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Plan of the talk:

‚ Review of double field theory

‚ Exceptional field theory for E6p6q : M-theory and type IIB

‚ Exceptional field theory for E7p7q: new fields and dual graviton

‚ Exceptional field theory for E8p8q & SLp2,Rq Ehlers group
in D “ 4 Einstein gravity
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Review Double Field Theory

Reformulation (Extension?) of spacetime action for massless string fields:

SNS “

ż

dDx
?
´ge´2φ

„

R ` 4pBφq2 ´
1

12
HijkHijk `

1

4
α1RijklRijkl ` ¨ ¨ ¨



generalized metric and doubled coordinates XM “ px̃i, x
iq,

HMN “

˜

gij ´gikbkj

bikg
kj gij ´ bikg

klblj

¸

P OpD,Dq

DFT Action (dilaton density e´2d “ e´2φ?´g ):

SDFT “

ż

d2DX e´2dRpH, dq B̃i“0
ÝÝÝÑ SNS

ˇ

ˇ

α1“0

generalized curvature scalar

R ” 4HMNBMBNd´ BMBNHMN ´ 4HMNBMd BNd` 4BMHMN BNd

`
1

8
HMNBMHKL BNHKL ´

1

2
HMNBMHKL BKHNL
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Gauge transformations and generalized Lie derivatives

In DFT gauge invariance governed by generalized Lie derivatives

pLξHMN “ ξPBPHMN `
`

BMξ
P ´ BP ξM

˘

HPN `
`

BNξ
P ´ BP ξN

˘

HMP

pLξ
`

e´2d˘ “ BM
`

ξMe´2d˘

Invariance and closure, r pLξ1
, pLξ2

s “ pLrξ1,ξ2sC
, modulo strong constraint

ηMNBMBN “ 2B̃iBi “ 0 ηMN “

ˆ

0 1

1 0

˙

C-bracket

“

ξ1, ξ2
‰M
C
“ ξN1 BNξ

M
2 ´

1

2
ξ1NB

MξN2 ´ p1 Ø 2q

non-trivial Jacobiator non-zero but ‘trivial’
““

ξ1, ξ2
‰

C
, ξ3

‰M
C
` cycl. “

1

6
BM

´

“

ξ1, ξ2
‰N
C
ξ3N ` cycl.

¯
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Kaluza-Klein rewriting of Double Field Theory

D “ n` d split XM̂ “ px̃µ, xµ, YMq, M “ 1, . . .2d, setting B̃µ “ 0

HM̂N̂ ,
pd Ñ t gµν , Bµν , φ , HMN , Aµ

M u

Gauge structure given by D-bracket
“

Λ, ¨
‰

D
” pLΛ :

δΛAµ
M ” BµΛM `

“

Λ, Aµ
‰M
D

Naive curvature not gauge covariant,

Fµν
M “ 2BrµAνs

M´
“

Aµ, Aν
‰M
C

ñ δΛFµν
M “ pLΛFµν

M`BM
`

BrµΛNAνsN
˘

Ñ compensating 2-form potential [‘tensor hierarchy’, de WIt, Samtleben ]

FµνM “ Fµν
M ´ BMBµν
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Covariant field strength for 2-form
“

Dµ “ Bµ ´AµMBM ` ¨ ¨ ¨
‰

Hµνρ “ 3
´

DrµBνρs `Arµ
NBνAρsN ´

1

3
ArµN

“

Aν, Aρs
‰N
C

¯

satisfying Bianchi identity

3DrµFνρs
M ` BMHµνρ “ 0

Complete DFT action in Kaluza-Klein variables:

S “

ż

dnx d2dy e e´2φ
´

pR ` 4gµνDµφDνφ´
1

12
HµνρHµνρ

`
1

8
gµνDµHMNDνHMN ´

1

4
HMNFµνMFµνN ´ V

¯

with ‘potential’

V pφ,H, gq “ ´Rpφ,Hq ´
1

4
HMNBMg

µν BNgµν

c.f. Maharana-Schwarz [1993]; but includes ‘internal’ YM “ pỹm, ymq
6



Analogue for 11-dimensional supergravity/M-theory?

Cremmer-Julia [1979]: torus reduction of D “ 11 SUGRA

Ñ E6p6q [D “ 5], E7p7q [D “ 4], E8p8q [D “ 3]

Larger mathematical framework that explains/makes it manifest?

Hillmann [2009]: truncation of D “ 11 SUGRA in 4` 7 split,

keeping only ’internal’ field components and coordinates,

GMN “

ˆ

e2∆ηµν 0

0 gmnpyq

˙

, etc.

extending coordinates to fundamental 56 ñ E7p7q covariant action

more recently: other groups, geometry, covariant section constraints, etc.
[Berman & Perry (2010), Coimbra, Strickland-Constable & Waldram (2011), etc.]

Complete D “ 11 SUGRA?? duality transformations in D “ 11??
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Exceptional Field Theory I: E6p6q

Coordinates pxµ, YMq, µ “ 0, . . . ,4, M : fundamental 27 of E6p6q

Invariant tensors under 27 and dual 27: dMNK , dMNK

Section constraint: [Coimbra et.al. (2011), Berman et.al. (2012)]

dMNK BN b BK “ 0

Generalized Lie derivative

LΛV
M ” ΛKBKV

M ´ 6PMN
K
L BKΛL V N ` λ BPΛP VM

with projector PMN
K
L onto adjoint; λpV q density weight.

Closure, rLΛ1
,LΛ2

s “ LrΛ1,Λ2sE
, according to ‘E-bracket’

“

Λ1,Λ2
‰M
E “ 2ΛK

r1BKΛM2s ´ 10 dMNPdKLP ΛK
r1BNΛL2s

Non-trivial (but ‘trivial’) Jacobiator

JMpΛ1,Λ2,Λ3q 9 dMKRBK

´

dRPL
`

rΛ1,Λ2s
P
E ΛL3 ` cycl.

¯
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Fields transform with E6p6q gen. Lie derivatives w.r.t. ΛMpx, Y q

AµM gauge field for local ΛM : δAµM ” DµΛM

Covariant curvature

FµνM ” 2BrµAνs
M ´

“

Aµ, Aν
‰M
E ` 10 dMNKBKBµνN

3-form field strength Hp3qM of 2-forms by generalized Bianchi identity

3DrµFνρs
M “ 10 dMNKBKHµνρN

Complete action for fields peµa,MMN , Aµ
M , BµνMq, M P E6p6q:

S “

ż

d5x d27Y e
´

pR `
1

24
gµνDµMMN DνMMN

´
1

4
MMNFµνMFµνN ` e´1Ltop ´ V pM, eq

¯
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Topological CS-like term:

Stop “ κ

ż

d27Y

ż

M6

´

dMNK FM ^ FN ^ FK ´40 dMNKHM ^ BNHK

¯

‘Potential’ term:

V “
1

2
MMNBMMKLBLMNK ´

1

24
MMNBMMKLBNMKL

´ e´1BMe BNMMN ´
1

8
MMNe´1BMe e

´1BNe´
1

32
MMNBMg

µνBNgµν

Solving section constraint: reduce E6p6q under SLp6qˆSLp2q:

27 Ñ p15,1q ` p6,2q

1) 6 coordinates from SLp2q doublet ñ D “ 11 supergravity

2) break to SLp5q ñ 5 coordinates from 15ñ unbroken SLp2q: IIB sugra

‘unification’ of M-theory and type IIB, c.f. type II DFT
[Hohm, Ki Kwak, Zwiebach (2011)]
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GL(5) x SL(2) solution 

of section constraint

GL(6) so
lution     

 

of se
ctio

n co
nstra

int

D = 11 supergravity

IIB supergravity

E6(6)  EFT in  D = 5+27
with section constraint

maximal D = 5 supergravity
  coset  E6(6) / USp(8)

T6
T5

@
M

=
0
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Exceptional Field Theory II: E7p7q

Coordinates pxµ, YMq, µ “ 0, . . . ,3, M : fundamental 56 of E7p7q

ptαq
MN BM b BN “ 0 , ΩMN BM b BN “ 0

with ΩMN symplectic form of E7p7q Ă Spp56q

Generalized Lie derivatives LΛ Ñ E7p7q bracket

“

Λ1,Λ2
‰M
E “ 2ΛK

r1BKΛM2s`12 ptαq
MNptαqKLΛK

r1BNΛL2s´
1

4
ΩMNΩKLBN

`

ΛK1 ΛL2
˘

Jacobiator

JMpΛ1,Λ2,Λ3q “ ptαqMNBNχαpΛq `ΩMNχNpΛq ,

where

χα “ ´
1

2
ptαqPQΛP1 rΛ2,Λ3s

Q
E`¨ ¨ ¨ , χN “

1

12
ΩPQ

`

ΛP1 BN rΛ2,Λ3s
Q
E`rΛ2,Λ3s

P
E BNΛQ1`¨ ¨ ¨

˘

,

χM ‘covariantly constrained’, satisfying the same constraints as BM
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Ñ covariant curvature involves two 2-forms

FµνM ” Fµν
M ´ 12 ptαqMNBNBµν α ´

1

2
ΩMNBµν N

where BµνN is covariantly constrained compensator field

Twisted (electric-magnetic) self-duality relations

FµνM “ ´
1

2
e εµνρσ ΩMNMNKFρσK

gauge vectors AµM include 7 Kaluza-Klein vectors from D “ 11 metric

Ñ also 7 dual gauge vectorsÑ dual graviton in non-linear duality relation
[no-go theorems: Bekaert, Boulanger, Henneaux (2002)]

‘Resolution’: dual graviton & compensating gauge field
[Boulanger, O.H. (2008)]

solving section constraint Ñ only 7 BµνN survive
Ñ 7 ‘dual graviton’ fields pure gauge
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Exceptional Field Theory III: E8p8q and 3` n decomposition

‘Toy model’: D “ 3` 1 Einstein gravity Ñ Ehlers group SLp2,Rq
coordinates pxµ, YMq, µ “ 0,1,2, YM : adjoint 3 of SLp2,Rq
Section constraint:

ηMNBM b BN “ 0 fMNKBN b BK “ 0

with ηMN Cartan-Killing form, fMNK structure constants.

Field content:

t eµ
a , Aµ

M , BµM , MMN u

with BµM covariantly constrained SLp2,Rq gauge field

Ñ full covariant derivative

DµVM “ BµVM ´ pLAµVM `Bµ
KfKM

LVL
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Gauge invariant action:

S “

ż

d3x d3Y
´

e pR ´
1

2
?

2
εµνρBµMFνρ

M

`
1

16
e gµνDµMMNDνMMN ´ e V pM, gq

¯

,

with ‘potential’:

V pM, gq “ ´
3

16

´

MKLBKMMNBLMMN ´ 4MKLBKMMNBNMML

¯

´
1

2
g´1BMg BNMMN ´

1

4
MMNg´1BMg g

´1BNg ´
1

4
MMNBMg

µν BNgµν .

Solving constraints: ‘dual graviton’ component ϕ ĂM pure gauge

Ñ integrating out Bµ Ă BµM yields EH in 3` 1 decomposition

For E8p8q EFT: covariantly constrained E8p8q gauge field

15



Outlook

‚ Further extension? E9p9q “
pE8p8q for 2` 9 decomposition ?

Ñ Gauged supergravity in D “ 2 [Samtleben & Weidner (2007) ]

‚ Making remaining (external) diffeomorphisms manifest?

δξMMN “ ξµDµMMN , δξeµ
a “ ξρDρeµ

a `Dµξ
ρeρ

a ,

δ
p0q
ξ Aµ

M “ ξνFνµM `MMNgµνBNξ
ν

Combining into even larger vielbein?

EM̂
Â “

˜

eµa AµMVMA

0 VMA

¸

‘non-covariant’ term from compensating Lorentz transformation?

underlying group structure? Kac-Moody algebras E10, E11, Borcherds??
[Aldazabal, Grana, Marques, Rosabal (December 2013)]
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Problem: can’t quite work naively,

1) BµνN , BµM , etc. missing from E11 spectrum

2) δξ on p-forms receives non-trivial ‘on-shell modification’:

δξAµ
M ” δ

p0q
ξ Aµ

M ´ ξν EpAqνµ
M

δξBµM ” δ
p0q
ξ BµM ` fKM

N BNξ
ν EpAqµν

K ´ ξν EpBqνµM

with field equations EµνM of A and B

‚ Novel algebraic sructure?

‚ Higher-derivative M-theory/type IIB corrections in a unified fashion?

Ñ as in DFT deformed generalized geometric structures
[O.H., Siegel, Zwiebach (2013)]


