
QCD effective potential with strong magnetic field

Sho Ozaki (Yonsei Univ.)

NFQCD 2013,  Nov. 27, Kyoto

arXiv: 1311.3137



Recently, QCD under strong magnetic fields attracts much 
attention.

In particular, it is interesting question how the QCD 
vacuum and hadron properties are affected when the 
strength of the fields approach or exceed the QCD scale.

Such strong magnetic fields are generated in the relativistic 
heavy ion collisions.

Introduction

Chiral magnetic effect
(Inverse) Magnetic catalysis

Charged rho meson in strong magnetic field

Lattice QCD can simulate strongly interacting quark and 
gluon systems in the presence of the strong magnetic fields.



In QCD under the strong magnetic field...

two kinds of strong dynamics coexist.

Strongly interacting quark 
and gluon dynamics

Non-linear QED dynamics
with strong B field



= + +

+ + + · · · · · ·

Quark propagator non-linearly interacting with photons and gluons 

Gluon couples to quark and gluon itself.

Magnetic field (photon) does not couple to gluon directly but 
interacts with quarks.

The effect of magnetic field must be reflected on QCD through the quark.



= +

· · ·

+ + +

+ + + · · ·

Using quark loop non-linearly interacting with gluon and 
photon, one can calculate effective Lagrangian for QCD+QED.



The integral of the full correlator over r gives the topological susceptibility T/V · �Q2�, and is thus

positive. At intermediate distances, however, the correlator becomes negative, with the position of the

zero proportional to the lattice spacing. This is clear from the continuum limit, in which the correlator

is negative for all distances apart from zero, where it contains a contact term [40]. The scaling of the

position of the zero has turned out to be very similar for many current fermion discretizations [34].

We will focus on intermediate distances r/a = 2 . . . 4. Note that, due to the restriction of r to

two-dimensional hyperplanes, less discrete distances are available for the perpendicular and parallel

correlators than for the full propagator, resulting in lower effective statistics.

Finally, we remark that the use of smearing and of the improved field strength definition may affect

the anisotropy of the correlator, as both techniques effectively amount to an averaging over space-time

regions in a spherically symmetric way. For the mild averaging that we employ, however, these regions

do not overlap strongly and, thus, the correlators defined above still contain the information about

anisotropies in the topological charge.

3 Results I: gluonic and fermionic observables

Our measurements have been performed on the same configurations as used in our previous studies

of magnetic fields in QCD. The configurations at zero and nonzero temperature have been generated

with the tree-level improved Symanzik gauge action and Nf = 1 + 1 + 1 stout smeared staggered

fermions, at physical quark masses, for details see [12, 13, 19]. The light quark masses are set equal,

mu = md ≡ mud, whereas the strange quark mass is ms = 28.15 ·mud. The quark masses are tuned as

a function of β along the line of constant physics (LCP) [29], which ensures that for all lattice spacings,

the hadron masses are at their physical values. The quark charges are −qu/2 = qd = qs = −e/3.

3.1 Interaction measure

Figure 1. The change in the gluonic contribution to the interaction measure, eq. (2.5), at zero temperature
(left, including the continuum limit from four lattice spacings) and the corresponding light quark contribution
mud∆ψ̄udψud (five lattice spacings and the continuum limit), in the same units.

We start the analysis by considering the change of the renormalized gluonic action, i.e., of the glu-

onic contribution to the interaction measure −∆I imp
g of eq. (2.5) at zero temperature. We use four

different lattice spacings with magnetic fields eB up to about 1 GeV
2
, and perform a combined spline

interpolation and continuum extrapolation to obtain the a → 0 limit. The results, together with the
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Figure 4. Anisotropies in the squared field strengths, eq. (2.10), (left panel) and in the fermionic action
eq. (2.12) (right panel) at zero temperature.

to-noise ratio becomes worse at high temperatures (which, in our fixed Nt approach, correspond to
finer lattices), again due to the cancellation of O(a−4) divergences in A(E) and A(B).

The fermionic anisotropies defined in eq. (2.12) also develop nonzero expectation values for B > 0,
see the right panel of fig. 4 for our zero temperature results for the up quark. We find the anisotropies
A(Cf ) to be negative for all three quark flavors. The anisotropy in physical units is by about a factor of
five larger than the anisotropies found in the gluonic sector. Similarly as for the gluonic anisotropies,
we find the magnitude of A(Cf ) to be roughly independent of the temperature. We stress again that
the anisotropies presented here are still subject to an additive renormalization, which we discuss in
sec. 4 below.

3.3 Topological charge

Figure 5. Left panel: correlator of the topological charge density, eq. (2.14), at eB = 1.1 GeV2 at vanishing
temperature on a 403 × 48 lattice of lattice spacing a = 0.1 fm. The perpendicular and parallel (green and
red points, respectively) correlators are compared to the total one (dashed line). Right panel: the difference
between the total correlator at eB = 1.1 GeV2 and at eB = 0 (red triangles), and the anisotropy between the
parallel and perpendicular correlators at eB = 1.1 GeV2 (blue squares).
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Full order calculation with respect to the fields is needed!

where V4 = T/V again denotes the four-volume, q is the charge of the fermion (the electron), for a

review see [55]. This action is divergent for small s, i.e. in the UV, since coth(qBs/m2) = m2/qBs+

qBs/(3m2) − (qBs)3/(45m6). The leading singularity is independent of B, and is thus absent in the

difference Seff(B)−Seff(0). The singularity quadratic in B is taken care of by charge renormalization.

The first non-trivial order is quartic, where, in diagrammatic language, four external photon legs

interact via an electron loop (light-by-light scattering). The next order comes with an additional

factor of (qB)2/m4
, and is thus negligible for weak fields.

The fourth order term for constant field strength Gµν in an arbitrary gauge group has been given

by Novikov et al. [64],

S(4)
eff (Gµν) = − V4

576π2

λ4

m4

�
(GµνGµν)

2 − 7

10
{Gµα, Gαν}

2 − 29

70
[Gµα, Gαν ]

2 +
8

35
[Gµν , Gαβ ]

2

�
, (D.3)

where λ is the coupling in the covariant derivative Dµ = ∂µ + iλAG
µ and {.., ..} and [.., ..] denote the

anti-commutator and the commutator, respectively. For pure QED, upon replacing λGµν → qFµν ,

this yields

S(4)
eff (E,B) = − V4

360π2

q4

m4

�
(E2 +B2)2 − 7(EB)2

�
, (D.4)

reproducing the result by Euler and Heisenberg, (−E2+B2)2+7(EB)2, if we change from Minkowski

to Euclidean space, by multiplying the electric field by an imaginary unit.

In the following, we again denote SU(3) fields by calligraphic letters and U(1) fields by straight

characters. For QCD in external magnetic fields, one has to replace λGµν → Fµν+qB(δµ1δν2−δν1δµ2)

and a careful evaluation of eq. (D.3) to bi-quadratic order
5

yields

S(2,2)
eff (Fµν ;B) = − V4

180π2

(qB)2

m4

�
3 trB2

� + trB2
⊥ + tr E2

⊥ − 5

2
tr E2

�

�
, (D.5)

in terms of the field strength components defined in sec. 2.2. No topological charge term EB appears,

as expected from CP arguments in a purely magnetic external field.

Thus, in perturbation theory for constant fields |qB|, |Fµν | � m2
the chromo-electric field parallel

to the external field has an increased action compared to the perpendicular fields, whereas the parallel

chromo-magnetic field reduces the action. This means that parallel E-fields are disfavored, while

parallel B-fields are favored. This is in qualitative agreement with our non-perturbative findings that

A(E) > 0 and A(B) < 0.

The remainder of this appendix is devoted to check the main formula eq. (D.5). First, let us

revisit the Abelian theory, by removing the traces and replacing calligraphic letters by q times straight

ones. This should be the fourth order result of Euler and Heisenberg, eq. (D.4), up to the fact that

here we have split the B-field in the z-direction artificially into B� +B and computed only the terms

of O(B2). If we do the same in eq. (D.4), we obtain in this order

− V4

360π2

q4

m4

�
(E2

⊥ + E2
� +B2

⊥ + [B� +B]2)2 − 7(E⊥B⊥ + E�[B� +B])2
�

(D.6)

=− V4

180π2

q4

m4
B2

2E2
⊥ + 2E2

� + 2B2
⊥ + 2B2

� + 4B2
� − 7E2

�
2

+ . . . (D.7)

which is what we get from eq. (D.5), too.

5We note that additional terms of the form qB tr(B�F2
µν) and qB tr(E�FµνF̃µν) also appear, and contribute to S(3,1)

eff .
For instance, eq. (D.8) below contains a term

�
a qB B3

a = qB trB3
�.
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Euler-Heisenberg effective action is basically the expansion of
e*field/m, and in the current case this expansion obviously  breaks down.

Euler-Heisenberg effective action

The first term on the right hand side of eq. (2.5) is the direct gluonic contribution, see, e.g., ref. [29].
Since the additive divergences are canceled in ∆sg (see the discussion in apps. A and B), this first
term already has a well-defined continuum limit (at B = 0, typically differences in the temperature
are utilized to achieve this). The leading lattice discretization error, however, is of O(1/ log a) and,
therefore, vanishes very slowly. The second, fermionic term in eq. (2.5) does not contribute to the
continuum limit, but it cancels the logarithmic discretization error, thereby improving the convergence
to O(a2), see app. B. The improvement is evident from our numerical data, see fig. 7. The procedure is
equivalent to multiplying the result by a finite renormalization constant 1+O(1/β) that we determine
non-perturbatively, using the line of constant physics (LCP) for the action that we employ [29]. To
our best knowledge, such an O(1/β)-improvement of a gluonic quantity by a fermionic quantity has
not been considered in the literature previously.

2.2 Anisotropies

The continuum counterpart of the gluonic action in Euclidean space is written as

βSg ↔ 1

2g2

�
d4x trF2

µν(x) =
1

g2

�
d4x tr

�
E2(x) +B2(x)

�
. (2.6)

The field strength is defined in terms of the SU(3) gauge potential Aµ as Fµν = ∂µAν−∂νAµ+i[Aµ,Aν ],
and consists of chromo-electric Ei = F4i and chromo-magnetic components Bi = �ijkFjk/2. We use
calligraphic letters to denote the non-Abelian SU(3) fields, to distinguish these from the external
Abelian field1. The full covariant derivative reads Dµ,f = ∂µ+iAµ+iqfAµ. Without loss of generality,
we will take the external magnetic field B to point in the z-direction. The simplest gauge field to
realize this (in infinite volume) is Ay = Bx, Aµ = 0 (µ �= y).

The translation of these quantities to the lattice discretization is straightforward. For the gauge
action we use the tree-level improved Symanzik action [30],

Sg = SSym
g =

�

µ<ν

�

n

1

3
Re trPµν(n), (2.7)

where Pµν(n) denotes a sum of gluonic loops lying in the µ-ν plane, see eq. (C.4), and n runs over
lattice sites. Therefore, Sg is readily decomposed into planar components and, therefore, into squared
traces of the chromo-electric and chromo-magnetic field strengths, according to eq. (2.6),

tr E2
i (n) = 2Re trP4i(n), trB2

i (n) = 2
�

j<k

|�ijk|Re trPjk(n). (2.8)

In the following, the components in the direction of the external field B � z are denoted as parallel,
whereas the x and y components as perpendicular,

E
2
� = E

2
z , B

2
� = B

2
z , E

2
⊥ =

E2
x + E2

y

2
, B

2
⊥ =

B2
x + B2

y

2
. (2.9)

We define the anisotropies as the densities of the expectation values of differences between these
components,

A(E) =
T

V

�
β

6

�

n

�
tr E2

⊥(n)− tr E2
� (n)

��
, A(B) =

T

V

�
β

6

�

n

�
trB2

⊥(n)− trB2
�(n)

��
,

(2.10)
1Note that the Euclidean E2 (E2) turns into −E2 (−E2) in Minkowski space-time, whereas the sign of the squared

magnetic fields remain the same.
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3.2 Anisotropies

Here, we study the individual components of the gauge action, as given by eq. (2.9). We remark that

for the anisotropies – unlike in sec. 3.1 above – we do not perform the continuum limit, but only show

the scaling tendency of the results with the lattice spacing. In order to carry out a proper continuum

extrapolation, one has to subtract terms ∼ (eB)2 log a that arise from charge renormalization (see

app. A). We will revisit this issue in sec. 4.

Figure 3. The components T/V
��

n trB2
i (n)

�
and T/V

��
n tr E2

i (n)
�

in lattice units a−4, as measured on
a 243 × 6 lattice at a temperature T = 189 MeV. The anisotropies induced by the temperature and by the
magnetic field are indicated by the arrows.

First, we demonstrate the hierarchy of the gluonic components at T > Tc and B > 0, where effects

from both the temperature and the magnetic field are present. In fig. 3, we plot the expectation values

of the densities of the individual components eq. (2.9), as determined on our Nt = 6 lattices. In the

absence of the magnetic field, the anisotropy is induced solely by the temperature, separating the

chromo-magnetic and chromo-electric components. For B > 0, in addition the parallel and perpen-

dicular components split, due to the spatial anisotropy induced by the magnetic field
2
. The generated

hierarchy is
�
trB2

�
�
>

�
trB2

⊥
�
>

�
tr E2

⊥
�
>

�
tr E2

�
�
, similar to what was observed in the SU(2) theory

in ref. [14].

To determine the dependence of the anisotropies on the external magnetic field, in the left panel of

fig. 4, we plot A(E) and A(B) (see their definition in eq. (2.10)) as functions of eB at T = 0. The parallel

chromo-electric field is suppressed with respect to the perpendicular fields, resulting in a positive

A(E), whereas the chromo-magnetic sector shows the opposite effect, giving a negative A(B). This

non-perturbative finding is in-line with a perturbative treatment of the anisotropy, see the generalized

Euler-Heisenberg calculation in app. D, in particular eq. (D.5). According to this calculation, tr E2
�

increases the effective action (to bi-quadratic order in B and F), and is thus suppressed. In contrast,

trB2
� reduces the action, and is favored. This implies A(E) > 0 and A(B) < 0, as we have found.

Furthermore, within the present statistical accuracy, the two anisotropies have the same magnitude.

The gluonic anisotropies do not show any significant finite volume effects, and we also find these

to be roughly independent of the temperature up to our largest T = 189 MeV. However, the signal-

2Note that the data in fig. 3 contains an additive divergence ∼ a−4. The anisotropies induced by T and B (indicated
by the arrows in the figure) are, however, ultraviolet finite.
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increases with eB�−Sg� = �+1

4
F 2�

Caution :

G. S. Bali et al, JHEP 1304(2013) 130Recent Lattice simulation



QCD Lagrangian with electromagnetic fields

Q = diag(Qq1 , Qq2 , · · · , Qqf ) Mq = diag(mq1 ,mq2 , · · · ,mqf )

Covariant derivative

Field strengths

fµν = ∂µaν − ∂νaµ

Charge and mass matrices

,

L = −1

4
F a
µνF

aµν − 1

4
fµνf

µν + q̄(iγµD
µ −Mq)q

Dµ = ∂µ − igAa
µT

a − ieQaµ

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν

∂f = 0 : constant fields



Background field method

: Slowly varying classical background field

: Quantum fluctuation

We apply the Covariantly-constant field as the background field.

D̂ab
ρ F̂ b

µν = 0 D̂ab
ρ = ∂δab + gfacbÂc

is varying very slowlyF̂ (∂F̂ = 0)

F̂ a
µν = Fµν n̂

a
n̂2 = 1

Âa
µ = Aµn̂

a

Gauge fixing（background gauge）
D̂ab

µ Abµ = 0

Fµν = ∂µAν − ∂νAµ

Aa = Âa +Aa

Âa

Aa

I. Batalin et al, Sov. J. Nucl.Phys. 26 (1977)214

M. Gyulassy and A. Iwazaki, Phys. Lett. B 165(1985) 157

N. Tanji and K. Itakura, Phys. Lett. B 713(2012) 117



Functional integral for second order fluctuations with 

�
DqDq̄ei

�
d4xq̄(iγµD̂

µ−Mq)q = det
�
iγµD̂

µ −Mq

�

The results are 
well known.

This work

exp
�
iSeff (Âµ)

�
=

�
DAµDcDc̄DqDq̄ exp

�
i

�
d4x

�
−1

4

�
F̂ a
µν + (D̂ab

µ Ab
ν − D̂ab

ν Ab
µ) + gfabcAb

µAc
ν

�2

− 1

2ξ
(D̂ab

µ Abµ)2 − c̄a(D̂µD
µ)accc + q̄(iγµD̂

µ −Mq)q + q̄(igγµAaµ · T a)q − 1

4
fµνf

µν

��

�
DAei

�
d4x − 1

2A
aµ{−(D̂2)acgµν−2gfabcF̂ b

µ}Acν

= det
�
−(D̂2)acgµν − 2gfabcF̂ b

µ

�−1/2

�
DcDc̄ei

�
d4x c̄[−(D̂2)ac]c = det

�
−(D̂2)ac

�+1

Effective action for Â

Gluon 

Ghost 

Quark

ξ = 1



The quark contribution to the effective action 

i∆Sq = log det[iγµD̂
µ −Mq]

D̂µ = ∂µ − igAµn̂aT a − ieQaµ

Un̂aT aU†

�
1/2 0
0 −1/2

�




w1 0 0
0 w2 0
0 0 w3





SU(2)

SU(3)

�
w1 0
0 w2

�
=

w1 =
1√
3
cos

�
Θ+

π

6

�
w2 = − 1√

3
cos

�
Θ− π

6

�
w3 =

1√
3
sin (Θ)

Nc�

a=1

w2
a =

1

2

Nc�

a=1

wa = 0

sin23Θ = 3C2 C2 = [dabcn̂an̂bn̂c]2

, ,

,

,

· ·
·

G. C. Nayak and P. Nieuwenhuizen, PRD71 (2005)

G. C. Nayak PRD72 (2005)
N. Tanji, Ann. Phys. 324(2009) 

Diagonalization in color space



We apply the Schwinger’s proper time method to evaluate
the effective potential.

In order to focus on the chromo-magnetic field, we employ 
the pure chromo-magnetic background for the gluon field. 

Performing the proper time integral, we derive the analytic 
expression of the effective potential of quark part.



Vq = V fin
q + V div

q

V fin
q =

Nc�

a=1

Nf�

i=1

�
−

a2a,i
24π2

�
log

�
2aa,i
µ2

�
+ 12ζ �(−1,

m2
qi

2aa,i
)− 1

�

+
m2

qiaa,i
8π2

log

�
2aa,i
m2

qi

�
−

m4
qi

16π4

�
log

�
2aa,i
m2

qi

�
+

1

2

��

aa,i =

��
gwa

�Hc + eQqi
�B
�2

=
�

g2w2
a
H2

c
+ e2Q2

qi
B2 + 2gwaeQqiHcBcosθHB

Hc =
�

�H2
c B =

�
�B2,

�H

�B
θHB

V fin
q =

Effective potential for quark part

c

log(2aa,i)

V
div
q =

Nf

48π2
(gHc)

2logΛ2 +
Nc

24π2




Nf�

i=1

Q
2
qi




2

(eB)2logΛ2



�B

e



�B �B

e



�B �B

�B

�H

e

Qq = 1

qw1(e)
qw2(e)

SU(2)

c

Color case with



�B �B

�B

�H

g

2
�H

e �B

e

e �B

−g

2
�H

qw1(e)
qw2(e)

qw1(e)

qw2(e)

c

c

c

Qq = 1SU(2)Color case with



Gluon＋ghost part effective potential

V
fin
g =

11Nc

96π2
(gHc)

2

�
log

�
gHc

µ2

�
− cg +

1

Nc

Nc�

a=1

λ2
alogλ

2
a

�

ReVg = V fin
g + V div

g

ImVg = − Nc

16π2
(gHc)

2

λ1 = +1 λ2 = −1

SU(2)

SU(3)

: Nilesen-Olesen instability

Color charges

λ2
1 =

1

2

�
1− cos

�
2Θ− π

3

��
λ2
2 =

1

2

�
1− cos

�
2Θ+

π

3

��
λ2
3 =

1

2
[1 + cos (2Θ)]

G. C. Nayak and P. Nieuwenhuizen, PRD71 (2005)

,

, ,

+

· ·
· · ·
·

Real part

Imaginary part

G. K. Savvidy, Phys. Lett. B71(1977)

N. Nielsen and Olesen, Nucl. Phys. B144(1978)

log(gHc)

V
div
g = −11Nc

96π2
(gHc)

2logΛ2



Logarithmic divergences and renormalization

replacing the couplings and field in the potential by bare couplings
g0, e0 H0, B0and fields

Veff =
H

2
0

2
+

B
2
0

2
+ V

div
0 + V

fin
0

and rescale the couplings and fields as

g = Z1/2
H

g0 e = Z1/2
B e0

H0 = Z
1/2
H

H B0 = Z1/2
B B,

,

The rescale factors are given by

ZH = 1 + δH ZB = 1 + δB,

counterterms

c

V
div =

1

2

�
− 1

(4π)2

�
11

3
Nc −

2

3
Nf

��
(gHc)

2logΛ2 +
1

2

Nc

12π2




Nf�

i=1

Q
2
qi



 (eB)2logΛ2



Using renormalized couplings g, e and fields H,B

we can write the effective potential as

Veff =
1

2
ZHH

2 +
1

2
ZBB

2 + V
div + V

fin

Introducing the counterterms so that log divergences cancel 

we finally get renormalized effective potential

Veff =
H

2

2
+

B
2

2
+ V

fin

Furthermore, we can calculate the beta functions of QCD and QED

δB = −Nce2

12π2




Nf�

i=1

Q2
qi



 log

�
Λ2

µ2

�

βQCD = µ
∂g

∂µ
=

1

2
gµ

∂ZH

∂µ
= − g3

(4π)2

�
11

3
Nc −

2

3
Nf

�

βQED = µ
∂e

∂µ
=

1

2
eµ

∂ZB

∂µ
= +

Nce3

12π2




Nf�

i=1

Q2
qi





δH =
g2

(4π)2

�
11

3
Nc −

2

3
Nf

�
log

�
Λ2

µ2

�

correct one-
loop β functions

c

c

c



In this study, we consider the color SU(3) case with the three 
flavor (u,d,s).

We use the following parameters

Qu = +
2

3
Qd = Qs = −1

3

mu = md = 5 MeV ms = 140 MeV

We investigate the magnetic field dependence of the QCD 
effective potential.

,

,

αs = 1 αEM =
1

137
µ = 1 GeV, ,



0 0.2 0.4 0.6 0.8 1
!HcB
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0.00136

0.00138

0.0014

0.00142

0.00144

V
q [G

eV
4 ] 

eB = 0.1 GeV2

0 0.2 0.4 0.6 0.8 1
!HcB
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0.0022

0.0023

0.0024

0.0025

V
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4 ]

eB = 0.2 GeV2
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Θ = π/12

Θ = π/6

Θ = −π/12

Θ = −π/6
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0.0038
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V
q [G
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4 ]

eB = 0.3 GeV2

0 0.2 0.4 0.6 0.8 1
!HcB
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0.0056

0.0057

0.0058
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V
q [G
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4 ]

eB = 0.4 GeV2

θHcB -dep. of Vq
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The one-loop YM effective potential                    has a minimum away from 
the origin, which corresponds to the dynamical generation of the chromo-
magnetic condensate.

Quark loop contributions attenuate the gluonic contributions.
How the condensate behaves in the presence of the magnetic field?
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QCD effective potential at 

This result is qualitatively in agreement with LQCD and FRG analyses.
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We defined the normalized potential:

As the magnetic field increases, the minimum shift to the right hand side.

The chromo-magnetic condensate increases with an increasing
magnetic field. 

This behavior is quite similar to the recent observed gluonic magnetic 
catalysis in lattice QCD.
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In the mass less limit of the quark              , one can obtain the analytic 
expression of               with              : 

mq → 0
(gHc)

2
min eB = 0
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2
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4exp
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where cg cqand are some constants.

In the small eB region, (gHc)min,0 >> eB , we find

(gHc)
2
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2
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12π2
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Note that the coefficient of the second term is the ratio of 
the coefficients of          and         .βQCD βQED

In the large eB region,              still monotonically 
increases as the magnetic field increases.

eB > (gHc)min , (gHc)
2
min



In our results, quark loop contributions should be important, 
since only Vq has B-dependence.

To see the importance, we define the following quantity

∆V̄ (Hc, B) = V̄ (Hc, B)− V̄ (Hc, 0)

= Vq(Hc, B)− Vq(0, B)− Vq(Hc, 0)

=
i�
d4x

log

�
det(i /̂D(Hc, B)−Mq)

det(i /̂D(Hc, 0)−Mq) det(i /̂D(0, B)−Mq)
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ΔV is negative in the whole region
of gHc-eB plane.

ΔV is monotonically decreasing as
either gHc or eB increases.



Using the definition of ΔV, we can rewrite the normalized effective 
potential

V̄ (Hc, B) = V̄ (Hc, 0)−∆V̄ (Hc, B)

=
H

2
c

2
+ VYM +

�
Vq(Hc, 0) +∆V̄ (Hc, B)

�

Vq(Hc, 0)

∆V̄ (Hc, B)

: B-independent part of quark loop which attenuates 
  the gluonic contributions.

: B-dependent part of quark loop which enhances 
  the gluonic contributions.

Completely opposite roles

Thanks to the property of the B-dep. part of the quark loop,
            monotonically increases with an increasing magnetic field.

This property of the quark loop supports the gluonic magnetic catalysis
at zero temperature, observed in current lattice data. 

(gHc)
2
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+



Summary

We derive the analytic expression of the one-lop QCD effective 
potential with the magnetic field.

After the renormalization of couplings and fields, we obtain the correct
β-functions of both QCD and QED.

Our result shows that the chromo-magnetic field prefers to be parallel
(or anti-parallel) to the external magnetic field, which is consistent with 
recent lattice results.

Quark loop contributions with magnetic fields enhance the gluonic 
contributions and thus the chromo-magnetic condensate monotonically
increase with an increasing magnetic field.

This result supports the gluonic magnetic catalysis
at zero temperature, observed in current lattice data. 


