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Overview of the Lectures

Lecture 1 - Introduction to QCD and Jet
QCD basics
Sterman-Weinberg Jet in e+e− annihilation and Other Jet Observables
Collinear Factorization and DGLAP equation

Lecture 2 - Saturation Physics (Color Glass Condensate)
BFKL equation
Non-linear small-x evolution equations
One loop calculations and Sudakov factors
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References:

R.D. Field, Applications of perturbative QCD A lot of detailed examples.

R. K. Ellis, W. J. Stirling and B. R. Webber, QCD and Collider Physics

CTEQ, Handbook of Perturbative QCD

CTEQ website.

John Collins, The Foundation of Perturbative QCD Includes a lot new
development.

Yu. L. Dokshitzer, V. A. Khoze, A. H. Mueller and S. I. Troyan, Basics of
Perturbative QCD More advanced discussion on the small-x physics.

S. Donnachie, G. Dosch, P. Landshoff and O. Nachtmann, Pomeron Physics
and QCD

V. Barone and E. Predazzi, High-Energy Particle Diffraction

Y. Kovchegov and E. Levin, Quantum Chromodynamics at High Energy
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QCD

QCD Lagrangian

with Fa
µν = ∂µAa

ν − ∂νAa
µ − gfabcAb

µAc
ν .

Non-Abelian gauge field theory. Lagrangian is invariant under SU(3) gauge
transformation.
Basic elements:

Quark Ψi with 3 colors, 6 flavors and spin 1/2.
Gluon Aaµ with 8 colors and spin 1.
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QCD Feynman Rules
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Color Structure

Fundamental representation: Ta
ij and Adjoint representation: ta

bc = −ifabc

The effective color charge:[
Ta, Tb] = if abcTc

Tr
(
TaTb) = TFδ

ab

TaTa = CF × 1

f abcf abd = CAδ
cd

7 / 78



Introduction
to QCD and

Jet

Bo-Wen
Xiao

Introduction
to QCD and
Jet

QCD Basics

Jets and
Related
Observables

Collinear
Factorization
and DGLAP
equation

Transverse
Momentum
Dependent
(TMD or kt )
Factorization

Introduction
to Saturation
Physics

The BFKL
evolution
equation

Balitsky-
Kovchegov
evolution

Forward
Hadron
Productions in
pA Collisions

Sudakov factor

Fierz identity and Large Nc limit

Fierz identity: Ta
ijT

a
kl = 1

2δilδjk − 1
2Nc
δijδkl

= 1
2

− 1
2Nc

Large Nc limit: 3� 1

(a)

(b)

(c)
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Evidence for colors

The ratio between the e+e− → hadrons total cross section
and the e+e− → µ+µ− cross section.

R =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

= Nc

∑

u,d,s,...

e2
i

[
1 +

αs(Q2)

π

]

Nc
∑

u,d,s e2
i = 2

Nc
∑

u,d,s,c e2
i = 10

3
Nc
∑

u,d,s,c,b e2
i = 11

3 .

Triangle anomaly: The decay rate is given by the quark triangle loop:

Γ
(
π0 → γγ

)
= N2

c

(
e2

u − e2
d

)2 α2m3
π

64π3f 2
π

= 7.7eV

fπ = 92.4MeV is π− → µ−ν decay constant.
The data give Γ

(
π0 → γγ

)
= 7.7± 0.6eV.

Nonrenormalization of the anomaly.
[Adler, Bardeen, 69]
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QCD beta function and running coupling

[Gross, Wilczek and Politzer, 73]

The QCD running coupling

αs(Q) =
2π( 11

6 Nc − 2
3 TFnf

)
ln Q2/Λ2

QED has only fermion loop contributions, thus its
coupling runs in opposite direction.

QED like contribution gluon contribution

10 / 78



Introduction
to QCD and

Jet

Bo-Wen
Xiao

Introduction
to QCD and
Jet

QCD Basics

Jets and
Related
Observables

Collinear
Factorization
and DGLAP
equation

Transverse
Momentum
Dependent
(TMD or kt )
Factorization

Introduction
to Saturation
Physics

The BFKL
evolution
equation

Balitsky-
Kovchegov
evolution

Forward
Hadron
Productions in
pA Collisions

Sudakov factor

QCD beta function and running coupling

The QCD running coupling

αs(Q) =
2π( 11

6 Nc − 2
3 TFnf

)
ln Q2/Λ2

Testing QCD
!QCD reminder
!Confinement
!How to test QCD?
!Factorization

Parton model

Gluon saturation

Phenomenology of saturation

CERN

François Gelis – 2007 Lecture I / III – School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 7/40

Asymptotic freedom
" Running coupling : αs = g2/4π

αs(r) =
2πNc

(11Nc − 2Nf ) log(1/rΛQCD)

" The effective charge seen at large distance is screened by
fermionic fluctuations (as in QED)

Testing QCD
!QCD reminder
!Confinement
!How to test QCD?
!Factorization

Parton model

Gluon saturation

Phenomenology of saturation

CERN

François Gelis – 2007 Lecture I / III – School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 7/40

Asymptotic freedom
" Running coupling : αs = g2/4π

αs(r) =
2πNc

(11Nc − 2Nf ) log(1/rΛQCD)

" The effective charge seen at large distance is screened by
fermionic fluctuations (as in QED)

" But gluonic vacuum fluctuations produce an anti-screening
(because of the non-abelian nature of their interactions)

" As long as Nf <11Nc/2 = 16.5, the gluons win...

Screening Anti-Screening

Quark loop QED like contribution Non-Abelian gluon contribution
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Brief History of QCD beta function

1954 Yang and Mills introduced the non-Abelian gauge thoery.

1965 Vanyashin and Terentyev calculated the beta function for a massive
charged vector field theory.

1971 ’t Hooft computed the one-loop beta function for SU(3) gauge theory, but
his advisor (Veltman) told him it wasn’t interesting.

1972 Gell-Mann proposed that strong interaction is described by SU(3) gauge
theory, namely QCD.

1973 Gross and Wilczek, and independently Politzer, computed the 1-loop
beta-function for QCD.

1999 ’t Hooft and Veltman received the 1999 Nobel Prize for proving the
renormalizability of QCD.

2004 Gross, Wilczek and Politzer received the Nobel Prize.
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Confinement

Non-perturbative QCD. Mass gap between gluon and hadrons. Millennium
Prize Problem!
Linear potential⇒ constant force.
Intuitively, confinement is due to the force-carrying gluons having color
charge, as compared to photon which does not carry electric charge.
Color singlet hadrons : no free quarks and gluons in nature
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How to test QCD ?

Non-perturbative part:

Hadron mass (Lattice QCD)
Parton distributions (No free partons in the initial state)
Fragmentation function (No free quarks and gluons in the final state)

Perturbative QCD: needs to have Factorization to separate the short distances
(perturbative) physics from the long distance (non perturbative) physics.

e+e− annihilation.
Deep inelastic scattering.
Hadron-hadron collisions, such as Drell-Yan processes.

Kinematics of Lepton-Nucleon Scattering

k

k′

θ

q

P W

Drell-Yan Process

P
1

xP
1

q
2
 > 0

P
2

x
_
P

2

µ
+

µ
−

Q

Q
−

Collinear factorization demonstrates that collinear parton distribution and
fragmentation function are universal.
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e+e− annihilation

p1

p2

p3

q̄

q

g
γ∗ γ∗

p2

q̄

p3

p1

q

Phase space for real emission

Because of momentum con-
servation, q, q̄ and g lie in a
plane.

q

g
_

=

q

Useful variables are the en-
ergy fractions and invariant
masses x1

x2

singularities

xi =
2Ei√

s
, x1 + x2 + x3 = 2

yij =
2pi.pj√

s
= 1 − xk

Jets in e+e− Annihilation – p.6

Born diagram
( )

gives σ0 = αem
√

sNc
∑

q e2
q

(
4πµ2

s

)ε
Γ[2−ε]
Γ[2−2ε]

NLO: real contribution (3 body final state). xi ≡ 2Ei
Q with Q =

√
s

dσ3

dx1dx2
= CF

αs

2π
σ0

x2
1 + x2

2

(1− x1)(1− x2)

with
1

(1− x1)(1− x2)
=

1
x3

[
1

(1− x1)
+

1
(1− x2)

]

Energy conservation⇒ x1 + x2 + x3 = 2.
(p1 + p3)2 = 2p1 · p3 = (Q− p2)2 = Q2(1− x2)
x2 → 1⇒~p3 ||~p1 ⇒ Collinear Divergence (Similarly x1 → 1)
x3 → 0⇒ Soft Divergence.

16 / 78



Introduction
to QCD and

Jet

Bo-Wen
Xiao

Introduction
to QCD and
Jet

QCD Basics

Jets and
Related
Observables

Collinear
Factorization
and DGLAP
equation

Transverse
Momentum
Dependent
(TMD or kt )
Factorization

Introduction
to Saturation
Physics

The BFKL
evolution
equation

Balitsky-
Kovchegov
evolution

Forward
Hadron
Productions in
pA Collisions

Sudakov factor

Dimensional Regularization

To generate a finite contribution to the total cross section, use the standard
procedure dimensional regularization:

Analytically continue in the number of dimensions from d = 4 to d = 4− 2ε.

Convert the soft and collinear divergence into poles in ε.

To keep gs dimensionless, substitue gs → gsµ
ε with renormalization scale µ.

At the end of the day, one finds

σr = σ0
αs(µ)

2π
CF

(
Q2

4πµ2

)−ε
Γ[1− ε]
Γ[1− 2ε]

[
2
ε2 +

3
ε

+
19
2
− 2π2

3

]

σv = σ0
αs(µ)

2π
CF

(
Q2

4πµ2

)−ε
Γ[1− ε]
Γ[1− 2ε]

[
− 2
ε2 −

3
ε
− 8 +

2π2

3

]

and the sum limε→0 σ = σ0

(
1 + 3

4 CF
αs(µ)
π

+O(α2
s )
)

.

Cancellation between real and virtual for total cross section. Bloch-Nordsieck
theorem

For more exclusive observables, the cancellation is not always complete. One
needs to do subtractions of 1

ε
+ ln 4π − γE (MS scheme).

Sterman-Weinberg Jets.
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Sterman-Weinberg Jets

Definition: We define, an event contributes if we can find two cones of opening
angle δ that contain all of the energy of the event, excluding at most a fraction ε of
the total, as the production of a pair of Sterman Weinberg jets.

Fig. 11: Sterman–Weinberg jets.

All the Born cross section contributes to the Sterman–Weinberg cross section, irrespective of the
value of and (fig. 12a).

All the virtual cross section contributes to the Sterman–Weinberg cross section, irrespective of the
value of and (fig. 12b).

The real cross section, with one gluon emission, when the energy of the emitted gluon is limited
by (fig. 12c), contributes to the Sterman–Weinberg cross section.

The real cross section, when , when the emission angle with respect to the quark (or
antiquark) is less than (fig. 12d), contributes to the Sterman–Weinberg cross section.

The various divergent contributions are given formally by

Born (74)

Virtual (75)

Real (c) (76)

Real (d) (77)

Observe that the expression of the virtual term is fixed by the fact that it has to cancel the total of the real
contribution. Since we are looking only at divergent terms, and since the virtual term is independent of
and , the expression (75) is fully adequate for our purposes. Summing all terms we get

Born Virtual Real (a) Real (b)

(78)

which is finite, as long as and are finite. Furthermore, as long as and are not too small, we find
that the fraction of events with two Sterman-Weinberg jets is 1, up to a correction of order .

20

Jets in experiments are defined as a collimated distribution of hadrons with
total energy E within the jet cone size R ≡

√
δφ2 + δη2.

Jets in QCD theory are defined as a collimated distribution of partons. Need to
assume the parton-hadron duality.
Jet finding algorithm: (kt, cone and anti-kt)See other lecture.
[M. Cacciari, G. P. Salam and G. Soyez, 08]
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e+e− → γ∗ → jets

Fig. 12: Contributions to the Sterman–Weinberg cross–section. Born: (a), virtual: (b), real emission: (c) and (d).

Now we are ready to perform a qualitative step: we interpret the Sterman-Weinberg cross section,
computed using the language of quarks and gluons, as a cross section for producing hadrons. Thanks to
this qualitative step, we make the following prediction: at high energy, most events have a large fraction
of the energy contained in opposite cones, that is to say most events are two jet events. As the energy
becomes larger becomes smaller. Therefore we can use smaller values of and to define our jets.
Thus, at higher energies jets become thinner.

It should be clear now to the reader that, by the same reasoning followed so far, the angular
distribution of the jets will be very close, at high energy, to the angular distribution one computes using
the Born cross section, that is to say, the typical distribution. These predictions have been
verified experimentally since a long time.

4.2 A comparison with QED
The alert reader will have probably realized that the discussion given in this section could have been
given as well with respect to electrodynamics. In fact, the Feynman diagrams we have considered are
present also in electrodynamic processes, like , and they differ from the QCD graphs
only by the color factor. Thus, from the previous discussion, we would infer that Sterman-Weinberg
jets in electrodynamic processes at high energy do not depend upon long distance features of the theory.
For example, they become independent from the mass when . Also in electrodynamics, the
cross section for producing a pair plus a photon is divergent, as is divergent the cross section for
producing the pair without any photon. In many books on quantum electrodynamics these divergences
are discussed, and it is shown that a resolution parameter for the minimum energy of a photon is needed
in order to have finite cross section order by order in perturbation theory. In electrodynamics, we can
go even farther, and prove that by resumming the whole tower of divergent graphs, the infinite negative
virtual correction to the production of a pair with no photons exponentiates, and gives a zero cross
section. In other words, as it is well known, it is impossible to produce charged pairs without producing

21

a. The Born contribution: σ0, following the earlier calculation:

b. The virtual contribution: −σ0CF
αs
2π

∫ E
0

dl
l

∫ π
0

4d cos θ
(1−cos θ)(1+cos θ)

c. The soft real contribution: σ0CF
αs
2π

∫ εE
0

dl
l

∫ π
0

4d cos θ
(1−cos θ)(1+cos θ)

d. The hard real contribution: σ0CF
αs
2π

∫ E
εE

dl
l

[∫ δ
0 +

∫ π
π−δ

]
4d cos θ

(1−cos θ)(1+cos θ)

sum = σ0

[
1− CF

αs
2π

∫ E
εE

dl
l

∫ π−δ
δ

4d cos θ
1−cos2 θ

]
= σ0

[
1− 4CFαs

π
ln ε ln δ

]

More complete results including finite ε, δ corrections. [B.G. Weeks, 1979]
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Infrared Safety

We have encountered two kinds of divergences: collinear divergence and soft
divergence.
Both of them are of the Infrared divergence type.That is to say, they both
involve long distance.

According to uncertainty principle, soft↔ long distance;
Also one needs an infinite time in order to specify accurately the particle momenta,
and therefore their directions.

For a suitable defined inclusive observable (e.g., σe+e−→hadrons), there is a
cancellation between the soft and collinear singularities occurring in the real
and virtual contributions. Kinoshita-Lee-Nauenberg theorem

Any new observables must have a definition which does not distinguish
between

parton↔ parton + soft gluon
parton↔ two collinear partons

Observables that respect the above constraint are called infrared safe
observables. Infrared safety is a requirement that the observable is calculable
in pQCD.

Other infrared safe observables, for example, Thrust: T = max
∑

i |pi·n|∑
i |pi| ...
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Thrust

Global observable reflecting the structure of the hadronic events in e+e−:

T = max~n

∑
i |pi · n|∑

i |pi|

Event shape variables

global observable characterising structure of hadronic event

e.g. Thrust in e+e−

T = max!n

∑n
i=1 |!pi · !n|∑n

i=1 |!pi|

limiting values:
back-to-back (two-jet)
limit: T = 1

spherical limit: T = 1/2

Ecm=91.2 GeV

Ecm=133 GeV

Ecm=161 GeV

Ecm=172 GeV

Ecm=183 GeV

Ecm=189 GeV

Ecm=200 GeV

Ecm=206 GeV

T

ALEPH

O( s
2) + NLLA

1/
 d

/d
T

10
-2

10
-1

1

10

10 2

10 3

10 4

10 5

10 6

10 7

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Jets in e+e− Annihilation – p.7

T = 1

Event shape variables

global observable characterising structure of hadronic event

e.g. Thrust in e+e−

T = max!n

∑n
i=1 |!pi · !n|∑n

i=1 |!pi|

limiting values:
back-to-back (two-jet)
limit: T = 1

spherical limit: T = 1/2

Ecm=91.2 GeV

Ecm=133 GeV

Ecm=161 GeV

Ecm=172 GeV

Ecm=183 GeV

Ecm=189 GeV

Ecm=200 GeV

Ecm=206 GeV

T

ALEPH

O( s
2) + NLLA

1/
 d

/d
T

10
-2

10
-1

1

10

10 2

10 3

10 4

10 5

10 6

10 7

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Jets in e+e− Annihilation – p.7

T = 1/2

For 3-particle event, in terms of x1 and x2, the cross section is

dσ3

σ0dx1dx2
=

CFαs

2π
x2

1 + x2
2

(1− x1)(1− x2)

In this case, T = max[x1, x2, x3]

By symmetrizing xi, and requiring x1 > x2 > x3, we get T = x1 > 2/3 and

dσ3

σ0dT
=

2CFαs

2π

∫ T

1−2T
dx2

[
x2

1 + x2
2

(1− x1)(1− x2)
+ (x1 → x3) + (x2 → x3)

]

=
CFαs

2π

[
2(3T2 − 3T + 2)

T(1− T)
ln

2T − 1
1− T

− 3(3T − 2)(2− T)

1− T

]
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Thrust

dσ3

σ0dT
=

CFαs

2π

[
2(3T2 − 3T + 2)

T(1− T)
ln

2T − 1
1− T

+
3(2− 3T)(2− T)

1− T

]
O(αs) Thrust distribution

0.6 0.7 0.8 0.9 1
T

10-2

10-1

100

101

102

1/
σ o

 d
σ/

dT

OPAL
O(αs) with αs = 0.2434

deficiency at small T due to kinematic bound
shape good 0.75 < T < 0.95

Jets in e+e− Annihilation – p.11

Spin of the gluon

If the gluon is a scalar, it
would be evident in the event
shape.

Lint ∼ ḡsΨ̄iT
a
ijΦ

aΨj

leads to

1

σ0
qq̄

d2σ

dx1dx2
∼ x2

3

2(1 − x1)(1 − x2)

1

σ0
qq̄

dσ

dT
=

ᾱsCF

2π

1

2

[
2 log

(
2T − 1

1 − T

)
+

(3T − 2)(4 − 3T )

1 − T

]

Jets in e+e− Annihilation – p.12

Deficiency at low T due to kinematics. T > 2/3 at this order.
Miss the data when T → 1 due to divergence. Sudakov factor!

dσ
σ0dT

|T→1 ∼ 4CFαs

2π
4

(1− T)
ln

1
1− T

exp
[
−αsCF

π
ln2(1− T)

]

Indication of gluon being a vector boson instead of a scalar.
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Fragmentation function

Factorization of single inclusive hadron production in e+e−:

1
σ0

dσ(e+e− → h + X)

dx
=
∑

i

∫ 1

x
Ci

(
z, αs(µ

2), s/µ2
)

Dh/i(x/z, µ2) +O(1/s)

Dh/i(x/z, µ2) encodes the probability that the parton i fragments into a hadron
h carrying a fraction z of the parton’s momentum.
Energy conservation⇒

∑

h

∫ 1

0
dzzDh

i (z, µ2) = 1

Heavy quark fragmentation function: Peterson fragmentation function
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Outline

1 Introduction to QCD and Jet
QCD Basics
Jets and Related Observables
Collinear Factorization and DGLAP equation
Transverse Momentum Dependent (TMD or kt) Factorization

2 Introduction to Saturation Physics
The BFKL evolution equation
Balitsky-Kovchegov evolution
Forward Hadron Productions in pA Collisions
Sudakov factor
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Light Cone coordinates and gauge

For a relativistic hadron moving in the +z direction

Motivation

Dipole picture for DIS

Non–linear evolution: BK
!Bremsstrahlung
!BFKL Evolution
! Light Cone
!Dipole splitting
!Dipole evolution
!Balitsky equation
!BK equation

SCHOOL ON QCD, LOW X PHYSICS, SATURATION AND DIFFRACTION: Copanello (Calabria, Italy), July 1 - 14 2007 Non–linear evolution & Gluon saturation in QCD at high energy (I) – p. 25

Light Cone notations & Kinematics
" The hadron moves in the positive z direction, with v ! c = 1

" Longitudinal momentum P " M =⇒ P µ = (E ≈ P, 0, 0, P )

P+ ≡ 1√
2
(E + P ) !

√
2P , P − ≡ 1√

2
(E − P ) ! 0

" Even for the quantum system, the wavefunction is strongly
localized near x− = 0 (“pancake”)

∆x− ∼ 1

P+
∼ 1

γM
) 1

M

In this frame, the momenta are defined

P+ =
1√
2

(P0 + P3) and P− =
1√
2

(P0 − P3)→ 0

P2 = 2P+P− − P2
⊥

Light cone gauge for a gluon with momentum kµ = (k+, k−, k⊥), the
polarization vector reads

kµεµ = 0⇒ ε = (ε+ = 0, ε− =
ε⊥ · k⊥

k+
, ε±⊥) with ε±⊥ =

1√
2

(1,±i)
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Deep inelastic scattering

Summary of DIS:
dσ

dE′dΩ
=
αem2

Q4

E′

E
LµνWµν

with Lµν the leptonic tensor and Wµν defined as

Wµν =

(
−gµν +

qµqν
q2

)
W1

+
1

m2
p

(
Pµ − P · q

q2 qµ
)(

Pν − P · q
q2 qν

)
W2

Introduce the dimensionless structure function:

F1 ≡ W1 and F2 ≡ Q2

2mpx
W2

⇒ dσ
dxdy

=
α4πsem2

Q4

[
(1− y)F2 + xy2F1

]
with y =

P · q
P · k .

Quark Parton Model: Callan-Gross relation

F2(x) = 2xF1(x) =
∑

q

e2
qx [fq(x) + fq̄(x)] .
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Callan-Gross relation

The relation (FL = F2 − 2xF1) follows from the fact that a spin- 1
2 quark cannot absorb a

longitudinally polarized vector boson.
In contrast, spin-0 quark cannot absorb transverse bosons and so would give F1 = 0.
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Parton Density

The probabilistic interpretation of the parton density.

⇒ fq(x) =

∫
dζ−

4π
eixP+ζ−〈P

∣∣ψ̄(0)γ+ψ(0, ζ−)
∣∣P〉

Comments:
Gauge link L is necessary to make the parton density gauge invariant.

L(0, ζ−) = P exp

(∫ ζ−

0
dsµAµ

)

Choose light cone gauge A+ = 0 and B.C., one can eliminate the gauge link.
Now we can interpret fq(x) as parton density in the light cone frame.
Evolution of parton density: Change of resolution

13J.Pawlowski / U. Uwer

Advanced Particle Physics: VII. Quantum Chromodynamics

QCD explains observed scaling violation

Large x: valence quarks Small x: Gluons, sea quarks

Q2 F2 for fixed x Q2 F2 for fixed x

Scaling violation is one of the clearest manifestation of 
radiative effect predicted by QCD.

Quantitative description of scaling violation 

)()()()( 2
1

0

2
2 xqexdxqexxF i

i
i

i
ii

P

Quark Parton Model

QCD

P

x
/xz

)log()(P
2

~

)(P
2

~

2
0

2

qq

2

2

qq

2

2
0

Q
z

k
dkz

s

Q

T

Ts

Tkk,

2
0

21

0

22
2 log)(P

2
)1()(),(

Qxx
q

d
exQxF qq

s

i
ii

Pqq probability of a quark 
to emit gluon and 
becoming a quark with 
momentum reduced by 
fraction z.

0 cutoff parameter 

M
Qx

2

2

)(
1

)( x
a

ax

x

x x

At low-x, dominant channels are different.
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Drell-Yan process

For lepton pair productions in hadron-hadron collisions:

the cross section is
dσ

dM2dY
=
∑

q

x1fq(x1)x2fq̄(x2)
1
3

e2
q

4πα2

3M4 with Y =
1
2

ln
x1

x2
.

Collinear factorization proof shows that fq(x) involved in DIS and Drell-Yan
process are the same.
At low-x and high energy, the dominant channel is qg→ qγ∗(l+l−).

g

q
γ∗

l̄

l
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Splitting function

P0
qq(ξ) =

1 + ξ2

(1− ξ)+
+

3
2
δ(1− ξ),

P0
gq(ξ) =

1
ξ

[
1 + (1− ξ)2

]
,

P0
qg(ξ) =

[
(1− ξ)2 + ξ2

]
,

P0
gg(ξ) = 2

[
ξ

(1− ξ)+

+
1− ξ
ξ

+ ξ(1− ξ)
]

+

(
11
6
− 2Nf TR

3Nc

)
δ(1− ξ).

ξ = z = x
y .

∫ 1
0

dξf (ξ)
(1−ξ)+ =

∫ 1
0

dξ[f (ξ)−f (1)]
1−ξ ⇒

∫ 1
0

dξ
(1−ξ)+ = 0
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Derivation of P0
qq(ξ)

The real contribution:

1

2

3

k1 = (P+, 0, 0⊥) ; k2 = (ξP+,
k2
⊥

ξP+
, k⊥)

k3 = ((1− ξ)P+,
k2
⊥

(1− ξ)P+
,−k⊥) ε3 = (0,−

2k⊥ · ε
(3)
⊥

(1− ξ)P+
, ε

(3)
⊥ )

|Vq→qg|2 =
1
2

Tr (/k2γµ/k1γν)
∑

ε∗µ3 εν3 =
2k2
⊥

ξ(1− ξ)
1 + ξ2

1− ξ

⇒ Pqq(ξ) =
1 + ξ2

1− ξ
(ξ < 1)

Including the virtual graph , use
∫ 1

a
dξg(ξ)

(1−ξ)+ =
∫ 1

a
dξg(ξ)

1−ξ − g(1)
∫ 1

0
dξ

1−ξ

αsCF

2π

[∫ 1

x

dξ
ξ

q(x/ξ)
1 + ξ2

1− ξ
− q(x)

∫ 1

0
dξ

1 + ξ2

1− ξ

]
=

αsCF

2π

[∫ 1

x

dξ
ξ

q(x/ξ)
1 + ξ2

(1− ξ)+
− q(x)

∫ 1

0
dξ

1 + ξ2

(1− ξ)+

]
︸ ︷︷ ︸

=− 3
2

.
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Derivation of P0
qq(ξ)

The real contribution:

1

2

3

k1 = (P+, 0, 0⊥) ; k2 = (ξP+,
k2
⊥
ξP+

, k⊥)

k3 = ((1 − ξ)P+,
k2
⊥

(1 − ξ)P+
,−k⊥) ε3 = (0,−

2k⊥ · ε
(3)
⊥

(1 − ξ)P+
, ε

(3)
⊥ )

|Vq→qg|2 =
1
2

Tr (/k2γµ/k1γν)
∑

ε∗µ3 εν3 =
2k2
⊥

ξ(1− ξ)
1 + ξ2

1− ξ

⇒ Pqq(ξ) =
1 + ξ2

1− ξ (ξ < 1)

Regularize 1
1−ξ to 1

(1−ξ)+ by including the divergence from the virtual graph.
Probability conservation:

Pqq + dPqq = δ(1− ξ) +
αsCF

2π
P0

qq(ξ)dt and
∫ 1

0
dξPqq(ξ) = 0,

⇒ Pqq(ξ) =
1 + ξ2

(1− ξ)+
+

3
2
δ(1− ξ) =

(
1 + ξ2

1− ξ

)

+

.
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Derivation of P0
gg(ξ)

1

2

3

k1 = (P+, 0, 0⊥) ε1 = (0, 0, ε(1)
⊥ ) with ε

±
⊥ =

1
√

2
(1,±i)

k2 = (ξP+,
k2
⊥
ξP+

, k⊥) ε2 = (0,
2k⊥ · ε

(2)
⊥

ξP+
, ε

(2)
⊥ )

k3 = ((1 − ξ)P+,
k2
⊥

(1 − ξ)P+
,−k⊥) ε3 = (0,−

2k⊥ · ε
(3)
⊥

(1 − ξ)P+
, ε

(3)
⊥ )

Vg→gg = (k1 + k3) · ε2ε1 · ε3 + (k2 − k3) · ε1ε2 · ε3 − (k1 + k2) · ε3ε1 · ε2

⇒ |Vg→gg|2 = |V+++|2 + |V+−+|2 + |V++−|2 = 4k2
⊥

[1− ξ(1− ξ)]2

ξ2(1− ξ)2

⇒ Pgg(ξ) = 2
[

1− ξ
ξ

+
ξ

1− ξ + ξ(1− ξ)
]

(ξ < 1)

Regularize 1
1−ξ to 1

(1−ξ)+
Momentum conservation:

∫ 1

0
dξ ξ [Pqq(ξ) + Pgq(ξ)] = 0

∫ 1

0
dξ ξ [2Pqg(ξ) + Pgg(ξ)] = 0,

⇒ the terms which is proportional to δ(1− ξ).
33 / 78



Introduction
to QCD and

Jet

Bo-Wen
Xiao

Introduction
to QCD and
Jet

QCD Basics

Jets and
Related
Observables

Collinear
Factorization
and DGLAP
equation

Transverse
Momentum
Dependent
(TMD or kt )
Factorization

Introduction
to Saturation
Physics

The BFKL
evolution
equation

Balitsky-
Kovchegov
evolution

Forward
Hadron
Productions in
pA Collisions

Sudakov factor

DGLAP equation

In the leading logarithmic approximation with t = lnµ2, the parton distribution and
fragmentation functions follow the DGLAP[Dokshitzer, Gribov, Lipatov, Altarelli,
Parisi, 1972-1977] evolution equation as follows:

d
dt

[
q (x, µ)
g (x, µ)

]
=
α (µ)

2π

∫ 1

x

dξ
ξ

[
CFPqq (ξ) TRPqg (ξ)
CFPgq (ξ) NcPgg (ξ)

] [
q (x/ξ, µ)
g (x/ξ, µ)

]
,

and

d
dt

[
Dh/q (z, µ)
Dh/g (z, µ)

]
=
α (µ)

2π

∫ 1

z

dξ
ξ

[
CFPqq (ξ) CFPgq (ξ)
TRPqg (ξ) NcPgg (ξ)

] [
Dh/q (z/ξ, µ)
Dh/g (z/ξ, µ)

]
,

Comments:
In the double asymptotic limit, Q2 →∞ and x→ 0, the gluon distribution can
be solved analytically and cast into

xg(x, µ2) ' exp

(
2

√
αsNc

π
ln

1
x

ln
µ2

µ2
0

)
Fixed coupling

xg(x, µ2) ' exp

(
2

√
Nc

πb
ln

1
x

ln
lnµ2/Λ2

lnµ2
0/Λ

2

)
Running coupling

The full DGLAP equation can be solved numerically.
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Collinear Factorization at NLO

PDF PDF

FF FF

P P

h

Use MS scheme ( 1
ε̂

= 1
ε

+ ln 4π − γE) and dimensional regularization, DGLAP
equation reads[

q (x, µ)
g (x, µ)

]
=

[
q(0) (x)

g(0) (x)

]
−

1
ε̂

α (µ)

2π

∫ 1

x

dξ
ξ

[
CFPqq (ξ) TRPqg (ξ)
CFPgq (ξ) NcPgg (ξ)

] [
q (x/ξ)
g (x/ξ)

]
,

and[
Dh/q (z, µ)
Dh/g (z, µ)

]
=

 D(0)
h/q (z)

D(0)
h/g (z)

−1
ε̂

α (µ)

2π

∫ 1

z

dξ
ξ

[
CFPqq (ξ) CFPgq (ξ)
TRPqg (ξ) NcPgg (ξ)

] [
Dh/q (z/ξ)
Dh/g (z/ξ)

]
.

Soft divergence cancels between real and virtual diagrams;

Gluon collinear to the initial state quark⇒ parton distribution function; Gluon collinear
to the final state quark⇒ fragmentation function. KLN theorem does not apply.

Other kinematical region of the radiated gluon contributes to
the NLO (O(αs) correction) hard factor.
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DGLAP evolution

H1 and ZEUS

x = 0.00005, i=21
x = 0.00008, i=20

x = 0.00013, i=19
x = 0.00020, i=18

x = 0.00032, i=17
x = 0.0005, i=16

x = 0.0008, i=15
x = 0.0013, i=14

x = 0.0020, i=13
x = 0.0032, i=12

x = 0.005, i=11
x = 0.008, i=10

x = 0.013, i=9
x = 0.02, i=8

x = 0.032, i=7
x = 0.05, i=6

x = 0.08, i=5
x = 0.13, i=4

x = 0.18, i=3

x = 0.25, i=2

x = 0.40, i=1

x = 0.65, i=0

Q2/ GeV2

r,
N

C
(x

,Q
2 ) x

 2
i

+

HERA I NC e+p
Fixed Target
HERAPDF1.0

10
-3

10
-2

10
-1

1

10

10 2

10 3

10 4

10 5

10 6

10 7

1 10 10 2 10 3 10 4 10 5

NLO DGLAP fit yields negative gluon distribution at low Q2 and low x.

Does this mean there is no gluons in that region? No
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Phase diagram in QCD

Low Q2 and low x region⇒ saturation region.
Use BFKL equation and BK equation instead of DGLAP equation.
BK equation is the non-linear small-x evolution equation which describes
the saturation physics.
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Collinear Factorization vs k⊥ Factorization

Collinear Factorization

xp+, k⊥ = 0 xp+, k⊥ = 0

k⊥ Factorization(Spin physics and saturation physics)

The incoming partons carry no k⊥ in the Collinear Factorization.

In general, there is intrinsic k⊥. It can be negligible for partons in protons, but should be
taken into account for the case of nucleus target with large number of nucleons
(A→∞).

k⊥ Factorization: High energy evolution with k⊥ fixed.

Initial and final state interactions yield different gauge links. (Process dependent)

In collinear factorization, gauge links all disappear in the light cone gauge, and PDFs are
universal.
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kt dependent parton distributions

The unintegrated quark distribution

fq(x, k⊥) =

∫
dξ−d2ξ⊥
4π(2π)2 eixP+ξ−+iξ⊥·k⊥〈P

∣∣∣ψ̄(0)L†(0)γ+L(ξ−, ξ⊥)ψ(ξ⊥, ξ
−)
∣∣∣P〉

as compared to the integrated quark distribution

fq(x) =

∫
dξ−

4π
eixP+ξ−〈P

∣∣ψ̄(0)γ+L(ξ−)ψ(0, ξ−)
∣∣P〉

The dependence of ξ⊥ in the definition.
Gauge invariant definition.
Light-cone gauge together with proper boundary condition⇒ parton density
interpretation.
The gauge links come from the resummation of multiple gluon interactions.
Gauge links may vary among different processes.
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Two Different Gluon Distributions

[F.Dominguez, BX and F. Yuan, PRL, 11]
I. Weizsäcker Williams gluon distribution: Gauge Invariant definitions

xG(1) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [+]†F+i(0)U [+]|P〉.

II. Color Dipole gluon distributions: Gauge Invariant definitions

xG(2) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [−]†F+i(0)U [+]|P〉.

ξ
−

ξT

ξ
−

ξT

U [−] U [+]

The WW gluon distribution is the conventional gluon distributions.
Quadrupole⇒ Direct measurement: DIS dijet, etc.

The dipole gluon distribution has no such interpretation.
Dipole⇒ γ-jet correlation in pA.
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TMD factorization

One-loop factorization:

For gluon with momentum k

k is collinear to initial quark⇒ parton distribution function;

k is collinear to the final state quark⇒ fragmentation function.

k is soft divergence (sometimes called rapidity divergence)⇒Wilson lines
(Soft factor) or small-x evolution for gluon distribution.

Other kinematical region of the radiated gluon contributes to
the NLO (O(αs) correction) hard factor.

See new development in Collins’ book.
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Deep into low-x region of Protons

Gluon splitting functions (P0
qq(ξ) and P0

gg(ξ)) have 1/(1− ξ) singularities.

Partons in the low-x region is dominated by gluons.

Resummation of the αs ln 1
x .
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Dual Descriptions of Deep Inelastic Scattering

[A. Mueller, 01; Parton Saturation-An Overview]

Bjorken frame Dipole frame

...

Bjorken frame
F2(x,Q2) =

∑

q

e2
qx
[
fq(x,Q2) + fq̄(x,Q2)

]
.

Dipole frame

F2(x,Q2) =
∑

f

e2
f

Q2

4π2αem

∫ 1

0
dz
∫

d2x⊥d2y⊥
[
|ψT (z, r⊥,Q)|2 + |ψL (z, r⊥,Q)|2

]

× [1− S (r⊥)] , with r⊥ = x⊥ − y⊥.

Bjorken: partonic picture of a hadron is manifest. Saturation shows up
as a limit on the occupation number of quarks and gluons.
Dipole: partonic picture is no longer manifest. Saturation appears as the
unitarity limit for scattering. Easy to resum the multiple gluon interactions.
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BFKL evolution

[Balitsky, Fadin, Kuraev, Lipatov;74] The infrared sensitivity of Bremsstrahlung
favors the emission of small-x gluons:

p

x << 1

kz = xp

kz1 = x1p

kz = xp

x << x1

p p

x << xn

xn << xn−1

x2 << x1

x1 << 1

Probability of emission:

dp ∼ αsNc
dkz

kz
= αsNc

dx
x

In small-x limit and Leading log approximation:

p ∼
∞∑

n=0

αn
s Nn

c

∫ 1

x

dxn

xn
· · ·
∫ 1

x2

dx1

x1
∼ exp

(
αsNc ln

1
x

)
Exponential growth of the amplitude as function of rapidity;

As compared to DGLAP which resums αsC ln Q2

µ2
0

.
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Derivation of BFKL evolution

Dipole model. [Mueller, 94]
Consider a Bremsstrahlung emission of soft gluon zg � 1,

P+ (1 − ξ)P+, −k⊥

ξP+, k⊥

T a
ij

and use LC gauge ε = (ε+ = 0, ε− = ε⊥·k⊥
k+ , ε±⊥)

M(k⊥) = −2igTa ε⊥ · k⊥
k2
⊥

q→ qg vertex and Energy denominator.

Take the limit k+
g → 0.

Similar to the derivation of Pqq(ξ).
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The dipole splitting kernal

The Bremsstrahlung amplitude in the coordinate space

x⊥

z⊥

M(x⊥ − z⊥) =

∫
d2k⊥eik⊥·(x⊥−z⊥)M(k⊥)

Use
∫

d2k⊥
ε⊥ · k⊥

k2
⊥

eik⊥·b⊥ = 2πi
ε⊥ · b⊥

b2
⊥

,

⇒ M(x⊥ − z⊥) = 4πgTa ε⊥ · (x⊥ − z⊥)

(x⊥ − z⊥)2
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The dipole splitting kernal

Consider soft gluon emission from a color dipole in the coordinate space (x⊥, y⊥)

x⊥

z⊥

taij ji

i

y⊥

x⊥

z⊥

y⊥

M(x⊥, z⊥, y⊥) = 4πgTa
[
ε⊥ · (x⊥ − z⊥)

(x⊥ − z⊥)2 − ε⊥ · (y⊥ − z⊥)

(y⊥ − z⊥)2

]
⇒

x⊥
z⊥
y⊥

= αsNc

2π2

(x⊥−y⊥)
2

(x⊥−z⊥)
2
(y⊥−z⊥)

2=

The probability of dipole splitting at large Nc limit

dPsplitting =
αsNc

2π2

(x⊥ − y⊥)2

(x⊥ − z⊥)2(x⊥ − z⊥)2 d2z⊥dY with dY =
dk+

g

k+
g

Gluon splitting⇔ Dipole splitting.
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BFKL evolution in Mueller’s dipole model

[Mueller; 94] In large Nc limit, BFKL evolution can be viewed as dipole branching
in a fast moving qq̄ dipole in coordinate space:

Y0 Y1 YY2<<<< <<

n(r, Y) dipoles of size r. BFKL Pomeron
The T matrix (T ≡ 1− S with S being the scattering matrix) basically just counts
the number of dipoles of a given size,

T(r, Y) ∼ α2
s n(r, Y)

The probability of emission is ᾱs
(x−y)2

(x−z)2(z−y)2 ;

Assume independent emissions with large separation in rapidity.
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BFKL equation

Consider a slight change in rapidity and the Bremsstrahlung emission of soft gluon
(dipole splitting)

∂Y =

x

y

z

∂Y T(x, y; Y) =
ᾱs

2π

∫
d2z

(x− y)2

(x− z)2(z− y)2 [T(x, z; Y) + T(z, y; Y)− T(x, y; Y)]
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Kovchegov equation

[Kovchegov; 99] [Mueller; 01] Including non-linear effects: (T ≡ 1− S)

∂S
∂Y =

x

y

z

x

z

y

∂Y S(x− y; Y) =
αNc

2π2

∫
d2z

(x− y)2

(x− z)2(z− y)2
[S(x− z; Y)S(z− y; Y)− S(x− y; Y)]

∂Y T(x− y; Y) =
αNc

2π2

∫
d2z

(x− y)2

(x− z)2(z− y)2

×

T(x− z; Y) + T(z− y; Y)− T(x− y; Y)− T(x− z; Y)T(z− y; Y)︸ ︷︷ ︸
saturation


Linear BFKL evolution results in fast energy evolution.

Non-linear term⇒ fixed point (T = 1) and unitarization, and thus saturation.
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Phase diagram in QCD

Low Q2 and low x region⇒ saturation region.

Balitsky-Kovchegov equation is the non-linear small-x evolution equation
which describes the saturation physics.
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Balitsky-Kovchegov equation vs F-KPP equation

[Munier, Peschanski, 03] Consider the case with fixed impact parameter, namely,
Txy is only function of r = x− y. Then, transforming the B-K equation into
momentum space:

BK equation: ∂Y T = ᾱχBFKL(−∂ρ)T − ᾱT2 with ᾱ =
αNc

π
Diffusion approximation⇒
F-KPP equation: ∂tu(x, t) = ∂2

x u(x, t) + u(x, t)− u2(x, t)

u⇒ T , ᾱY ⇒ t, % = log(k2/k2
0)⇒ x, with k0 being the reference scale;

B-K equation lies in the same universality class as the F-KPP
[Fisher-Kolmogrov-Petrovsky-Piscounov; 1937] equation.

F-KPP equation admits traveling wave solution u = u (x− vt) with minimum
velocity;

the non-linear term saturates the solution in the infrared.
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Geometrical scaling

Geometrical scaling in DIS:

T (r, Y) = T
[
r2Q2

s (Y)
]

=
[
r2Q2

s (Y)
]γc

exp

[
− log2 (r2Q2

s (Y)
)

2χ′′ (γc) ᾱY

]

︸ ︷︷ ︸
Scaling window

All data of σγ
∗p

tot when x ≤ 0.01 and 1
r2 = Q2 ≤ 450GeV2 plotting as function

of τ = Q2/Q2
s falls on a curve, where Q2

s =
( x0

x

)0.29 GeV2 with x0 = 3× 10−4;
scaling window: | log

(
r2Q2

s (Y)
)
| �

√
2χ′′ (γc) ᾱY .

γ∗γ∗

p,Ap,A

[Golec-Biernat, Stasto, Kwiecinski; 01]
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Forward hadron production in pA collisions

[Dumitru, Jalilian-Marian, 02] Inclusive forward hadron production in pA collisions

dσpA→hX
LO

d2p⊥dyh
=

∫ 1

τ

dz
z2


∑

f

xpqf (xp, µ)F(k⊥)Dh/q(z, µ) + xpg(xp, µ)F̃(k⊥)Dh/g(z, µ)


 .Proton-nucleus collisions

Forward single inclusive hadron production in pA collision

Towards the Test of the Saturation Physics Beyond Leading Logarithm

Anna Stasto,1 Bo-Wen Xiao,2 and David Zaslavsky3

1Department of Physics, Pennsylvania State University, University Park, PA 16802, USA
RIKEN center, Brookhaven National Laboratory, Upton, NY 11973, USA

Institute of Nuclear Physics, Polish Academy of Science, ul. Radzikowskiego 152, Kraków, Poland
2Key Laboratory of Quark and Lepton Physics (MOE) and Institute of Particle Physics,

Central China Normal University, Wuhan 430079, China
3Department of Physics, Pennsylvania State University, University Park, PA 16802, USA

In this Letter, the first numerical analysis up to next-to-leading order (NLO) on the forward
hadron productions in pA collisions in the small-x saturation formalism is performed in the large
Nc limit. Using the NLO parton distributions and NLO fragmentation functions together with
reasonable parameters for dipole amplitudes, we can receive a good description of the available RHIC
data in dAu collisions and further make predictions for pPb scatterings at the LHC. This analysis
not only incorporates the important NLO corrections for all partonic channels, but also reduces the
renormalisation scale dependences and therefore help to lower the theoretical uncertainties. The
development of this NLO analysis can provide us the test of saturation physics beyond leading
logarithmic approximation and shall play an important role in the search for signals of the gluon
saturation phenomena at the LHC.

PACS numbers:

Introduction Prior to the quantum chromodynamics
(QCD) era, the strong interactions physics was studied
using the analytic properties of the scattering matrix.
Hadron scattering was described in terms of Reggeon
and Pomeron exchanges, with the latter being domi-
nant at high energies. Shortly after the discovery of the
QCD as the microscopic theory which is responsible for
the strong interaction, the BFKL Pomeron [1], was de-
rived from perturbative calculations in QCD. It predicted
strong rise of the gluon density with decreasing longitu-
dinal momentum fraction x which in turn leads to the
strong growth of the cross section with increasing energy.
On a microscopic level it was understood that this strong
growth is due to the fact that the Bremsstrahlung radi-
ation favors small-x gluons. BFKL equation performs
resummation of the large logarithms (αs ln 1/x)

n
which

appear when considering gluon radiation at high ener-
gies. Furthermore, it is expected that, when too many
gluons are squeezed in a confined hadron, they start to
overlap and recombine, and thus reach a balance between
radiation and recombination. This is known as the gluon
saturation phenomenon. To include the effect of satu-
ration, a non-linear term in the evolution equation was
introduced [2, 3]. A complete derivation of the nonlin-
ear evolution equation, the BK-JIMWLK equation, was
performed in [4–6]. A characteristic feature of the solu-
tion to the nonlinear evolution equation is the emergence
of the dynamical scale, the saturation momentum Qs(x)
which separates the dense saturated parton regime from
the dilute regime.

The quest for the signal of the gluon saturation has
been especially important in the context of the nucleon-
nucleus experiments at RHIC and the LHC [7], and con-
stitutes a vital part of the scientific program for the
planned electron-ion colliders [8]. Among many exper-

imental observables which can reveal the parton satu-
ration phenomenon, the forward single inclusive hadron
productions in proton-nucleus (pA) collisions is unique
in terms of its simplicity and accuracy.

Forward single inclusive hadron production in pA col-
lisions p + A → h(y, p⊥) + X can be viewed as follows:
a collinear parton from the proton projectile scatters off
the dense nuclear target A and subsequently fragments
into a measured forward hadron at rapidity y with trans-
verse momentum p⊥. Measuring the produced hadron
at forward rapidity y is particularly interesting since the
proton projectile with relatively large x is always dilute
while the nuclear target with small xg is dense in this
kinematic region. When p⊥ ∼ Qs(xg) # ΛQCD, one
should expect that gluon saturation plays an important
role, while the traditional collinear factorization, which
does not include multiple scatterings and small-x evo-
lutions, breaks down. This observable is also relatively
simple in the large Nc limit since it only then depends
on the dipole amplitude which has been studied most ex-
tensively. Previous phenomenological studies [7, 9–13] on
this topic either used the leading-order effective factor-
ization [9] or the kt factorization together with the run-
ning coupling corrections to the LL BK equation, while
the complete NLL (in αs ln 1/x) corrections were not yet
available, therefore never fully taken into account.

In the past few years, there has been considerable
progress in the development of the effective small-x fac-
torization [15, 16] for the high energy scattering in dilute-
dense systems. In particular, the single inclusive hadron
productions in pA collisions has been computed up to the
one-loop order for all possible partonic channels, which
not only demonstrates the effective factorization by sys-
tematically eliminating all the divergences, but also al-
lows us to calculate the cross section up to next-to-

Proton projectile probed at large x
Nucleus target probed at small x

Hadron measured at large rapidity y:
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In this Letter, the first numerical analysis up to next-to-leading order (NLO) on the forward
hadron productions in pA collisions in the small-x saturation formalism is performed in the large
Nc limit. Using the NLO parton distributions and NLO fragmentation functions together with
reasonable parameters for dipole amplitudes, we can receive a good description of the available RHIC
data in dAu collisions and further make predictions for pPb scatterings at the LHC. This analysis
not only incorporates the important NLO corrections for all partonic channels, but also reduces the
renormalisation scale dependences and therefore help to lower the theoretical uncertainties. The
development of this NLO analysis can provide us the test of saturation physics beyond leading
logarithmic approximation and shall play an important role in the search for signals of the gluon
saturation phenomena at the LHC.

PACS numbers:

Introduction Prior to the quantum chromodynamics
(QCD) era, the strong interactions physics was studied
using the analytic properties of the scattering matrix.
Hadron scattering was described in terms of Reggeon
and Pomeron exchanges, with the latter being domi-
nant at high energies. Shortly after the discovery of the
QCD as the microscopic theory which is responsible for
the strong interaction, the BFKL Pomeron [1], was de-
rived from perturbative calculations in QCD. It predicted
strong rise of the gluon density with decreasing longitu-
dinal momentum fraction x which in turn leads to the
strong growth of the cross section with increasing energy.
On a microscopic level it was understood that this strong
growth is due to the fact that the Bremsstrahlung radi-
ation favors small-x gluons. BFKL equation performs
resummation of the large logarithms (αs ln 1/x)

n
which

appear when considering gluon radiation at high ener-
gies. Furthermore, it is expected that, when too many
gluons are squeezed in a confined hadron, they start to
overlap and recombine, and thus reach a balance between
radiation and recombination. This is known as the gluon
saturation phenomenon. To include the effect of satu-
ration, a non-linear term in the evolution equation was
introduced [2, 3]. A complete derivation of the nonlin-
ear evolution equation, the BK-JIMWLK equation, was
performed in [4–6]. A characteristic feature of the solu-
tion to the nonlinear evolution equation is the emergence
of the dynamical scale, the saturation momentum Qs(x)
which separates the dense saturated parton regime from
the dilute regime.

The quest for the signal of the gluon saturation has
been especially important in the context of the nucleon-
nucleus experiments at RHIC and the LHC [7], and con-
stitutes a vital part of the scientific program for the
planned electron-ion colliders [8]. Among many exper-

imental observables which can reveal the parton satu-
ration phenomenon, the forward single inclusive hadron
productions in proton-nucleus (pA) collisions is unique
in terms of its simplicity and accuracy.

Forward single inclusive hadron production in pA col-
lisions p + A → h(y, p⊥) + X can be viewed as follows:
a collinear parton from the proton projectile scatters off
the dense nuclear target A and subsequently fragments
into a measured forward hadron at rapidity y with trans-
verse momentum p⊥. Measuring the produced hadron
at forward rapidity y is particularly interesting since the
proton projectile with relatively large x is always dilute
while the nuclear target with small xg is dense in this
kinematic region. When p⊥ ∼ Qs(xg) # ΛQCD, one
should expect that gluon saturation plays an important
role, while the traditional collinear factorization, which
does not include multiple scatterings and small-x evo-
lutions, breaks down. This observable is also relatively
simple in the large Nc limit since it only then depends
on the dipole amplitude which has been studied most ex-
tensively. Previous phenomenological studies [7, 9–13] on
this topic either used the leading-order effective factor-
ization [9] or the kt factorization together with the run-
ning coupling corrections to the LL BK equation, while
the complete NLL (in αs ln 1/x) corrections were not yet
available, therefore never fully taken into account.

In the past few years, there has been considerable
progress in the development of the effective small-x fac-
torization [15, 16] for the high energy scattering in dilute-
dense systems. In particular, the single inclusive hadron
productions in pA collisions has been computed up to the
one-loop order for all possible partonic channels, which
not only demonstrates the effective factorization by sys-
tematically eliminating all the divergences, but also al-
lows us to calculate the cross section up to next-to-

Saturation effects in the nucleus could be important
Collinear factorization not expected to work
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Inclusive hadron production in small-x formalism

! At forward rapidity, the hadron is produced as follows (at LO)

! Dipole gluon distribution follows B-K evolution equation, which can be solved 
numerically

! Comparison with RHIC data
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Caveats: arbitrary choice of the renormalization scale µ and K factor.
NLO correction? [Dumitru, Hayashigaki, Jalilian-Marian, 06; Altinoluk,
Kovner 11] [Chirilli, Xiao and Yuan, 12]

Single inclusive forward particle production in p(d)-A collisions
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Why do we need NLO calculations?

13J.Pawlowski / U. Uwer

Advanced Particle Physics: VII. Quantum Chromodynamics

QCD explains observed scaling violation

Large x: valence quarks Small x: Gluons, sea quarks

Q2 F2 for fixed x Q2 F2 for fixed x

Scaling violation is one of the clearest manifestation of 
radiative effect predicted by QCD.

Quantitative description of scaling violation 
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• Now, calculate M2 ∂σ
∂M2

• Again, the derivative of the first line cancels a portion of the derivative of
the third and the remaining derivatives give results of O(α4

s) (Exercise:
Fill in the steps to show this)

• Both the renormalization and factorization scale dependences cancel to
the order calculated, although there is still residual scale dependence
due to higher order corrections

• The following plot shows the type of behavior which is typical of LO
and NLO calculations

0 0.5 1 1.5 2 2.5
µ/ET

100

1000

dσ
/d

yd
E T (

pb
/G

eV
)

p p− −−> jet + X
√s = 1800 GeV   ET = 70 GeV   2 < |y| < 3

LO
NLO

Due to quantum evolution, PDF and FF changes with scale. This introduces
large theoretical uncertainties in xf (x) and D(z). Choice of the scale at LO
requires information at NLO.

LO cross section is always a monotonic function of µ, thus it is just order of
magnitude estimate.

NLO calculation significantly reduces the scale dependence. More reliable.

K = σLO+σNLO
σLO

is not a good approximation.

NLO is vital in establishing the QCD factorization in saturation physics.
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NLO Calculation and Factorization

Factorization is about separation of short distant physics (perturbatively
calculable hard factor) from large distant physics (Non perturbative).

σ ∼ xf (x)⊗H⊗ Dh(z)⊗F(k⊥)

NLO (1-loop) calculation always contains various kinds of divergences.
Some divergences can be absorbed into the corresponding evolution equations.
The rest of divergences should be cancelled.

Hard factor
H = H(0)

LO +
αs

2π
H(1)

NLO + · · ·

should always be finite and free of divergence of any kind.

NLO vs NLL Naive αs expansion sometimes is not sufficient!

LO NLO NNLO · · ·
LL 1 αsL (αsL)2 · · ·
NLL αs αs (αsL) · · ·
· · · · · · · · ·

Evolution→ Resummation of large logs.
LO evolution resums LL; NLO⇒ NLL.
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Factorization for single inclusive hadron productions

Systematic factorization for the p + A→ H + X process
[G. Chirilli, BX and F. Yuan, Phys. Rev. Lett. 108, 122301 (2012)]

NLO calculation
Partial calculation Altinoluk, Kovner

&
Dumitru, Hayashigaki, Jalilian-Marian

Full calculation: virtual and real diagrams.
Subtractions performed according to the 

renormalization group equations

Chirilli, Xiao, Yuan

2

· · ·

H

Cp Cf

R

A X

PhP

FIG. 1. Schematic plot of the factorization, where H indicates the hard factor, R represents the rapidity divergence which
are factorized into the dipole gluon distribution of the target nucleus (A), Cp and Cf stand for the collinear divergences which
are absorbed into the parton distribution functions of the projectile proton (P ) and hadron (Ph) fragmentation functions,
respectively.

corrections will have terms that depend on the correlation functions beyond the simple two-point functions. Because
of this reason, the integral [dx⊥] represents all possible integrals at the particular order.

To evaluate NLO corrections, we will calculate the gluon radiation contributions. At one-loop order, the gluon
radiation will introduce various divergences. The factorization formula in Eq. (2) is to factorize these divergences into
the relevant factors. For example, there will be collinear divergences associated with the incoming parton distribution
and final state fragmentation functions. In addition, there is the rapidity divergence associated with SY ([x⊥]). These
divergences naturally show up in higher order calculations. The idea of the factorization is to demonstrate that these
divergences can be absorbed into the various factors in the factorization formula. After subtracting these divergences,
we will obtain the hard factors Ha→c, which describes the partonic scattering amplitude of parton a into a parton c in
the dense medium. This hard factor includes all order perturbative corrections, and can be calculated order by order.
Although there is no simple k⊥-factorization form beyond leading order formalism, we will find that in the coordinate
space, the cross section can be written into a nice factorization form as Eq. (2). Besides the explicit dependence on
the variables shown in Eq. (2), there are implicit dependences on p⊥[x⊥] in the hard coefficients as well.

Two important variables are introduced to separate different factorizations for the physics involved in this process:
the collinear factorization scale µ and the energy evolution rapidity dependence Y . The physics associated with µ
follows the normal collinear QCD factorization, whereas the rapidity factorization Y takes into account the small-x
factorization. The evolution respect to µ is controlled by the usual DGLAP evolution, whereas that for SY

a by the
Balitsky-Kovchegov (BK) evolution [23, 24]. In general, the energy evolution of any correlation functions can be given
by the JIMWLK equation[25], and the resulting equation is equivalent to the BK equation for dipole amplitudes.
In particular, our one-loop calculations will demonstrate the important contribution from this rapidity divergence.
Schematically, this factorization is shown in Fig. 1.

Our calculations should be compared to the similar calculations at next-to-leading order for the DIS structure func-
tions in the saturation formalism [26–28]. All these calculations are important steps to demonstrate the factorization
for general hard processes in the small-x saturation formalism [29]. The rest of the paper is organized as follows. In
Sec. II, we discuss the leading order results for inclusive hadron production in pA collision, where we also set up the
framework for the NLO calculations. Sec. III. is divided into four subsections, in which we calculate the NLO cross
section for the q → q, g → g, q → g and g → q channels . The summary and further discussions are given in Sec. IV.

II. THE LEADING ORDER SINGLE INCLUSIVE CROSS SECTION.

The leading order result was first formulated in Ref. [1]. For the purpose of completeness, we briefly derive the
leading order cross section to set up the baseline for the NLO calculation. Let us begin with the quark channel in pA
collisions. As illustrated in Fig. 2, the multiple scattering between the quark from the proton and the dense gluons
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Inclusive Hadron Productions in pA Collisions

Giovanni A. Chirilli,1 Bo-Wen Xiao,2 and Feng Yuan1
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We calculate inclusive hadrons production in pA collisions in the small-x saturation formalism
at one-loop order. The differential cross section is written into a factorization form in the coordi-
nate space at the next-to-leading order, while the naive form of the convolution in the transverse
momentum space does not hold. The rapidity divergence with small-x dipole gluon distribution of
the nucleus is factorized into the energy evolution of the dipole gluon distribution function, which
is known as the Balitsky-Kovchegov equation. Furthermore, the collinear divergences associated
with the incoming parton distribution of the nucleon and the outgoing fragmentation function of
the final state hadron are factorized into the splittings of the associated parton distribution and
fragmentation functions, which allows us to reproduce the well-known DGLAP equation. The hard
coefficient function, which is finite and free of divergence of any kind, is evaluated at one-loop order.

I. INTRODUCTION

Inclusive hadron production in pA collisions have attracted much of theoretical interests in recent years [1–13].
In particular, the suppression of hadron production in the forward dAu scattering at RHIC observed in the experi-
ments [14, 15] has been regarded as one of the evidences for the gluon saturation at small-x in a large nucleus [7, 8, 16].
Saturation phenomenon at small-x in nucleon and nucleus plays an important role in high energy hadronic scatter-
ing [17–20]. In this paper, as an important step toward a complete description of hadron production in pA collisions
in the saturation formalism, we calculate the one-loop perturbative corrections. Previous attempts have been made in
the literature. In particular, in Ref. [5], part of one-loop diagrams were evaluated. However, the rapidity divergence
is not identified and the collinear evolution effects are not complete. Recently, some of the higher order corrections
were discussed in Ref. [9], where it was referred as “inelastic” contribution. In the following, we will calculate the
complete next-to-leading order (NLO) corrections to this process in the saturation formalism. A brief summary of
our results has been published earlier in Ref. [21].

Inclusive hadron production in pA collisions,

p + A → h + X , (1)

can be viewed as a process where a parton from the nucleon (with momentum p) scatters on the nucleus target
(with momentum PA), and fragments into final state hadron with momentum Ph. In the dense medium of the large
nucleus and at small-x, the multiple interactions become important, and we need to perform the relevant resummation
to make the reliable predictions. This is particularly important because the final state parton is a colored object.
Its interactions with the nucleus target before it fragments into the hadron is crucial to understand the nuclear
effects in this process. In our calculations, we follow the high energy factorization, also called color-dipole or color-
glass-condensate (CGC), formalism [20, 22, 23] to evaluate the above process up to one-loop order. We notice that
alternative approaches have been proposed in the literature [10–13] to calculate the nuclear effects in this process.

According to our calculations, the QCD factorization formalism for the above process reads as,

d3σp+A→h+X

dyd2p⊥
=
∑

a

∫
dz

z2

dx

x
ξxfa(x, µ)Dh/c(z, µ)

∫
[dx⊥]SY

a,c([x⊥])Ha→c(αs, ξ, [x⊥]µ) , (2)

where ξ = τ/xz with τ = p⊥ey/
√

s, y and p⊥ the rapidity and transverse momentum for the final state hadron and
s the total center of mass energy square s = (p + PA)2, respectively. Schematically, this factorization is illustrated in
Fig. 1, where the incoming parton described by the parton distribution fa(x) scatters off the nuclear target represented
by multiple-point correlation function SY ([x⊥]), and fragments into the final state hadron defined by the fragmentation
function Dh/c(z). All these quantities have clear operator definitions in QCD. In particular, fa(x) and Dh/c(z) are
collinear parton distribution and fragmentation functions which only depend on the longitudinal momentum fraction
x of the nucleon carried by the parton a, and the momentum fraction z of parton c carried by the final state hadron h,
respectively. From the nucleus side, it is the multi-point correlation functions denoted as SY

a,c(x⊥) (see the definitions
below) that enters in the factorization formula, depending on the flavor of the incoming and outgoing partons and
the gluon rapidity Y associated with the nucleus: Y ≈ ln(1/xg) with xg being longitudinal momentum fraction.

At the leading order, SY represent the two-point functions, including the dipole gluon distribution functions in the
elementary and adjoint representations for the quark and gluon initialed subprocesses [20], respectively. Higher order

Factorization formula in coordinate space at one loop

Rapidity divergence: BK evolution

Collinear divergence: pdfs

Collinear divergence: fragmentation functs

Finite hard factor
23

k+ ≃ 0

P+

A
≃ 0

P−
p ≃ 0

Rapidity Divergence Collinear Divergence (F)Collinear Divergence (P)

Typical integrals in real contributions:
∫ 1

dξ
1 + ξ2

(1− ξ)︸ ︷︷ ︸
Rapidity D.

∫
d2q⊥
q2
⊥

e−iq⊥·r⊥

︸ ︷︷ ︸
Collinear D. 61 / 78
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The subtraction of the rapidity divergence

We remove the rapidity divergence from the real and virtual diagrams by the
following subtraction:

F(k⊥) = F (0)(k⊥)− αsNc

2π2

∫ 1

0

dξ
1− ξ

∫
d2x⊥d2y⊥d2b⊥

(2π)2 e−ik⊥·(x⊥−y⊥)

× (x⊥ − y⊥)2

(x⊥ − b⊥)2(y⊥ − b⊥)2

[
S(2)(x⊥, y⊥)− S(4)(x⊥, b⊥, y⊥)

]
.

Decomposing the dipole splitting kernel as

(x⊥ − y⊥)2

(x⊥ − b⊥)2(y⊥ − b⊥)2 =
1

(x⊥ − b⊥)2 +
1

(y⊥ − b⊥)2−
2(x⊥ − b⊥) · (y⊥ − b⊥)

(x⊥ − b⊥)2(y⊥ − b⊥)2 .

with the first two terms removed from the virtual diagrams while the last term
removed from the real diagrams. Comments:

This divergence removing procedure is similar to the renormalization of parton
distribution and fragmentation function in collinear factorization.

Splitting functions becomes 1+ξ2

(1−ξ)+ after the subtraction.

Rapidity divergence disappears when the k⊥ is integrated.
Unique feature of unintegrated gluon distributions.
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The subtraction of the collinear divergence

Remove the collinear singularities by redefining the quark distribution and the quark
fragmentation function as follows

q(x, µ) = q(0)(x)− 1
ε̂

αs(µ)

2π

∫ 1

x

dξ
ξ

CFPqq(ξ)q
(

x
ξ

)
,

Dh/q(z, µ) = D(0)
h/q(z)− 1

ε̂

αs(µ)

2π

∫ 1

z

dξ
ξ

CFPqq(ξ)Dh/q

(
z
ξ

)
,

with

Pqq(ξ) =
1 + ξ2

(1− ξ)+︸ ︷︷ ︸
Real

+
3
2
δ(1− ξ)
︸ ︷︷ ︸

Virtual

.

Comments:
Reproducing the DGLAP equation for the quark channel. Other channels will
complete the full equation.
The emitted gluon is collinear to the initial state quark⇒
Renormalization of the parton distribution.
The emitted gluon is collinear to the final state quark⇒
Renormalization of the fragmentation function.

63 / 78



Introduction
to QCD and

Jet

Bo-Wen
Xiao

Introduction
to QCD and
Jet

QCD Basics

Jets and
Related
Observables

Collinear
Factorization
and DGLAP
equation

Transverse
Momentum
Dependent
(TMD or kt )
Factorization

Introduction
to Saturation
Physics

The BFKL
evolution
equation

Balitsky-
Kovchegov
evolution

Forward
Hadron
Productions in
pA Collisions

Sudakov factor

Hard Factors

For the q→ q channel, the factorization formula can be written as

d3σp+A→h+X

dyd2p⊥
=

∫ dz

z2

dx

x
ξxq(x, µ)Dh/q(z, µ)

∫ d2x⊥d2y⊥
(2π)2

{
S(2)
Y (x⊥, y⊥)

[
H(0)

2qq +
αs

2π
H(1)

2qq

]

+

∫ d2b⊥
(2π)2

S(4)
Y (x⊥, b⊥, y⊥)

αs

2π
H(1)

4qq


withH(0)

2qq = e−ik⊥·r⊥ δ(1 − ξ) and

H(1)
2qq = CFPqq(ξ) ln

c2
0

r2
⊥µ

2

e−ik⊥·r⊥ +
1

ξ2
e
−i

k⊥
ξ
·r⊥

 − 3CFδ(1 − ξ)e−ik⊥·r⊥ ln
c2
0

r2
⊥k2
⊥

− (2CF − Nc) e−ik⊥·r⊥

 1 + ξ2

(1 − ξ)+
Ĩ21 −


(

1 + ξ2
)

ln (1 − ξ)2

1 − ξ


+


H(1)

4qq = −4πNce−ik⊥·r⊥
e
−i 1−ξ

ξ
k⊥·(x⊥−b⊥) 1 + ξ2

(1 − ξ)+

1

ξ

x⊥ − b⊥(
x⊥ − b⊥

)2 · y⊥ − b⊥(
y⊥ − b⊥

)2
−δ(1 − ξ)

∫ 1

0
dξ′

1 + ξ′2(
1 − ξ′

)
+

 e−i(1−ξ′)k⊥·(y⊥−b⊥)

(b⊥ − y⊥)2
− δ(2)

(b⊥ − y⊥)

∫
d2r′⊥

eik⊥·r′⊥

r′2⊥


 ,

where Ĩ21 =

∫ d2b⊥
π

e−i(1−ξ)k⊥·b⊥
 b⊥ ·

(
ξb⊥ − r⊥

)
b2
⊥
(
ξb⊥ − r⊥

)2 − 1

b2
⊥

 + e−ik⊥·b⊥ 1

b2
⊥

 .
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Numerical implementation of the NLO result

Single inclusive hadron production up to NLO

dσ =

∫
xfa(x)⊗ Da(z)⊗F xg

a (k⊥)⊗H(0)

+
αs

2π

∫
xfa(x)⊗ Db(z)⊗F xg

(N)ab ⊗H
(1)
ab .

Single inclusive forward particle production in p(d)-A collisions

12
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12

Consistent implementation should include all the NLO αs corrections.
NLO parton distributions. (MSTW or CTEQ)
NLO fragmentation function. (DSS or others.)
Use NLO hard factors. 4 channels q→ q, q→ g, g→ q(q̄) and g→ g
Use the one-loop approximation for the running coupling
rcBK evolution equation for the dipole gluon distribution [Balitsky, Chirilli,
08; Kovchegov, Weigert, 07]. Full NLO BK evolution not available.
Saturation physics at One Loop Order (SOLO). [Stasto, Xiao, Zaslavsky, 13]
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Surprise

0 1 2 3
10−7

10−5

10−3

10−1

101

η = 3.2
(×0.1)

η = 2.2

p⊥[GeV]

d
3
N

d
η
d
2
p
⊥

[ G
eV
−
2
]

BRAHMS η = 2.2, 3.2

LO

NLO

data

The abrupt drop of the NLO correction when p⊥ > Qs was really a surprise!
What is going wrong?

Saturation formalism? Dilute-dense factorization? Not necessarily positive
definite! Does this indicate that we need NNLO correction? · · ·
Some hidden large correction in αs

2πH
(1)
NLO?
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Numerical implementation of the NLO result

[Stasto, Xiao, Zaslavsky, 13, accepted for publication in PRL]
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Agree with data for p⊥ < Qs(y), and reduced scale dependence, no K factor.
For more forward rapidity, the agreement gets better and better.
Additional plus-function (threshold) resummation ? Similar to thrust T → 1.
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Outline

1 Introduction to QCD and Jet
QCD Basics
Jets and Related Observables
Collinear Factorization and DGLAP equation
Transverse Momentum Dependent (TMD or kt) Factorization

2 Introduction to Saturation Physics
The BFKL evolution equation
Balitsky-Kovchegov evolution
Forward Hadron Productions in pA Collisions
Sudakov factor
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LO calculation for Higgs production in pA collisions

[A. Mueller, BX and F. Yuan, 12, 13] The effective Lagrangian:

Leff = −1
4

gφΦFa
µνFaµν

· · ·

dσ(LO)

dyd2k⊥
= σ0

∫
d2x⊥d2x′⊥

(2π)2 eik⊥·(x⊥−x′⊥)xgp(x)SWW
Y (x⊥, x

′
⊥) ,

σ0 = g2
φ/g232(1− ε) with ε = −(D− 4)/2;

SWW
Y (x⊥, y⊥) = −

〈
Tr
[
∂β⊥U(x⊥)U†(y⊥)∂β⊥U(y⊥)U†(x⊥)

]〉
Y

Only initial state interaction is present. ⇒WW gluon distribution.
For AA collisions, there exists the true kt factorization.
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Some Technical Details

[A. Mueller, BX and F. Yuan, 12, 13] Typical diagrams:

(a) (b1) (b2)

x⊥

b⊥ x⊥x⊥

b⊥b⊥
v⊥ v⊥

High energy limit s→∞ and M2 � k2
⊥. Use dimensional regularization.

Power counting analysis: take the leading power contribution in terms of k2
⊥

M2 .
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Some Technical Details

[A. Mueller, BX and F. Yuan, 12, 13]

(a) (b1) (b2)

x⊥

b⊥ x⊥x⊥

b⊥b⊥
v⊥ v⊥

The phase space (l+, l−, l⊥) of the radiated gluon can be divided into three regions:
(a) gluon is collinear to the incoming proton. ⇒ DGLAP evolution.

Subtraction of the collinear divergence and choose µ2 =
c2

0
R2
⊥

:

−1
ε

SWW(x⊥, y⊥)Pgg(ξ)⊗ xg
(

x,
c2

0

R2
⊥

)
with ξ =

l+

p+

(b) gluon is collinear to the incoming nucleus. ⇒ Small-x evolution.
Subtraction of the rapidity divergence: ⇒ non-linear small-x evolution
equation

xgp(x)

∫ 1

0

dξ
ξ

∫
KDMMX ⊗ SWW(x⊥, y⊥)

(c) gluon is soft. ⇒ Sudakov logarithms.
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Separation of the small-x logarithm and Sudakov logarithms

(a) (b1) (b2)

x⊥

b⊥ x⊥x⊥

b⊥b⊥
v⊥ v⊥

Consider the kinematic constraint for real emission before taking s→∞, and
note that xgxps = M2

∫ 1

l2⊥
xps

dξ
ξ

= ln
(

xps
l2
⊥

)
= ln

1
xg

+ ln
M2

l2
⊥
.

Now we can take s→∞ and xg → 0, but keep xgxps = M2.
The Sudakov contribution gives

µ2ε
∫

d2−2εl⊥
(2π)2−2ε e−il⊥·R⊥ 1

l2
⊥

ln
M2

l2
⊥

=
1

4π

[
1
ε2 −

1
ε

ln
M2

µ2 +
1
2

(
ln

M2

µ2

)2

− 1
2

(
ln

M2R2
⊥

c2
0

)2

− π2

12

]
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Some Technical Details

Subtraction of the UV-divergence: (Color charge renormalization)

αs

π
Ncβ0

(
− 1
εUV

+ ln
M2

µ2

)
with β0 =

11
12
− Nf

6Nc
.

Real diagrams⇒

+
αs

π
Nc

[
1
ε2 −

1
ε

ln
M2

µ2 +
1
2

(
ln

M2

µ2

)2

− 1
2

(
ln

M2R2
⊥

c2
0

)2

− π2

12

]
.

Virtual graphs⇒

αs

π
Nc

[
− 1
ε2 +

1
ε

ln
M2

µ2 −
1
2

ln2 M2

µ2 +
π2

2
+
π2

12
+ β0 ln

M2

µ2

]

All divergences now cancel and the remaining contribution is

αs

π
Nc

(
−1

2
ln2 M2R2

⊥
c2

0
+ β0 ln

M2R2
⊥

c2
0

+
π2

2

)
.
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Sudakov factor

Final results:
At one-loop order: R⊥ ≡ x⊥ − x′⊥

dσ(LO+NLO)

σ0dyd2k⊥
=

∫
d2x⊥d2x′⊥

(2π)2 eik⊥·R⊥xgp(x, µ2 = c2
0/R2
⊥)SWW

Y=ln 1/xg (x⊥, x
′
⊥)

×
[

1 +
αs

π
Nc

(
−1

2
ln2 M2R2

⊥
c2

0
+ β0 ln

M2R2
⊥

c2
0

+
π2

2

)]
.

Collins-Soper-Sterman resummation:

dσ(resum)

dyd2k⊥
|k⊥�M = σ0

∫
d2x⊥d2x′⊥

(2π)2 eik⊥·R⊥e−Ssud(M2,R2
⊥)SWW

Y=ln 1/xg (x⊥, x
′
⊥)

×xpgp(xp, µ
2 =

c2
0

R2
⊥

)

[
1 +

αs

π

π2

2
Nc

]
,

where the Sudakov form factor contains all order resummation

Ssud(M2,R2
⊥) =

∫ M2

c2
0/R2
⊥

dµ2

µ2

[
A ln

M2

µ2 + B
]
.

A =
∞∑
i=1

A(i) (αs
π

)i, we find A(1) = Nc and B(1) = −β0Nc.
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Probabilistic interpretation of the Sudakov double logarithms

The gluon wave function:

q⊥

k⊥
l⊥

Now in momentum space, the Higgs transverse momentum is fixed to be
k⊥ ∼ q⊥ � M.

The energetic gluon is annihilated to create the color neutral and heavy Higgs
particle, thus, other gluons in its wave function are forced to be produced.

The Sudakov factor S is just the probability of those gluons having transverse
momentum much less than k⊥.
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Lesson from the one-loop calculation for Higgs productions

dσ(resum)

dyd2k⊥
|k⊥�M = σ0

∫
d2x⊥d2x′⊥

(2π)2 eik⊥·R⊥e−Ssud(M2,R2
⊥)SWW

Y=ln 1/xg (x⊥, x
′
⊥)

×xpgp(xp, µ
2 =

c2
0

R2
⊥

)

[
1 +

αs

π

π2

2
Nc

]
,

Four independent (at LL level) renormalization equation.

Unified description of the CSS and small-x evolution? TMD and UGD share
the same operator definition.

Define SWW(R⊥,M; xg) = Ce−Ssud(M2,R2
⊥)SWW

Y=ln 1/xg (x⊥, x
′
⊥) ⇒

dσ(resum)

dyd2k⊥
|k⊥�M = σ0

∫
d2x⊥d2x′⊥

(2π)2 eik⊥·R⊥xpgp(xp, µ
2 =

c2
0

R2
⊥

)SWW(R⊥,M; xg)
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Sudakov factor for dijet productions in pA collisions and DIS

Consider the dijet productions in pA collisions:

Cqq̄ = Nc

2 Cqγ = Nc

2 + CF

2 Cg→qq̄ = Nc

Forward di-hadron correlations in 

d+Au collisions at RHIC

!"=0

(near side)
!"=#

(away side)

(rad)

! “Coincidence probability” at measured by STAR Coll. at forward rapidities:

CP (∆φ) =
1

Ntrig

dNpair

d∆φ
∆φ

trigger

! Absence of away particle in d+Au coll.

                          “monojets”
! Away peak is present in p+p coll.

d+Au central

p+p

trigger

associated

(k1, y1)
(k2, y2) xA =

|k1| e−y1 + |k2| e−y2

√
s

20

dσ
dy1dy2dP2

⊥d2k⊥
∝ H(P2

⊥)

∫
d2x⊥d2y⊥eik⊥·R⊥e−Ssud(P⊥,R⊥)W̃xA (x⊥, y⊥) .

Comments:
Problems get harder due to presence of both initial and final state emissions.
For back-to-back dijet processes, M2

J ∼ P2
⊥ � k2

⊥

Ssud =
αsC
2π

ln2 P2
⊥R2
⊥

c2
0

with R⊥ ∼ 1
k⊥
.

Empirical formula for C: C =
∑

i
Ci
2 , where Ci is the Casimir color factor of

the incoming particles. Ci = CF for incoming quarks, Ci = Nc for gluons.
For heavy quarkonium production, there is also a Sudakov factor. [Qiu, Sun,
BX, Yuan, 13]
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