Complex Langevin dynamics:
distributions and gauge theories

Gert Aarts

Swansea University
Prifysgol Abertawe

Kyoto, November 2013 —p. 1



QCD phase diagram

QCD partition function

7 = / DU Dty D) e PYM—5F — / DU det D e "™
at nonzero quark chemical potential

det D(p)]" = det D(—p")
o fermion determinant is complex
# straightforward importance sampling not possible
# sign problem

phase diagram has not yet been determined
non-perturbatively
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Outline

complex Langevin dynamics: exploring a complexified
field space

distributions in simple models

connection with Lefschetz thimbles

gauge theories: from SU(N) to SL(V, C)

summary and outlook
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Complex integrals

# consider simple integral
Z(a,b) = / dz e 5@ S(x) = ax® + ibx

#® complete the square/saddle point approximation:
Into complex plane
# lesson: don'’t be real(istic), be more imaginative

radically different approach:

o complexify all degrees of freedom z — z = = + 1y
# enlarged complexified space
#® new directions to explore

Kyoto, November 2013 —p. 4



Complexified field space

complex weight p(x)
dominant configurations in the path integral?

Rep(x)

|

” |
[T

real and positive distribution P(z,y): how to obtain it?

1

Il

= solution of stochastic process

complex Langevin dynamics
Parisi 83, Klauder 83
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Complex Langevin dynamics

does it work?
o for real actions: stochastic quantization  parisi & wu 81
# equivalent to path integral quantization
Damgaard & Huffel, Phys Rep 87
# for complex actions: no formal proof
# troubled past: “disasters of various degrees”

Ambjgrn et al 86

nevertheless, recent examples in which CL

can handle severe sign and Silver Blaze problems
gives the correct result
analytical understanding under control

e o o 0o

first results for gauge theories and QCD

Kyoto, November 2013 —p. 6



Complex Langevin dynamics

various scattered results since mid 1980s
here:

finite density results obtained with Nucu Stamatescu,
Erhard Seller, Frank James, Denes Sexty, Lorenzo
Bongiovanni, Jan Pawlowski, Pietro Giudice, Kim Splittorff

0807.1597 [GA, 10S]

0810.2089, 0902.4686 [GA]

0912.3360 [GA, ES, 10S]

0912.0617, 1101.3270 [GA, FJ, ES, 10S]
1005.3468, 1112.4655 [GA, FJ]
1006.0332 [GA, KS]

1211.3709 [ES, DS, 10S]

1212.5231 [GA, FJ, JP, ES, DS, 10S]

1306.3075 [GA, PG, ES]
1307.7748 [DS] 1308.4811 [GA]
1311.1056 [GA, LB, 10S, ES, DS]

reviews: 1302.3028 [GA], 1303.6425 [GA, LB, I0S, ES, DS]
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Real Langevin dynamics

partition function Z = [ dz e 5@ S(z) € R
# Langevin equation
= —0,5(x) + 1), (n(®)n(t")) = 20(t — t')
# associated distribution p(x, t)
O(®)y = [ dr pla.0)0)
# Langevineqforz(t) <« Fokker-Planck eq for p(z,1)
pla,t) = 0y (0 + S'(x)) plx, 1)

® stationary solution:  p(z) ~ e~ 5®)
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Fokker-Planck equation

# stationary solution typically reached exponentially fast
pla.t) = 0, (8, + 5'(x)) pla, 1)

® write  p(z,t) = ¥z, t)e”25@)

Y(xz,t) = —Hppt(x, )

® Fokker-Planck hamiltonian:

Hyp = QTQ = [—&B + %S’(x)] [&U + %S/(CIZ) > 0

Qu(z)=0 & @) ~e 5@

U(z,t) = Coe_%s(@ + Z cAe_At — c()e_%s(x)
A>0
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Complex Langevin dynamics

partition function Z = [ dz e 5@ S(x) € C
#® complex Langevin equation: complexify r — z = = + iy

= —Red,S(z)+n (n(t)n(t")) = 26(t —t')
y=—Ima,S(z) S(z) = S(x +1y)

# associated distribution P(x,y;1)
OG+in)®) = [ dudyPla,yi )0 + i

# Langevin eq for x(t),y(t) < FPeqfor P(x,y;t)
P(z,y;t) = [0x (0 + Re 0.5) + 9,Im 0,5] P(z,y;t)

# (generic solutions? semi-positive FP hamiltonian?
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Field theory

scalar field:
# (discretized) Langevin dynamics in “fifth” time direction

gbx(n + 1) — ¢x(n) + EKa:(n) + \@%(n)

o drift: K, = —65[¢]/0¢,
® Gaussian noise: (n;(n)) =0 (ng(n)nw(n')) = 2042 Onn
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Field theory

scalar field:
# (discretized) Langevin dynamics in “fifth” time direction

Cbx(n + 1) — ¢x(n) + EKx(n) + \@%(n)
o driftt K, = —0S[6]/66,

® Gaussian noise: (17;(n)) =0 (n:(n)ne(n')) = 2040 Onn

gauge/matrix theories:
Un+1)=R(n)U(n) R =exp [z’)\a (eKa + ﬁna)}
Gell-mann matrices A\, (a = 1,...N? — 1)

o drift; K,=—D.(Sg+ Sr) Sr=—Indet M
o complex action: KT # K < U € SL(N, C)
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Results

even without rigorous mathematical proof

many promising results at nonzero p:

1d QCD

3d SU(3) spin models

4d Bose gas (severe sign and Silver Blaze problem)

e o o 0o

heavy dense QCD
however, also notable failures
o 3d XY model at nonzero u

also problems for

® Minkowski integrals, e*°

Berges, Borsanyi, Stamatescu, Sexty 05 - 08
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Distributions

emerging insight: crucial role played by distribution P(z, y)

# does it exist?
usually yes, constructed by brute force by solving the CL process
direct solution of FP equation extremely hard
GA, ES & 1I0S 09, Duncan & Niedermaier 12, GA, PG & ES 13

# what are its properties?
localization in x — y space, fast/slow decay at large |y|
essential for mathematical justification of approach
GA, ES, I0S (& FJ) 09, 11

# smooth connection with original distribution when
(e~ 07?
GA, FJ, JP, ES, DS & IOS 12

study with histograms, scatter plots, flow
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Distributions

GA & I0S 08

ll-behaved example

lon in we

distribut

K. ..4»»]}]»»5
(SN N N N N N »»' AAn Ay
NARAA AN AR A AR AR AN AR A
NANRRARNARNRNR RN BR AN AN AN
TR R R AR AR RN A S A n A4 g 7
wﬂﬂ;fﬂﬂqwﬂﬂﬂﬂ4wﬂ.%s$»zﬂ N7
,¢ALT¢¢,2¢¢¢LT¢¢,»% IR~ 17
° o5 ° ° o™
M <<ccy ycecccr JENN\wer | >
RR\RR\RRRR\&. SRR R
AR AR AR EE N
A AR AR Vb vV ¥V VY
AR AR vy Ve vy v
A2 R T R A R R R fh Vbbb L vy
YR R R TR R I I VIR R R R AR A A -
R E R R e,
\MKK%KK%M’M/LJ—Z.Z \R?\F\RF\N\\
e T T NN Y -RRNNNNN&
\W¢¢;YW¢¢M:YW¢¢¢ .T¢;w¢¢¢¢yo
S>> >SS S>> > S>> TeF TS s s
R i A A A A A A NRNRSRsss<
A aaa 2272222777 8NNNN NN\ N |
A AAAAAAAAAD D I AN NN RN R KK
rrrrr Attt BEANKRNNRNNN |
FA A A A N PRANNRNNN
AAAA AN AN R ARNRKNANANARR
NRARNRKNRAANR AANNANN A D M
o~ o o
A
N T S S S o o
[N N N N N N, S O N N N
AA A AR A AT DA
L S A
NRNRKNKNXRNARAAALALD A 77
ESNSNXNARNKKNXKNSB A 72221 71 7177 4
Lees M "N 755NN 7 5 55
° ° ™
& &« v K & &€« v ﬂz N® SNy oy N DS S
Vevy yyyvervy NN NN YN N NN
KAV Uy dbvy ﬁw IR N
2 A AR A I I R R R VAR Ny
AR EEEREZEE2 REAREE R AR RERE]
AR RA AR ﬁ«m“e$ 22 A EEERER]
R R R R RN R R A A AR RN
EREREREREREY R XA A A A
NNNNNNNNN\N VR yy kLY
[N N SN NN NNy z#m VYUV KKy r£L|
IWIWIW¢¢¢¢¢¢¢-¢¢N&N¢¢¢A\AIA|A|AI o
S>> > > > > > > T T RN e
(777227222227 FPARNKRRRNR N KRN
AAAAAAAALTIENNRNRNRNRNRNNNKNN
ﬁﬂ NN NN
PREANARNN N NN AR
AR AAMAANAN A A AD
L O O O O A A A P
o o !
A

9s$§$9$§$»»»»»ﬁa)@znﬂ11ﬂ1_ﬁzza
aa»a»aa»aaaaaaz»ﬁm$7ﬂﬂﬂﬂzzzaaa
iziﬁiﬁjiww_«ﬂz;;iii
zzzzzzzzzzzzzzZﬂfﬁﬁﬂﬂﬂﬂzﬂ»a»$$
ﬁﬁﬁﬁﬂﬁﬂﬂﬂﬂﬁﬂﬂﬂﬂﬁﬂﬂ%ﬂﬂﬂﬂﬂz»»g\x
TTTT¢T¢Tﬂ¢TTTT?TTWTTT¢T¢¢ﬂ 7 > >4

[ ] w [ ]
(e cccccrpecccccccocccc sy (>

e bcbbbbprebbcbbGeeescscry | | \NY

NRNRNRNRNRRNR\NRN\\NNNNRRseezm
\\\\\\\\\\\RRRRRF\&NF\NRNR\\&,véék
gg\gggg«g«\\xx\k\ﬁWmexxx\«$«e
$$$$@$$*$$$$s$$w B L LYY
R R R R R TR UEUVEUYLL LYY
\yeeeeeeeee&kee«wm VELVELL LY AL
NNNNNNNNNNNNNNY Y prrvevvrevr
RSN R S SRR 9 Yprrrrrree

RS 5 5 S SO N Y
)

Yt
B e N e o o - D

%%V%&%N%%V%N%N%& A

NNNNNNNNNNN\A\NV&NB
\N\N\NM\N\\\\\%%
\x\xxxxxxxxxuxgﬁ
PAATALD AP GPE NRRRRRRKKN |
PAPAAADN DA AN NRRXKRKXKKRKNKNA
»»»»aaaa»aa»ﬁd NRKRRKRRNRA AR

»az»a»aw»zzzzzﬂ?ﬁﬂﬂZWWZWZZza»»

AA S SRR N NN

NRRRRRSRRR

NRRRRNRRRKK

© < N o N

>

N
7 7 >

=
> =
2
o0 5

el

£
NN
ofe
N

|

7 7 >
7 7 >
7 7 >
7 7 >
7 7 > )
7 7 > )
7 7 >
72 7

A A A S

uJu
uﬁu
XN XNKXKXKXKKXNXAXNX,

A A A 7 2 2

N
N
N
N
N
~

SRR EEEEW RSN AAKX

A A A B 2 A 4
RS - > > 7 7
Y oN s - > 7 7
> > 7
YN N

NsecccssN 7T A< <
[ ] ° [ ]
\A\A\TA\A\TNF\ zu(\NA\

1

{
v

SS <oy v

N < <«

N
v

R\NNA\N\\\&,\\RNN
VWKV xxf$\
VU VKLY §$%x

‘ez\

NN S <Ss<c<c <0 >-> > 77 A

NN S s <«

ze’ef’“‘\R
N
N

v

v
v
v
\
\

RRRR‘
v e
& & & &
< < <
S>> > > > > > > m << << |
NNN\NNNN\VuI A SR SN SN S
AAAAAAATA P N N NN
X X X X

XX KN |

TTESINNTY Wy T

g aAaA A2 P PARNRNNNNSNSNSNNNN P T 77597
=z A

7 7 7 7777 7NN S &€ SN KN

o 7 7 7 7 7 727X KXNSSNSSNSSNTSNRNNKX
A7 a2 P AXNXNXKRKSNSNSNSXKXNANY P T 75755
a2 A A7 PP APRNRNRNNNR S www NN

> 7 7
> = 7
> > 7

=

Kyoto, November 2013 — p. 14



e

One-dimensional QCD

exactly solvable Gibbs 86, Bilic & Demeterfi 88
phase quenched: transition at u = u., full: no transition

severe sign problem when |u| > |uc|

chiral condensate:
write as integral over spectral density

2. = /d2z p(j_’ ,LL) e = arcsinh 771
ZTm

p(Z; ,u) complex and oscillatory  Rravagli & Vverbaarschot 07
condensate independent of .. Silver Blaze
solve with complex Langevin GA & Splittorff 10
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One-dimensional QCD

#® exact results reproduced
# discontinuity at ;. = 0 In thermodynamic limit n — oo

M, = arcsinhm

® sign problem severe when |u.| < |p|
#® condensate independent of u: Silver Blaze
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One-dimensional QCD

elegant analytical solution:

o original distribution:

p(X) N "\‘ T’l\‘ ’,\\ "\‘ A ',“ '/\‘ ’I“ {1\

plx) ~ eMhe)eine /\/\MMMM
BRI RART BT R

when n — oo /v \/ \/ \/ \/ \/ \/ \/ \/ \

® real distribution Peu)
sampled by 1

complex / ____________________________________ _
Langevin:

Plz,y) = L= pe <y < pp+ pe
’ 0 elsewhere
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Quartic model

> A
7 = / dz e S(x) = 22?4+ 2o

— O

often used toy model: complex mass parameter c = A +iB

GA, PG & ES 13

essentially analytical proof:

9

CL gives correct result for all observables (™) when
A>0and A% > B?/3

based on properties of the distribution P(zx,y)
P(x,y) = 0 outside strip: |y| > y_

y_ — % (A _ Az B?/s)

follows from FPE
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Quartic model
Z:/ dz e S(x):%x2+%x4 oc=A+1B

# numerical solution of FPE for P(z,y)
~ 150% x 1502 matrix problem

o distribution is localised in a strip around real axis

GA, PG & ES 13
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Quartic model

Interesting connection to Lefschetz thimbles Witten 10
Cristoforetti, Di Renzo, Mukherjee & Scorzato 12, 13

Fujii, Honda, Kato, Kikukawa, Komatsu & Sano 13

# (generalisation of steepest descent

# Integrate along path in complex plane where
Im S(z) = cst, the thimble 7

# residual sign problem due to curvature of thimble

Z — e—iImSj/ dZQ_ReS(Z)
J
:e—iImSj/dS J(S)G—ReS(z(s))

with complex Jacobian J(s) = 2/(s) = 2/(s) + 13/ (s)
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Quartic model

# thimbles can be computed analytically
® pass through stationary points 0,5 = 0 & Im S(z) = cst

2
L o=14#,A=1 . 1
/
SN O f B -
— stable thimble '
- - unstable thimble .
not contributing - A
_ | | |
2-2 1 0 1 2
X

& 3 stationary points: only 1 thimble (for A > 0)

# Integrating along thimble gives correct result, with
Inclusion of complex Jacobian
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Quartic model

compare thimble and FP distribution P(z,y)
GA 13

03 : : : i

o=1H4,A=1 |

0.15

-0.15

i > 0.98 local saddle point &(x,y)
— thimble

i L \ \
0.3-1 -0.5 0
X

® thimble and P(x,y) follow each other
#® however, weight distribution quite different

Intriguing result: CLE finds the thimble — is this generic?

Kyoto, November 2013 —p. 17



Gauge theories
SU(N) gauge theory: complexification to SL(V, C)
® |links U € SU(N):. CL update
U(n+1) = R(n) U(n) R = exp [iAg (eKq + Veng)]

Gell-mann matrices A\, (a =1,...N? — 1)

& drift: Ko, =—-D.(Sp+ Sr) Sp=—Indet M

Kyoto, November 2013 —p. 18



Gauge theories

SU(N) gauge theory: complexification to SL(V, C)
® |links U € SU(N):. CL update
U(n+1) = R(n) U(n) R = exp [iAg (eKq + Veng)]
Gell-mann matrices A\, (a =1,...N? — 1)
o drift: K,=—D,(Sg+ Sr) Sr=—Indet M
o complex action: KT # K < U € SL(V, C)

# deviation from SU(/N): unitarity norms

1 1 2
~Tr (UUT=1) >0 ~Tr (UUT—1)" >0

Kyoto, November 2013 —p. 18



Gauge theories

deviation from SU(3): unitarity norm GA & 10S 08
1 i
-TrUU'" > 1
3
-—- pu=0.5
10 (~ — pu=0.9 u

-l-::‘?

::]‘-1-

3

I ] ]
0 10000 20000 30000 40000 50000

Langevin iteration

heavy dense QCD, 4* lattice with 3 = 5.6, k = 0.12, Ny = 3
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Gauge theories

controlled evolution: stay close to SU(/N) submanifold when

#® small chemical potential
# small non-unitary initial conditions
# In presence of roundoff errors

Kyoto, November 2013 — p. 20



Gauge theories

controlled evolution: stay close to SU(/N) submanifold when
#® small chemical potential
# small non-unitary initial conditions
# In presence of roundoff errors

In practice this is not the case

= unitary submanifold is unstable!

# process will not stay close to SU(NV)

® wrong results in practice, e.g. jumps when 12 crosses 0
# also seen in abelian XY model
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Unstable gauge theories

what is the origin? can this be fixed?
#® gauge freedom: link at site &
—1 B
U, — QkUkQ]H_l () = e¥aenta
in SUV): wrfeR = in SL(V,C): wFeC

» choose w” purely imaginary, orthogonal to SU(XV)
direction

o 1
control unitarity norm ~Tr (UUT —1) >0

gauge cooling
ES, DS & 10S 12

GA, LB, ES, DS & I0S 13
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Gauge cooling

cooling update at site k Q). = e~ a N a >0

Ur — QxUg Up—1 — Up_1Q "

o . 1
unitarity norm: distance d=>) ~ T (UkUg - ]1)
k

after one update, d — d’

v V SL(N,C)
. . Y 0 ]
linearise | L
d—d=——(f"2+0(a?) <0
N .
reduce distance from SU(XN) SUN )
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Gauge cooling
what is f+? O = e ofare f — = —a/N(fF)2+. ..
» choose f* as the gradient of the unitarity norm
k T st
5= 9Tr ), (UkUk Uk_lUk_l)

o ifU e SUWN): fF =0, d=0, no effect

ﬁ\ ¥ SL(N.C)

cooling brings the links as
close as possible to SU(V)

SUN)
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Gauge cooling

simple example: one-link model

1
S:NHU U— QUuQ!

1
d= T (UUT - 1) fo=2Tr )\, (UUT = UTU)
note: ¢ = TrU/N, ¢* = TrU'/N invariant under cooling

cooling dynamics:

a Lo 16c

d—d=d=-——f2?= —TTrUU‘L[U, Ul

in SU(2)/SL(2,C):

d=—8a (d® +2 (1 = [c]*) d+ ¢ + ¢** = 2[c[*)

Kyoto, November 2013 — p. 24



Gauge cooling
SU(2)/SL(2,C) one-link model
d=—8a(d?+2(1—|c|?)d+c*+c*? —2|c|?)
® c¢=3;TrU, ¢ =3TrUT invariant under cooling
® |If c =" U gauge equivalent to SU(2) matrix
d =8a(d+2 —2%)d d(t) ~ e 1001t

® If ¢ £ ¢*: U not gauge equivalent to SU(2) matrix

dt) > dg=cf* —14++/1—-c2—c2+ ¢t >0

minimal distance from SU(2)
reached exponentially fast
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Langevin with gauge cooling

complex Langevin dynamics with gauge cooling:

# alternate CL updates with gauge cooling updates
$ monitor unitarity norm
o stay fairly close to SU(N)

models

o Polyakov chain (exactly solvable)
S:ﬁlTI’Ul...UNE—FﬂQTrUK,El...Ul_l 51,2€(C

#® heavy dense QCD ks, ps & 10s 12
® full QCD Denes sexty 1307.7748

& SU(3) with a -term ca, LB, ES, DS, 10S 1311.1056
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Langevin with gauge cooling

SU(2) Polyakov loop model GA, LB, ES, DS & 10S 13

| | |
SU(2) Polyakov chairl\, | =30, = (14 sqrt(3))/2

Tr(UU)/2- 1

AN

— no cooling
— o =0.001 (10 gc steps)
— q zlaldaptive (10 gc s;[eps)

1le-06
0 250 500 750 1000

Langevin time

evolution of unitarity norm
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Langevin with gauge cooling

SU(2) Polyakov loop model

T ‘ T ‘ T T i T T ‘ T ‘ T T i T

1L SU(2) Polyakov chain — no cooling i 00l SU(2) Polyakov chain — no cooling i

E N, =30 — o =0.001 (10 gc steps} E N, =30 — o =0.001 (10 gc steps},

- ks — o adaptive (10 gc steps) Clinks — o adaptive (10 gc steps)

L B =(1+i sqrt(3))/2 i [ B = (14 sqrt(3))/2 ]

0.1

£ - £
< S
S 2
‘@' 0.01? 4@-
~ E =

0.001

T

histograms of observables

o without cooling: broad distributions, no rapid decay
# with some cooling: reduced

# with sufficient adaptive cooling: narrow distributions
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Langevin with gauge cooling

SU(2) Polyakov loop model

0.3 I |
0O o=0.001
0.251— O O adaptive
................................. =~
A g e e g g
Vi o0.2+ —
E | |
o015 @ SU(2) Polyakov chain _
N = 30,8 = (14 sqrt(3))/2 ]
| | | | | |
| | | | | |
O o=0.001
@'0-05_ o o o adaptive u
D) e
@ -01f = = 8 8
................................. D Y - P
) | | | | | |
0-15 0 2 4 6 8 10

gauge cooling steps

#® observables depend on gauge cooling

# exact results are reproduced when distributions are
narrow and unitarity norm close to O
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Langevin with gauge cooling

In QCD:

# unitary submanifold very unstable
# gauge cooling essential
# first results promising Dpenes Sexty 1307.7748

many things to sort out

cooling not effective at small 5 < 5.7
larger lattices required

fermion matrix inversion

stepsize dependence

e o o o 0

here: SU(3) with a 6 term ca, LB, ES, DS, 10S 1311.1056
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SU(3) with af term

pure SU(3) Yang-Mills theory (no fermions)

2

: g ~
S = Sy - i6Q Q =gz | T FEL

on the lattice:

S = Sw — by, Z qr(x) qr,(x) = discretised lattice version
i

# 0 bare parameter, requires renormalisation
» lattice @1, = ). qr is not topological (top. cooling)
#® complex action for real 6y, real action for imaginary 6y,

Imaginary 6;: real Langevin and hybrid Monte Carlo (HMC)
real 0;: use complex Langevin
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SU(3) with af term

very preliminary results: 6 lattice, 62 = 0, +1, +4

test of analyticity in 62:  (plaguette)

0.61 i . i
g O Langevin
0.605(— o= O HMC 0= o= o) o) —
f=6.1
0.6 —
N
g
g
0.595( _|
g 595 0= (O] o2 O 8=6.0 o
Vv
0.59+ —
0.585( —
0} o= T 4 B=5.9
058 | | | | | | | | |
-4 -2 0 2 4
0 2

no 6; dependence: smooth analytic behaviour
(as expected)
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very preliminary results: 6* lattice, 67 = 0,41, +4

10¢

0.1k

1=

— ReSB=6.1 |

SU(3) with af term

‘ =
— ImSpB=61 ]
ImS B=6.0 1

— Im§B=5.9 |

0.01E

histogram

0.001E

histogram

0.0001

Re S Im S

histograms: better localisation at larger g values
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SU(3) with af term

topological charge:
® ¢ real/imaginary: (Qr) imaginary/real

o small 4;: linear dependence (qr) = 0 xL + O(63)
Y1, lattice topological susceptibility

008 T T T I T
6" B=6.1

-0.08

20 40 60 80 100
Langevin time

running average: preliminary result agrees with expectation
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Summary and outlook

complex Langevin dynamics can handle

# sign problem # phase transition
# Silver Blaze problem o thermodynamic limit

In a variety of theories, but correct result not guaranteed

so far

better mathematical and practical understanding
connection with Lefschetz thimbles
gauge cooling for SU(/N) gauge theories

e o o ©

first application to QCD and 6 term

lots of work to do!
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ExtreMe Matter Institute EMM|

EMMI Workshop

SIGN 2014

International Workshop on the Sign Problem in QCD and beyond
February 18- 27, 2014, G5l Darmstadt, Germany

; ﬂﬁ""%; [N Qﬂ‘gﬁ;-.—ﬁx- Y 2]
O AST R RNAG S B
TSl YR A S D)

& I il 063

Infarmation Maore abaut EMMI

httpe e gl dedemmiworkshops w5 Ldedermmi

= B mn@
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