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I. Introduction 
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motivation  

“general covariance”        ⇒ Einstein gravity theory 

“                                   ” ⇒ effective gravity of string 
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New string background geometry beyond Riemann  

• Double field theory 
  ‘93 Siegel, ’09 Hull&Zwiebach,’10  Hohm, Kwaw; Jeon, Lee, Park; 

Thompson; Tseytlin,…  

• Generalized geometry   

 ‘02 Hitchin, ‘04 Gualtieri,  ‘07 Hull ‘08 Pacchco & Waldram, ‘09 

Grana,  Louis,  Sim,‘10 Berman & Perry,’11 Coimbra, Strickland-

Constable  …; Koerber, Baraglia, Dabholkar ,Copland, Reid-Edwards 

Godazgar’s, West… 

Manifest T-duality 

Gravity theory beyond Einstein’s gravity  

2014/3/19 

(T-duality symmetry in massless sector of string) 



T-duality in SUGRA’s 

• Hidden T-duality 

 

 

 

 

 

 

 

  a background 

• Manifest T-duality 

 

 

 

 

 

 

 

 All backgrounds 

IIA 

IIB 

Type II 
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T-duality in  

gravity vs string  
Hidden in target space 

Effective gravity action 

 

 

 

 

 

• Fractional transf. of 
components fields 
under O(d,d) 

 

Manifest  in worldsheet 

String Hamiltonian 

 

 

 

 

 

 

• Linear transf. of 
vielbein under O(d,d) 

momenta ⇔winding 
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Q. How to approach it? 

 

★ SUGRA IN SUPERSPACE  

 

FROM  SUPERSTRING 
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II. Manifestly T-dual formalism 
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1. Affine Lie algebra 

2. Vielbein 

3. Torsions 

4. Dimensional reductions 

 



II-1. Affine Lie algebra           flat 

• Bosonic string current: 

• Algebra: 

 

     Jacobi identity ⇒ 

 

     symmetric group metric 

  

★ nondegenerate group metric required.   

 

’93  Siegel  

totally 

antisymmetric  
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II-2. Vielbein                    curved 

• Covariant derivative: 

• Algebra: 

 

• Orthonormal condition on  

                          

 

 

★ Vielbein can be orthonormal O(d,d) 

 

 

Same as flat 
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Same as flat 

totally antisym.torsion  



• Hamiltonian constraint: 

 

 

Bosonic string 

• Vielbein:  

 

 

 

★ Vielbein is O(d,d)/O(d)2 

★   G&B are coset parameter 
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O(d,d)/O(d)2 
O(d,d)/O(d)2 

 

#(G, B)= d2  



• Diffeo. constraint: 

 

 

• derivatives 

 

 

• condition on double coordinates 

 

★  σ-Diffeo. Is given by string algebra basis. 

★ It gives cond. In double coordinate space  
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• T-duality covariant gauge symmetry 

 

 

 

 

• General coordinate transf. & gauge transf. 

 

 

★  zero-mode string alg. Gives T-dual gauge sym. 
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zero-mode  
zero-mode part 

of string algebra! 



II-3. Torsions  
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NS-NS 3 form 

curvature in terms of ω’s 

• Covariant derivative & curvature 

 

 

• Constrain torsion by hand 

 

• Curvature tensor 

 

★ T-dual cov. geometry is given !  



II-3. Torsions  
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NS-NS 3 form 

curvature in terms of ω’s 

• Covariant derivative & curvature 

 

 

• Constrain torsion by hand 

 

• Curvature tensor 

 

★ T-dual cov. geometry is given !  



String algebra  

nondegenerate Poincare 

 

• metric 

 

• Vielbein 

 

 

★ T-dual geometry is given by Poincare/Lorentz 

★   NS-NS 3form & torsion are mixed under T 
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NS-NS 3 form 

& torsion 

‘13 Polacek & Siegel  

“Natural curvature for 

manifest T-duality” 



II-4. Dimensional reduction 
• Constraints by symmetry  generators  

 

 

 

 

 

• Coordinates: 

 

★  Symmetry generator commutes with covariant 

derivative, so it does not change local structure. 
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RECIPE:  

manifestly T-dual gravity 

1. Affine Lie algebra & double generators 

2. Make covariant derivatives with vielbein  

3. Constrain torsions by hands 

4. Break manifest T-duality to hidden one 

18 

‘13 Polacek & Siegel  
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III. Manifestly  T-dual  superspace 

from type II superstring 
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1. Affine Lie algebra 

2. Vielbein 

3. Torsions 

4. Dimensional reductions 

 



RECIPE:  

manifestly T-dual superspace 

1. Supestring algebra×2 

2. Supervielbein  

3. Constrain torsions by  

4. Break manifest T-duality to hidden one 

20 2014/3/19 Exotic Structures of spacetime @ YITP 

‘14 Kamimura, Siegel 

& M.H.  

kappa symmetry 



RECIPE:  

manifestly T-dual superspace 

1. Supestring algebra×2 
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‘14 Kamimura, Siegel 

& M.H.  



III-1. Superstring algebra 

• Non-degenerate super-Poincare 

 

 

 

• Metric: 

 

 

 

★ 2 sets of P, (D,Ω),(S,Σ) are used as sust.alg. 

 

susy 

Dim.   0    1/2   1   3/2   2  
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Nondegenerate super-poincare 

algbera 

 Dim.   

1   

     

3/2 

      

 2  
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RECIPE:  

manifestly T-dual superspace 

1. Supestring algebra×2 

2. Supervielbein  
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‘14 Kamimura, Siegel 

& M.H.  



III-2. Supervielbein 
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III-2. Supervielbein 

 

 

 

 

 

 

 

★ NS-NS, R-R field strengths are mixed 
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Super B fields  

Super connections 

NS-NS field  

strength 

R-R field strength gravitino 

Gravity 

NS-NS B fields 



III-2. Supervielbein 

 

 

 

 

 

 

 

★ Bμν turns out to be a prepotential of all fields 
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         Dim. 

 0   -1/2   -1  

2   3/2    1     1/2   

Prepotential 



RECIPE:  

manifestly T-dual superspace 

1. Supestring algebra×2 

2. Supervielbein  

3. Constrain torsions by  
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‘14 Kamimura, Siegel 

& M.H.  

kappa symmetry 



III-3. κ-sym. constrains torsions  

• Fermionic constraits: 

 

 

• 1st class ---kappa-symmetry generator 

 

• 2nd class ---must be eliminated 
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• Κ-symmetric Virasoro constraints  
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Dim. 

2 

3/2 

1 

3 

0 

Virasoro 

 

Kappa-symmetry 

 

(2nd class) 2 

 

 

Lorentz 



• Consistency of κ-sym. ⇒Torsion constraints.  

 

 

 

 

 

 

★ All vielbein fields are written by  

  a prepotential 
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RECIPE:  

manifestly T-dual superspace 

1. Supestring algebra×2 

2. Supervielbein  

3. Constrain torsions by  

4. Break manifest T-duality to hidden one 
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‘14 Kamimura, Siegel 

& M.H.  

kappa symmetry 



• Dimensional reduction 

 

 

 

 

• Coordinates 

 

 

★ Dim. Red.gives usual coordinate space 
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IV. M & D-branes 
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1. Affine Lie algebra 

2. Vielbein 

 



M5-brane 
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• M5 algebra base: 

 

 

• “metric”: 

 

 

M5 

M2 

& O(5,5) 

vector  

O(5,5)spinor  

‘13 Kamimura & M.H.  
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• Vielbein 

 

 

• Gauge symmetry 

 

M5 

M2 

★ M5 alg. is closed  with self-dual  gauge field  

       & define gauge sym. 

Gauge transf. 

General  transf. 



D3-brane 
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• D3 algebra base: 

 

 

• “metric” 

 

 

 

• Vielbein: 

DBI U(1) 

field 

★ Dp alg. is closed  

with DBI gauge field  

& give gauge transf. 

‘12 Kimura & M.H.  



 

V. Conclusions 
Duality covariant geometry is formulated 

from brane algebras: 
Superspace with manifestly T-duality from 

superstring (nondegenerate super-Poincare) 

Kappa-Virasoro gives torsion constraints 

Bμν is a prepotential  

 

Future problems 

R-R sector, D-branes, M branes, exotic branes  

 effective theory of F theory  

・・・ 
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