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Overview

• introduction

• non-local Nambu–Jona-Lasinio model

• mean field

• propagator singularities

• thermodynamics

• correlations

• conclusions



QCD phase transition

• two “basis” of states in QCD - hadrons & quarks (+gluons)

• hadrons: e. g. ChPT

• quarks+gluons: e. g. pQCD

• describe the phase transition of one world to another..

• ..in terms of hadrons dissolving into quarks (+gluons)



Illustration

1. field theory picture: melting condensates

〈q̄q〉 , 〈G 2〉 , . . .

2. chemical picture: hadron dissociation

• reconcile the two pictures? → e. g. pion

• condensates create mass gap
• condensates melt, interaction

screens

• caveat: chiral physics → confinement?



Task

• construct hadrons from substructure

• lowest lying excitations first to appear in thermodynamics: pions, kaons,
etas

• tools: QCD?

→ chiral quark models beyond mean-field
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Non-local Nambu-Jona-Lasinio model
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Roberts, Schmidt,Prog. Part. Nucl. Phys. 45 (2000) S1

strong running of quark self energy as seen on the lattice
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Non-local NJL model for Nf = 2

SE =

∫
x

{
q̄(−i/∂ + m)q − GS

2

[
jSa (x)jSa (x) + jp(x)jp(x)

]}
Blaschke, Buballa, Radzhabov, Volkov, Yad. Fiz. 71, 2012 (2008)

Contrera, Orsaria, Scoccola, Phys. Rev. D 82, 054026 (2010)
Hell, Kashiwa, Weise, Phys. Rev. D 83 (2011) 114008
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• mean-field approximation

j2 ≈ −〈j〉2 + 2〈j〉j

Ω =
σ1

2 + κ2
pσ2

2

2GS
− NfNc

∫
p

tr log[S−1(p)]

• non-locality yields dynamical mass and wave function renormalization

S−1(p) = −/pA(p2) + B(p2)

B(p2) = m + σ1g(p2) , A(p2) = 1 + σ2f (p2)



Lattice fits

• alternative form

M(p2) =
B(p2)

A(p2)
, Z(p2) =

1

A(p2)

Parappilly, Bowman, Heller, Leinweber, Williams, Zhang, Phys. Rev. D 73, 054504 (2006)
Kamleh, Bowman, Leinweber, Williams, Zhang, Phys. Rev. D 76, 094501 (2007)

Noguera, Scoccola, Phys. Rev. D 78 (2008) 114002
Contrera, Grunfeld, Blaschke, arXiv:1207.4890 [hep-ph]

• many shapes of form-factors g(p2) and f (p2) possible



Spectrum of the quark propagator

• want to describe meson in-medium dissociation

what are the states in which meson will decay to?

→ study analytic structure of the quark propagator

• simplest case: chiral limit, no WFR term, Gaussian form-factor

f (p2) = 0 , g(p2) = e−p2/Λ2

• strong interactions (σ > σc = Λ/(
√

2e))
→ complex propagator singularities

→ positivity violation → confinement
Roberts, Schmidt,Prog. Part. Nucl. Phys. 45 (2000) S1
Alkofer, von Smekal, Phys. Rept. 353, 281 (2001)
Fischer, J. Phys. G 32 (2006) R253



Spectrum of the quark propagator
• chiral limit with WFR term, two Gaussians

f (p2) = e−p2/Λ2

, g(p2) = e−p2/Λ2

• conclusion
no WFR mass gap overcritical

WFR mass gap undercritical

S. B., Blaschke, Contrera, Horvatic, arXiv:1306.0588 [hep-ph]



Impact on thermodynamics

• Matsubara technique for T > 0: p4 → ωn = (2n + 1)πT

• contour for thermal sums sees the complex singularities E = ε+ iγ

Ω ∼ −
∫

p

{
log[1 + e−βE ] + log[1 + e−βE

∗
]
}

= −
∫

p

log[1+2cos(βγ)e−βε+e−2βε]



Impact on thermodynamics

• Matsubara technique for T > 0: p4 → ωn = (2n + 1)πT

• contour for thermal sums sees the complex singularities E = ε+ iγ

Ω ∼ −
∫

p

{
log[1 + e−βE ] + log[1 + e−βE

∗
]
}

= −
∫

p

log[1+2cos(βγ)e−βε+e−2βε]



Impact on thermodynamics

• Matsubara technique for T > 0: p4 → ωn = (2n + 1)πT

• contour for thermal sums sees the complex singularities E = ε+ iγ

Ω ∼ −
∫

p

{
log[1 + e−βE ] + log[1 + e−βE

∗
]
}

= −
∫

p

log[1+2cos(βγ)e−βε+e−2βε]



Stabilizing the thermodynamics

• if these states represent confined particles should we count them in
thermodynamics?

omit them by hand? → but some of these singularities are continously
connected to physical states in the UV

→ possible mechanism: destructive interference with the Polyakov loop

exp(−βE) = exp(−β(ε+ iγ))→ exp(−β(ε+ iγ + iφ3))

Ω ∼ −3

∫
p

log
[
1 + e−βE

]
+c.c. → −

∫
p

log
[
1 + 3Φe−βE + 3Φe−2βE + e−3βE

]
+c.c.

• similar to expelling constituent quarks in NJL → PNJL
Fukushima, Phys. Lett. B 591, 277 (2004)

Ratti, Thaler, Weise, Phys. Rev. D 73 014019 (2006)

Ω ∼ −
∫

p
log
{

1 + 6Φ
[
e−βεcos(βγ)e−4βεcos(2βγ)

]
+ 6Φ

[
e−2βεcos(βγ) + e−5βεcos(βγ)

]
+ 9Φ2e−2βε + 9Φ2e−4βε + 18Φ2e−2βεcos(βγ) + 2e−3βεcos(3βγ) + e−6βε}

S. B., Blaschke, Buballa, Phys.Rev. D 86 074002 (2012)



Stabilizing the thermodynamics
• explicit calculation

S. B., Blaschke, Buballa, Phys.Rev. D 86 074002 (2012)
S. B., Blaschke, Contrera, Horvatic, arXiv:1306.0588 [hep-ph]



Stabilizing the thermodynamics

• explicit calculation

S. B., Blaschke, Buballa, Phys.Rev. D 86 074002 (2012)
S. B., Blaschke, Contrera, Horvatic, arXiv:1306.0588 [hep-ph]



Non-local NJL vs. Instanton liquid models (ILM)

• same on the mean-field level, but..

• ..for correlations different momentum partitioning for the form-factor in
the quark-antiquark polarization loop

• nl-NJL

ΠM(q) =
8Nc

3

∫
p

g 2(p2)
KM(p2, q2, p · q)

D(p2
+)D(p2

−)

• ILM

ΠM(q) =
8Nc

3

∫
p

r 2(p2
+)r 2(p2

−)
KM(p2, q2, p · q)

D(p2
+)D(p2

−)

(p± = p ± q/2)

• consequence in vacuum

nl-NJL mass gap overcritical
ILM mass gap undercritical



Correlations in medium

• correct degrees of freedom at low T : mesons

• in local NJL: mesons dissociate when their mass hits the continuum
threshold - Mott transition

• in non-local models non-trivial: gap needs to lower sufficiently to create a
threshold

• start by studying the quark-antiquark polarization loop in medium

ΠM (νm, |q|) =
8Nc

3
T
∞∑

n=−∞

∫
p

trC

[
g2(p̃2

n)
KM (ω̃2

n, p2, ν2
m, q2)

D((ω̃+
n )2, (p+)2)D((ω̃−n )2, (p−)2)

]

• real part of ΠM : all singularities contribute

1. Gaussian model: infinite number of them

2. Lorentzian model: finite number

• imaginary part of ΠM : only real singularities contribute
Plant, Birse, Nucl.Phys. A 628 607-644 (1998)



Meson width-approximations

ΓM(q0) ' g 2
Mq̄q(q0)

Im[ΠM(−iq0, 0)]

q0

1. low T → all singularities complex

2. high T → some singularities become real

3. calculate the threshold only for singularities that continuously evolve to
current quarks as T increases

4. assume the Mott temperature is high enough so that the singularities are
those given at zero momentum, mqp

Im[ΠM (−iq0, 0)] =
dq

16π

[
1− nΦ

+(q0/2)− nΦ
−(q0/2)

]√
1−

(
2mqp

q0

)2

× g2

(
q2

0

4
− m2

qp

) KM

(
0,

q2
0
4 − m2

qp,−q
2
0 , 0

)
[
D′
(
−

q2
0
4 ,

q2
0
4 − m2

qp

)]2
θ

(
q0

2
− mqp

)

S. B., Blaschke, Contrera, Horvatic, arXiv:1306.0588 [hep-ph]



Meson width
5. assume Golberger-Treiman relation holds in medium

gπq̄q ' mπ/fπ ' const.

6. for q0 put screening (spatial) masses (pole masses much more difficult to
calculate)

1− GSΠM(0,−imspat
M )

S. B. , Blaschke, Contrera, Horvatic, arXiv:1306.0588 [hep-ph]



Meson width - results

• form-factor in the imaginary part

nl-NJL g 2(q2
0 −

m2
qp

4
)

ILM r 4(−m2
qp)

• widths extremely sensitive to the way the non-local interaction is
introduced

S. B., Blaschke, Contrera, Horvatic, arXiv:1306.0588 [hep-ph]



Conclusions

• QCD phase transition through meson dissociation

• thermodynamics in the mean-field unstable → Polyakov loop

• mesons as bound states in medium

• approximate form of the width in the non-local model

• widths extremely sensitive to the way the non-locality is introduced
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