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1. Areview on Massive Gravity

“Can a graviton have mass ?”
Guvr — Nuv + h/uua |h| <1

To the lowest order in h, one finds the Lagrangian:
2

e
L = Lgu(h) + 79 (R W + ah?)
decompose  hyu = h, 4+ 0 Ay + 9.0y X

where Ohy,, = 0"A;; =0,



2

m
LD _79 [(8u8vX)2 + a(DX)z} )
So to avoid higher-order derivatives, we impose

a=—1 ———) Fierz-Pauli 1939

m2
L = Len(h) + =2 (W = 1) |

+ The unique massive gravity theory in linear level without
ghost in Minkowski background,;

+ Diffeomorphism invariance is broken due to mass term.



* Boulware-Deser ghost  (Boulware & Deser '72)

If consider non-Minkowski background (e.g. FLRW), there
appears a sixth mode which is a ghost

General Relativity (GR): s = 1 /d% vV—gR,
167G

In 3+1 dim, for symmetric tensor 4.v, the propagating degrees of
freedom (dof) can be counted as:

6 ?> ) %
Lagrangian Helicity 42
multiplier

Such situation changes in the Massive Gravity Theory.



In Massive Gravity (MG), the mass of graviton is non-vanishing,
which breaks the gauge invariance

~ 1org | 4 VIR = M2V (9)

— d* NV (~.N.N*
- 167TG/ Iﬁ (% ’ )

Generally speaking, the dof Is

SR

No Lagrangian Helicity =2, £+ 1, 0,
multiplier...
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Recently, a non-linear construction of massive gravity
theory (dRGT) Is proposed, where the BD ghost is
removed by specially designed non-linear terms, so that
the lapse function/N becomes a Lagrangian Multiplier,
which removes the ghost degree of freedom.



< A simple example >

physical ds® = —N?dt* + ~;; (dz* + N'dt) (dz’ + N7dt) .
reference ds} = —dt* + da” |

set N'=0,

1y —1/N? 0 -1 0\ [ 1/N*> 0
g o 0 ’)/ik 0 5,@' - 0 "}/ikékj

define [K,i” = 05 — ( g_lf)ja

1—1/N 0
I::> KH = . ,
v ( 0 5; — \/’Y@kcskj )

[ L = LEH — mngl\/ —gdet’ (55 —+ ,BKg)],
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L = Lun — mi M {/=gdet' (5 + BKY) .

N

/ l

N/~ [1 43 (1 - %)} det ((1 +£)d; — 8 ’Y“"5kj)

L = Lo — m2ME VAN 1+ 9) — Bl det (1 +5)55 — 5[k,

oL
ON

Mass term is linear
In lapse function

[ > Langrangian multiplier

o = H =~ m2MA AL+ ) det (L4 510 — pyrta, ) =0

Recover the Hamitonian constraint
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For non-vanishing shift function case, the situation becomes more
complicated, but we can still recover the Hamiltonian constraint by
redefining a new shift function:

N =n* + Nmi(%j, 'nf’) ,

So that the corresponding mass term again is linear in lapse
function:

N/ g7 f = A(vij,n') + NB(vij, n').



Non-linear Massive Gravity (dRGT)

C. de Rham, G. Gabadadze, Phys. Rev. D 82, 044020 (2010);
C. de Rham, G. Gabadadze and A. J. Tolley, Phys. Rev. Lett 106,

231101 (2011);
S. F. Hassan and R. A. Rosen, JHEP 1107, 009 (2011)

R
SMG = /d4$ v —( |:§ +m3(£2 —|—Of3£3 —|—Od4£4)j| ,

where /[lC] = tr (K,

L= (KF — [K7]) .

£y = 5 (KT = 3K [K7] +2 [K*).

L, = i ([IC]4 — 6K K] +3 [k +8[K][K*] — 6 [K:‘*]) |
Kl = 6 — /9" G ()0, 0, .

fiducial metric Stuckelberg field
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Self-accelerating solution is found in context of non-linear
massive gravity, where two branches exist with effective
cosmological constant consists of a contribution from

mass of graviton. a. E. Gumrukcuoglu et. al. JCAP 106, 231101(2011);

mQ

Ae = = [(1+09) (24 05 + 205~ 30g) £2 (1403 +03 — )"
(a3 + )

9

There seems to be some hope to explain the current
acceleration, but...

1. Very small m; from observation;

2. Non-linear instability problem when m;, = const

A. De Felice et. al. Phys. Rev. Lett. 109, 171101 (2012)
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It is Interesting and necessary to consider the mass-
varying case in dRGT massive gravity theory, where the
mass of graviton decays from some large value to the
current value: e.qg. m, = my(0)

One hopeful scenario is the dependence on a tunneling
field. v

* the field can (and will)
tunnel from a metastable
minimum to a lower one;

»

. thi : : o
_ this Process Is driven by S. Coleman and F. de Luccia, Phys.Rev. D21,
InStanton. 3305, (1980)

As a first step, we study the stability of a vacuum in the context of
non-linear Massive Gravity with constant graviton mass




2. Setup of model

S = Sua + Sm.

S, = —/d% V=g B(aaﬁ + V(J)] |

- potential V(o) M)

local minima: OF
global minima: 1

local max: T top

gF

a



* tunneling probability per unit time per unit volume

L)V =Ce ",
B — SE[g/JV,Ba ¢B] - SE[guU,F? ¢F]?
f I |
. Lowest action
bounce solution ‘false vacuum’

}

usually, bounce solutions are explored by assuming an O(4) symmetry

> spacetime metric: Euclidean
Gudatdz” = N(€)?dE* + a(€)*Qydx'da?’,

K049, ale™
! J+1—K55m$:z:m ”

16
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Note: the fiducial metric may not respect the symmetry

> fiducial metric: deSitter
Ga(P)detdd® = —(d¢”)? + b(¢")*Q;de'd¢ .

b(¢°) = F'VK cosh(F¢°).
T

fiducial Hubble parameter

— the O(4)-symmetric solutions are obtained by setting

@ =fE), o =2



Inserting these ansatz into the action, we obtain the
constraint equation by varying with respect with f

(z‘éfthb;d@ E’) + o (1— 2) (3— g) + oy (1— 2)2] =0,

y _db
P £ by = T VK sinh(Ff)
Branch | Nby= —ia, Not considered below

2
_ Branch Il (3—2—b)+a3 (1—9> (3—9)+a4 (1—9> = 0.
a a a a

_ 1—|—2043—|—044:|:\/1—|—a3—|—oa§—oa4

Odg—l—Od4

— [ b:Xia, X:{:

|
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Friedmann equation & EOM for tunneling field

where dr = Nd¢,

m2

AL =— L [(1+cz3) (2+a3+2a§—3(x4)j:2 (1+(x3+a§—a4)3/2},
(s + )




3. Hawking-Moss(HM) solutions

e HM solutions can be found at the local maximum of the potential
0 = Otop

V(o)

QHM(T) — H}i\l/l K cos (HHMT) ,

T

dr = Nd¢& [HHM _ \/Ai + ‘B/(Utop)]

o
or Ttop OF

e inserting this result into the Euclidean action and
evaluate by integrating in the rangeHant = —7/2 — /2,
we finally express the HM action



— « ‘ 2 3 21
[Yj: = 5(1 — Xi) + 3&3(1 — Xj:) + 044(1 — Xi) }

m/2Hum GI 7 2
SE[CLHl\/hUtop] = fd%\/ﬁ dr a%M (QAi’eﬂ? — - _|_mgyi\/ ( fHM) )

—m/2Hunm UM dr
A

[ Agep = Ax + V(Utop)]

deM 2 _ X:2|: SiIlZ(HHMT)
dr aipg cos?(Huyr) — 1

Different from F
oy = X €[0,1
CRE (Vlor) > 3(XF)* D & e <

F :XiF/HF < M

b = F—l\/?cosh(FfHM) = X ayqp — {(

—

e Note: for the Minkowski fiducial metric,buv = VK f£ |, by setting fz = —if

2
(de’HM) = _X:I: SiIl(HHMT)
dr

so we recover the Minkowski one by setting @y = 0,



[Yi =3(1 — X1) + 3as(1 — X2)* + as(1 — X:I:)S}

Selomn,oup] = — o | 1= 255 (0 ) (5 T 4 o)
AN Cron] = — — — V11—« o
E[YHM, Utop HEIM 6(]{4 HHM I
standard HM J I W= X F o1
solution Correction due to ~ Y Hew T

the mass of graviton

Comparing with GR case, recalling the tunneling
probability I' o< ¢e™” , we obtains:

AB = BM® _ BOR) — Ay, A <0

HM tunneling rate is enhanced for Y, > 0,
suppressed for v, < 0.




YL < 0 suppressed

14+ a3+ ozg — ay < 0, forbidden

\ Branch II,

Branch I1_

101

N\

8
6
S

[Yi > 0, enhanced ]2”

0

7—2
X, =0, no solution

---------------------------------------------------

b(i =1, Yy =0, GR] [Xi < 0, forbidden]

(mmmmmm—mm—m— - -
1 X4 = oo, no solution :

—————————————————

23



4. Coleman-de Luccia(CDL) solutions

e CDL solutions can be found when ¢(0) = o1, 0o(7¢) = oF
V(o)

{ = ar(7) = H7'WVK cos (Hyr) | T < To
a(T)

= ap(7) = H7 'V K cos (HpT + 0p) | T > Ty
(0
( _ 2 oT OHM OF
X2 K (aTHT) . T < 70
RS YK — (arFX.)*
b(r) = Xsa(T) = —(f(r)) =« )
» K — (arily)
X:I: 2 T > T
{ K — (apF X4)

e difference from GR in action is the mass term

- D
S —— —m?, / d*zp VQ (Lop + asLlsp + aslyp)

— ZWQK_%mEYi /dT a*(1)/—(f)?,

N\ J
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e thin-wall approximation: Coleman & de Luccia, 1980

B = Binside + Boutside + Bwall ;

( _
Binside = Sinside - SF‘T<T0 3

< Boutside = Ooutside — SF’T>'T0 3

L Bwall = vaall - SF|T:T0 ’
P

Sinside = ngiXi/dgﬂf\/ﬁ dr a:}\/ (arHr)
)

—x/(2H7 K — (apFX1)*
7/(2Hy) K — H 2
Sout51de =m Y:l:X:I: /d .’L'\/_/ dT GE% (CLF F) 2
(149) K — (CLFFX:E)
T()(1-|-5)
Syall = ngi / dPzvQ dr a®(7)\/—(f')?
T0(1-46)

where 0 < 1



e thin-wall approximation: Coleman & de Luccia, 1980

B = Binside + Boutside + Bwall ,

( _
Binside = Sinside - SF‘T<T0 3

Boutside EM)

Bwall = Swall - SFl’T:’TO ’

o

26
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e thin-wall approximation: Coleman & de Luccia, 1980

az 2

B — Binside + Boutside + Bwall : 3 (da>2 3K 1 (dg

2
E E) —V(O)—Ai,

a2
( _
Binside = Sinside - SF‘T<T0 3

Boutside EM) a2 [ o2
=\ x| |

Bwall = Swall - SFl’T:’TO ’

o

ag 1 K i ,H 2 1 K B _JH 5
Binside = 27T2K%fm,§YiXi/ a,?’da,{ (aHr) . (aHp) 2}
0 \/K_GZA:I:,T/S K — (CLFX:]:) \/K_G’QA:E,F/?) K — ((LFXi) ‘

= 0()
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e thin-wall approximation: Coleman & de Luccia, 1980

az 2

B — Binside + Boutside + Bwall : 3 (da>2 3K 1 (dg

2
— — ) = Vi(o)—=A
dr dT) (7) +
( _
Binside :W
Boutside EM) a2 [o'2
K+ [ ]

Bwall = Swall - SFl’T:’TO ’

a2

o

ag 1 K i ,H 2 1 K B _JH 5
Binside = 27T2K%fm,§YiXi/ a,?’da,{ (aHr) . (aHp) 2}
0 \/K_GZA:I:,T/S K — (CLFX:]:) \/K_G’QA:E,F/?) K — ((LFXi) ‘

= 0()



e thin-wall approximation: Coleman & de Luccia, 1980

B u— Binside + Boutside —I_ BW&H ) d20' 3 da dU

——+ -5 )5 —Vslo)=0
( ) dr?2 o \dr ) dr ’
Binside :W

1 (da\ do 1
Boutside EM’ & % E <
v
Byan = Swall — SF|T=TO )

o' = /2[V(0) — V(o)

do\ !
dr = | — d
; ( dT) .

o

d

V2[V(0) =V (or)] [

OF
_3
By ~ 212K 2a8m§Yi /
arT

= 0()

29
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e thin-wall approximation: Coleman & de Luccia, 1980

B = Binside + Boutside + Bwall ;
dr? dr ) dt

(
Binside = Sinside =Srlr<r »
= <
inside insi 770 9 1 /da\ do
Boutside = Sou i — T>T0 3 a \dr /) dr

A 4

o' = 1/2[V(0) = V(or)]
[No difference from GR ?] dr = (3—(;)‘1@10

v

d? 3 (da\ d
OJFG(CL)JV,J(O):O

<1

o

Bwall = Swall - S =70

~ 9277 —2 3
Bwan_Qﬂ' K 24y

_(fr)z

T<T0

2. oF do [
’ /aT V2[V(0) = V(or)]

= 0()
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[. CDL as perturbations around HM ]

Expand the potential V' (¢) aroundc = ouy as follows:

M? m y
V(J) — V(UHM) — —(UHM — 0)2 + —(opm — 0-)3 + —

— 4 ¢ o
5 3( 4(O'HM o)" + :

near the HM limit where M? = 412,,(1+x*) with X* < 1.
the regular solutions are perturbatively found to be

a(t) = Hpy cos (H 1 i o (f s
— Iy HMT + 3 COS HHM’T + O(e’:‘ )

2 -~

O(T) — OHM + €HHM sin (HHMT) -+ % [1 _ 281n2 (HHMT)}

m2

36 HZy

~ 3HZ, — 4
—EBHHM sin (HHMT) [ HAM b

T 56

o = Hu(L+ Hae®/24)| (7= /150y

cos” (HHMT) — sin’ (ﬁHMT)] +0(e%)

[E 84\~ /(16 Hijyg + Ju)]




2072 2 2

2HE V1 — &2

Hence, if Y. > 0 , HM dominates over CDL, vise versa.

028 =

AN

\ 4

In GR, perturbations in action vanish until O(¢*), and CDL
always dominate over HM.

32



Reconsideration of thin-wall result

b(1) = F'W K cosh (Ff(7)) = Xza(r) ——s —(f)*=
/Sma‘ss = 47T2K_%m§X:|:Y:|: /“max \/ a’da )
0 K — (FXia)
T2 K sm2X, Y, 5 NES
_—4 3(FXi§i Y [\/K—(FX:ECL) (2K+(FX:|:CL) ) ;
- /
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e = ST - S o [\/ K — (FXsa)® (2K + <ina>2)] 0.

AF max

This explains the reason why no contribution in thin-wall
.. . —_ —1
limit. However, in HM case, a,,.. = auv.max = Hiy

-1
HHM

[\/K — (FX1a)® (2K + (FXia,)z)] - 40

AT K~ 3m2 X1 Ys
3(FX.)

mass __
BHM -

amn(T) ap(T)

Amar = ]-/HHM



[ Now we consider deviations from thin-wall limit; J

non-vanishing friction term —V(o)

l

cannot reach o, instead stop at o,
where V(o.) > V(or). By using

12
i(CL’Q—K) :O-__V(O-)_Aj:

a? 2

oT OHM O« OF

and da, ,../dr =0, provided that ¢”/2 < V(s.), K =1

3
max — *masz_lz < maXEH_l
' - * \/V(U*) AL g

47T2m3X:|:Y:|:

3(F X4 )

H—l

[\/1 — (FX+a)® (2+ (FXia)Q)] £ 0

-1
HF

S B)I:laSS —

Deviations from thin-wall limit leads to corrections to CDL
tunneling rate!

35
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Defining

Amax

3(FXy)*B™ [ \/1 — (FX1a)® (2 + (FX1a)?) ,

Qpmass — _
47T2m§X:|:Y:|:

] . . Bll]aSS
e HM solution gives largest correction

term where @mazx is smallest;

e when @maz increases, correction
shrinks gradually;

-———— - - - — - - - - ———— -
S S ——

e at thin-wall limit, the behavior of CDL
solution is the same as GR.

| | 1
HHM Hpenuﬂ) Hz HF
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Summary and future work

We constructed a model in which the tunneling field
minimally couples to the non-linear massive gravity;

corrections to HM solution from mass term is found, which
Implies suppression or enhancement of tunneling rate,
depending on the choices of parameters;

there appears constraint on the height of potential for
false vacuum;

corrections to CDL tunneling changes monotonically with
respect to the thickness of the wall;

It would be a further work to investigate the case where
the tunneling field couples to the non-linear massive
gravity non-minimally, e.g. m, = m,(o)



