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Introduc1on	
•   Quantum	  Chromodynamics（QCD）	

Ø  Strong	  Coupling	  at	  low	  energy	  scale	  	

Ø  Hadron	  mass	

Dynamical	  Chiral	  Symmetry	  Breaking(DχSB)	

Cons1tuent	  quark	  mass	

Current	  quark	  mass	

•  QCD	  at	  finite	  temperature	  and	  finite	  density	

Hadorns	

Quark-‐Gluon	  Plasma	  (QGP)	

Color	  Super-‐Conduc1vity	
Neutron	  Star	

The	  Early	  
U
niverse	

RHIC,	  LHC	

Ø  Phase	  diagram	  	  	



Non-‐Perturba1ve	  Renormaliza1on	  Group(NPRG)	

Wilsonian	  effec1ve	  ac1on	

Introduc1on	

NPRG	  equa1on	

Infrared	  limit	

Shell	  
mode	Lower	  mode	 Higher	  mode	



NPRG	

•  WeWerich	  flow	  equa1on	

•  Legendre	  effec1ve	  ac1on	  with	  IR	  cutoff	

IR：	 UV：	

Ø  Propagator	  with	  IR	  cutoff	  func1on	  	

D.F.Li1m　Phys.	  Rev	  D64,	  105007	

ex:	  Op1mized	  cutoff	  func1on	The	  IR	  cutoff	  func1on	  suppresses	  the	  lower	  
modes	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	

The	  higher	  modes	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  
integrated	  out.	  	  	

is	  regarded	  as	  an	  IR	  cutoff	  scale.	



Approxima1ons	  for	  NPRG	

•  Approxima1on	  methods	

Ø  Deriva1ve	  expansion	

Ex:　　　theory	  with	  	  	  	  	  	  	  	  symmetry	  	  	

Ø  Trunca1on	

Local	  Poten1al	  Approxima1on(LPA)	

The	  poten1al	  func1on	  is	  spanned	  by	  the	  polynomials	  of	  field.	

We	  need	  to	  truncate	  the	  expansion	  to	  some	  finite	  order.	  



Nambu―Jona-‐Lasinio	  Model	  

•  4-‐fermi	  interac1on	

•  Invariant	  under	  Chiral	  global	  U(1)	  transforma1on	

Prohibit	  the	  mass	  term	  　　　　　	

•  Describe	  the	  DχSB	  of	  QCD	

•  4-‐fermi	  coupling	  constant	  is	  fluctua1on	  of	  chiral	  
order	  parameter.	  



NPRG	  in	  LPA	  and	  NJL	  model	  	  
at	  finite	  temperature	  and	  density	

•  	  Bare	  ac1on	

•  Generate	  the	  4-‐fermi	  interac1on	

Large-‐N	  leading	  part	

Large-‐N	  leading	  NPRG	  eq.	

Large-‐N	  non-‐leading	  NPRG	  eq.	

•  3d	  op1mized	  cutoff	  func1on	

Mean	  field	  approxima1on	

•  	  Effec1ve	  ac1on	



Infrared	  limit	

NPRG	  equa1ons	

•  　　　　　　　　　　　 limit	

leading	 Non-‐leading	

has	  singularity	  at	  	  	  	

Nega1ve	  sign:	  restore	  chiral	  symmetry	  	  	

Non-‐contribu1on	



Analysis	  Method	

:	  leading	  	

:	  non-‐leading	  	

:	  leading	  	

:	  non-‐leading	  	

chiral	  symmetry	  braking	



Large-‐N	  leading	

Infrared	



Large-‐N	  non-‐leading	

Infrared	



Leading	  vs.	  non-‐leading	

broken	  phase	

symmetric	  phase	

•  Phase	  diagram	  	  



Leading	  vs.	  non-‐leading	

4-‐fermi	  coupling	  constant:	

Inverse	  curvature	  	  of	  meson	  field	  (auxiliary	  field)	  
at	  the	  origin	

2nd	  order	  transi1on	

1st	  order	  transi1on	



Bosonized	  NJL	  Model	

•  Effec1ve	  ac1on	  of	  the	  bosonized	  NJL	  model	  at	  finite	  temperature	  and	  density	  

•  Bare	  ac1on	  

Ø  Yukawa	  coupling	  constant	  generates	  4-‐fermi	  interac1on.	

ladder	  diagram	 non-‐ladder	  diagram	

Ø  The	  non-‐ladder	  diagram	  has	  the	  singularity.	  	

at	  	  



QM	  model	  and	  NPRG	

•  Effec1ve	  ac1on	  of	  Quark	  Meson	  model	  

•  We	  use	  3d	  op1mized	  cutoff	  func1on.	  	  	  

•  Bare	  ac1on	  

•  	  	  



QM	  model	  and	  NPRG	

•  Renormaliza1on	  equa1ons	  

•  Ini1al	  values	  

at	  infrared	  scale	  and	  zero	  temperature	  and	  density.	  



Numerical	  results	

•  Phase	  diagram	  	  
B.-‐J	  Schaefer,	  J.Wambach	  	  	  Nucl.	  Phys.	  A757	  479	
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Numerical	  results	
•  2nd	  order	  transi1on	  	  



Numerical	  results	
•  2nd	  order	  transi1on	  	  



Numerical	  results	
•  1st	  order	  transi1on	  	  



Numerical	  results	
•  1st	  	  order	  transi1on	  	  



Numerical	  results	
•  1st	  order	  transi1on	  at	  low	  temperature	  and	  high	  density	  	  



Numerical	  results	
•  1st	  order	  transi1on	  at	  low	  temperature	  and	  high	  density	  	  



Numerical	  results	

•  Phase	  diagram	  	  

broken	  phase	  	

symmetric	  phase	
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Numerical	  results	

•  Phase	  diagram	  	  
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Results	  and	  Prospects	  	

•  	  We	  analyzed	  NJL	  model	  and	  Quark-‐Meson	  model	  at	  finite	  temperature	  
and	  finite	  density.	  	

•  	  In	  NJL	  model,	  the	  large-‐N	  non-‐leading	  effects	  become	  large	  at	  low	  temperature	  
&	  high	  density	  region,	  which	  makes	  the	  system	  more	  symmetric.	

•  	  In	  Quark-‐Meson	  model,	  we	  newly	  took	  account	  of	  	  RG	  running	  of	  the	  	  
yukawa	  coupling	  constant	  and	  meson/quark	  anomalous	  dimensions.	  	

Ø  The	  triangular	  intermediate	  phase	  s1ll	  exists	  aler	  this	  improvement.	  	  
Ø  However,	  the	  cri1cal	  end	  point	  at	  higher	  density	  side	  boundary	  

vanishes.	  
Ø  The	  chiral	  restora1on	  temperature/density	  become	  higher,	  thus	  the	  

system	  shils	  to	  be	  less	  symmetric.	
•  	  We	  proceed	  to	  include	  the	  large-‐N	  non-‐leading	  effects.	

Ø  Study	  how	  does	  the	  chiral	  phase	  structure	  change	  at	  high	  density.	

Ø  By	  adop1ng	  the	  	  “re-‐bosoniza1on”	  method.	
H.	  Gies	  and	  C.	  WeWerrich	  Phys.Rev	  D65,065001	  and	  D69,	  025002	  	  	



Appendix	



NPRG	  equa1ons	

•  　　　　　　　　　　　 limit	

leading	 Non-‐leading	

has	  singularity	  at	  	  	  	



NPRG	  flow	  equa1ons	

•  NPRG	  eq.	  of	  the	  scale-‐dependent	  grand	  canonical	  
thermodynamic	  poten1al	  	  	  	  	  



NPRG	  flow	  equa1ons	

•  Yukawa	  coupling	  	  	  	  	  

fermion	 boson	



NPRG	  flow	  equa1ons	

•  Wave-‐func1on	  of	  fermion	  	  	  	  	  	  



NPRG	  flow	  equa1ons	
•  Wave-‐func1on	  of	  boson	  	  	  	  	  	  



QM	  model	  and	  NPRG	

•  NPRG	  eq.	  of	  the	  scale-‐dependent	  grand	  canonical	  
thermodynamic	  poten1al	  	  	  	  	  

•  Ini1al	  condi1ons	  	  	  


