⇤p) we have |fNL| ⌧ 2pf��. There is thus some optimum value of f� between
these two limits where the magnitude of fNL is peaked, and from the Figure 3 we see that this value is
between 0.05 and 0.1. However, even the peak magnitude fNL ⇠ O(0.1) is very small, which is consistent
with the Planck constraint fNL = 2.7± 5.8.

C. Non-minimally coupled multi-brid inflation

In this subsection we extend the multi-brid inflation model introduced in [15] to include non-minimal
coupling. Specifically, we consider the potential and non-minimal coupling to take the form

V = V0 exp

"
X

a

ma�
a

#
and f =

p
f0 exp

"
X

a

za
2
�a

#
(70)

such that

W =
V0

f0
exp

"
X

a

(ma � za)�
a

#
, (71)

where ma and za are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
subsection, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [15], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
1

2

X

a

w2
a(�

a)2�2 +
�

4

✓
�2 � �2

�

◆2

, (72)

such that the field � develops a tachyonic mass for
P

a w
2
a(�

a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2. Using the

fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand
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the fNL parameters on f� for a range of f��.

and fNL(N = 0) = �fNL(N = N⇤) = �f̃NL(N = N⇤).
In the right-hand panel of Figure 3 we plot the final Jordan frame fNL as a function of f� for the same

values of f�� as used in the left-hand plot. Referring to (69), it is clear that fNL ! 0 in the limit f� ! 0.
Similarly, for f2

�/f � 1/(2N⇤p) we have |fNL| ⌧ 2pf��. There is thus some optimum value of f� between
these two limits where the magnitude of fNL is peaked, and from the Figure 3 we see that this value is
between 0.05 and 0.1. However, even the peak magnitude fNL ⇠ O(0.1) is very small, which is consistent
with the Planck constraint fNL = 2.7± 5.8.

C. Non-minimally coupled multi-brid inflation

In this subsection we extend the multi-brid inflation model introduced in [15] to include non-minimal
coupling. Specifically, we consider the potential and non-minimal coupling to take the form

V = V0 exp
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and f =
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such that

W =
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(ma � za)�
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, (71)

where ma and za are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
subsection, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [15], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
1

2
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w2
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a)2�2 +
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, (72)

such that the field � develops a tachyonic mass for
P

a w
2
a(�

a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2. Using the

fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand

• Becomes unstable for 
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and fNL(N = 0) = �fNL(N = N⇤) = �f̃NL(N = N⇤).
In the right-hand panel of Figure 3 we plot the final Jordan frame fNL as a function of f� for the same

values of f�� as used in the left-hand plot. Referring to (69), it is clear that fNL ! 0 in the limit f� ! 0.
Similarly, for f2

�/f � 1/(2N⇤p) we have |fNL| ⌧ 2pf��. There is thus some optimum value of f� between
these two limits where the magnitude of fNL is peaked, and from the Figure 3 we see that this value is
between 0.05 and 0.1. However, even the peak magnitude fNL ⇠ O(0.1) is very small, which is consistent
with the Planck constraint fNL = 2.7± 5.8.

C. Non-minimally coupled multi-brid inflation

In this subsection we extend the multi-brid inflation model introduced in [15] to include non-minimal
coupling. Specifically, we consider the potential and non-minimal coupling to take the form

V = V0 exp
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and f =
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f0 exp
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such that

W =
V0

f0
exp
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, (71)

where ma and za are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
subsection, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [15], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
1

2
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, (72)

such that the field � develops a tachyonic mass for
P

a w
2
a(�

a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2. Using the

fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand
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and fNL(N = 0) = �fNL(N = N⇤) = �f̃NL(N = N⇤).
In the right-hand panel of Figure 3 we plot the final Jordan frame fNL as a function of f� for the same

values of f�� as used in the left-hand plot. Referring to (69), it is clear that fNL ! 0 in the limit f� ! 0.
Similarly, for f2

�/f � 1/(2N⇤p) we have |fNL| ⌧ 2pf��. There is thus some optimum value of f� between
these two limits where the magnitude of fNL is peaked, and from the Figure 3 we see that this value is
between 0.05 and 0.1. However, even the peak magnitude fNL ⇠ O(0.1) is very small, which is consistent
with the Planck constraint fNL = 2.7± 5.8.

C. Non-minimally coupled multi-brid inflation

In this subsection we extend the multi-brid inflation model introduced in [15] to include non-minimal
coupling. Specifically, we consider the potential and non-minimal coupling to take the form

V = V0 exp
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and f =

p
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such that

W =
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exp
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, (71)

where ma and za are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
subsection, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [15], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
1

2
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a)2�2 +
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, (72)

such that the field � develops a tachyonic mass for
P

a w
2
a(�

a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2. Using the

fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand

• End of  inflation determined by tachyonic instability of  χ field:

• End of  inflation condition 
frame independent 
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FIG. 3: Left: Evolution of the fNL parameters in the Jordan (JF) and Einstein (EF) frames for a range of
f��. f� = 0.1, and the remaining parameters are as given in the caption of Figure 1. Left: Dependence of

the fNL parameters on f� for a range of f��.

and fNL(N = 0) = �fNL(N = N⇤) = �f̃NL(N = N⇤).
In the right-hand panel of Figure 3 we plot the final Jordan frame fNL as a function of f� for the same

values of f�� as used in the left-hand plot. Referring to (69), it is clear that fNL ! 0 in the limit f� ! 0.
Similarly, for f2

�/f � 1/(2N⇤p) we have |fNL| ⌧ 2pf��. There is thus some optimum value of f� between
these two limits where the magnitude of fNL is peaked, and from the Figure 3 we see that this value is
between 0.05 and 0.1. However, even the peak magnitude fNL ⇠ O(0.1) is very small, which is consistent
with the Planck constraint fNL = 2.7± 5.8.

C. Non-minimally coupled multi-brid inflation

In this subsection we extend the multi-brid inflation model introduced in [15] to include non-minimal
coupling. Specifically, we consider the potential and non-minimal coupling to take the form

V = V0 exp
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and f =
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such that

W =
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, (71)

where ma and za are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
subsection, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [15], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
1

2
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, (72)

such that the field � develops a tachyonic mass for
P

a w
2
a(�

a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2. Using the

fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand

• In two field case:
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FIG. 3: Left: Evolution of the fNL parameters in the Jordan (JF) and Einstein (EF) frames for a range of
f��. f� = 0.1, and the remaining parameters are as given in the caption of Figure 1. Left: Dependence of
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and fNL(N = 0) = �fNL(N = N⇤) = �f̃NL(N = N⇤).
In the right-hand panel of Figure 3 we plot the final Jordan frame fNL as a function of f� for the same

values of f�� as used in the left-hand plot. Referring to (69), it is clear that fNL ! 0 in the limit f� ! 0.
Similarly, for f2

�/f � 1/(2N⇤p) we have |fNL| ⌧ 2pf��. There is thus some optimum value of f� between
these two limits where the magnitude of fNL is peaked, and from the Figure 3 we see that this value is
between 0.05 and 0.1. However, even the peak magnitude fNL ⇠ O(0.1) is very small, which is consistent
with the Planck constraint fNL = 2.7± 5.8.

C. Non-minimally coupled multi-brid inflation

In this subsection we extend the multi-brid inflation model introduced in [15] to include non-minimal
coupling. Specifically, we consider the potential and non-minimal coupling to take the form

V = V0 exp
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and f =
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such that
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where ma and za are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
subsection, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [15], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
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such that the field � develops a tachyonic mass for
P

a w
2
a(�

a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2. Using the

fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand

�1

�2

M. Sasaki. ’08 for original model
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• Find
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where m
a

and z
a

are constants. The details of the model are presented in Appendix D, and here we simply
discuss the key results. In some sense the multi-brid model is very similar to that considered in the previous
section, as the trajectory in field-space is once again straight, meaning that the decomposition of the fields
into adiabatic and isocurvature components with respect to the Jordan frame metric is time independent.
Unlike in the previous model, however, here we allow both fields to be non-minimally coupled.

As in the original model [28], we assume that inflation is terminated via the instability of a hybrid inflation-
type waterfall field �, which is implemented by replacing V0 with

V0 =
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such that the field � develops a tachyonic mass for
P

a

w2
a

(�a)2 < �2. Taking a two-field example, we can
thus parameterise the field values at the end of inflation as �1

⇧ = � cos �/w1 and �2
⇧ = � sin �/w2.

B. Computing �N

Using the fact that

�1

m1 � z1
� �2

m2 � z2
= constant,

one can determine how � is related to the initial field values �1
⇤ and �2

⇤. Perturbing this relation one can
subsequently find �� in terms of the initial field fluctuations ��1

⇤ and ��2
⇤, which in turn allows us to expand

�N in terms of the field perturbations on the initial flat hypersurface. Expanding �N� up to second order,
where we have added the superscript � to denote the fact that this is �N up to the surface in field space
defined by the waterfall transition, we find

�N� =
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, (73)

where M
a

= m
a

� z
a

are the e↵ective masses of the fields and �S is given as

�S = w1 cos �(��
1
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2(w1 cos �(z1M1 � z2M2) + 2z1M2w2 sin �) + 2��1
⇤��

2
⇤(z2M1w

2
1 cos

2 � + z1M2w
2
2 sin

2 �)

+ w2 sin �(��
2
⇤)

2(2z2M1w1 cos � � w2 sin �(z1M1 � z2M2)). (74)

From (73) it is easy to see that in the limit z1, z2 ! 0, which also gives 2f⇧ ! 1 and M
a

! m
a

, the
second line vanishes and we recover the result of [28]. As such, we see that the main e↵ect of introducing
non-minimal coupling, aside from m

a

! M
a

, is the appearance of the additional terms on the second line of
(73). To determine the importance of these additional terms, we note that in order to satisfy the slow-roll
conditions (D1) we require z

a

,M
a

⇠ O(✏1/2) and z
a

�a . O(1), where we are assuming ✏ ⇠ ⌘(a) ⇠ �. Taking
N⇤ ⇠ O(1/✏), we therefore find that the additional linear terms on the second line of (73) are of the same
order of magnitude as those on the first line. Furthermore, the explicit dependence on N⇤ would suggest that
these terms will give rise to a significant scale dependence of the spectrum. Turning to the additional second
order terms, we find that they will generally be suppressed by O(�✏1/2/w) relative to those on the first line,
where we have assumed w1 ⇠ w2 = w. This would suggest that the non-minimal coupling does not induce
substantial additional non-gaussianity in comparison to the minimally coupled case.

It is important to recall that when applying the �N formalism we must take the final surface up to which
N is calculated to be one of constant energy density. As the end-of-inflation surface defined above in terms of
the waterfall transition does not generally coincide with one of constant energy, we must therefore determine
the additional contribution to �N coming from evolution between the end-of-inflation surface and one of
constant energy during the radiation dominated era that follows. Namely, we have

�N = �N� + �Nr, (75)

where the superscript r denotes the contribution just described. Interestingly, consideration of this additional
contribution brings to light a subtlety regarding matching conditions in the Jordan and Einstein frame

(M1 = m1 � z1 and M2 = m2 � z2)

• Terms on first line are also present in minimally coupled case.  

• First two terms on 2nd line are new terms due to non-minimal 
coupling and are significant

•       contains additional second-order contributions, but they are 
negligible 
�S
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• To compare with original model, set    
M1

2 = (m1 − z1)
2 = 0.005, M 2

2 = (m2 − z2 )
2 = 0.035,

and N∗ = 60γ → 0, ω1 =ω 2 = 0.1, 2 f0 = 1

• For                     have                                                  (red dots)z1 = z2 = 0 (ns ,r, fNL ) = (0.96,0.04,4.1)

•     and        within 68% CL from Planck for all     and     , but do vary r fNL z1 z2
• Observational constraint                                      can be used to 

constrain      and      . (see black contours)z1 z2
ns = 0.9697 ± 0.0073



Aside on observational equivalence

• Fact that               is an indication that they are not directly observable⇣ 6= ⇣̃

• Conformally related frames are observationally indistinguishable
• The physical interpretation may differ from frame to frame 

Make conformal transformation ⌦ = 1/a(⌘)

ds̃

2 = �d⌘

2 + �ijdx
i
dx

j

But, electron masses now time dependent m̃(⌘) =
m

⌦
= a(⌘)m

No expansion!  What 
happened to redshift?⇒

Atomic transition energies 
vary with time⇒ / m̃(⌘) ⇒ Observationally indistinguishable

from redshift effect

N. Deruelle & M. Sasaki 1007.3563
T. Chiba & M. Yamaguchi ’13 1308.1142

e.g.  Start with Einstein gravity and FLRW metric:

Observe redshift effect 
due to expansion

⇒ds

2 = a

2(⌘)
�
�d⌘

2 + �ijdx
i
dx

j
�

http://arxiv.org/abs/1007.3563
http://arxiv.org/abs/1007.3563


Conclusions

• definition of  the initial flat surface does not effect  
• definition of  the final constant energy surface is important

• Using the        formalism we have determined the non-linear relation 
between     and   .  Found that

δN
ζ  

ζ

 ζ − ζ

• Using the relation                       we could also determine the 
correlation functions of      as well as  
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• In the non-minimally coupled “spectator” field model we found that the 
additional contribution of the spectator field to the curvature 
perturbation tended to reduce the tensor-to-scalar ratio and allow 
for a tuneable tilt, allowing us to bring predictions into agreement with 
recent observations.

• In the non-minimally coupled extension of the multi-brid inflation 
model we found that observational constraints on the tilt could be 
used to constrain the form of  non-minimal coupling.

• Saw that    and     and their spectral properties can evolve differently ζ  
ζ


