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Outline

CGC, Glasma, JIMWLK evolution

JIMWLK equation in Langevin form

Running coupling in JIMWLK T.L., H. Mantysaari EPJC 2013
JIMWLK as initial condition for CYM T.L., PLB 2011

Wilson loop in glasma with JIMWLK (or MV) initial conditions

Dumitru, T.L., Nara, work in progress: more in Adrian’s talk

vV vV.v v Vv

JIMWLK [ “gym—walk” ] Jalilian-Marian, lancu, McLerran, Weigert, Leonidov, Kovner

2/24



Gluon saturation, Glass and Glasma

Small x: the hadron/nucleus
wavefunction is characterized by
saturation scale Qs > Aqcp.
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Gluon saturation, Glass and Glasma

Small x: the hadron/nucleus
wavefunction is characterized by
saturation scale Qs > Aqcp.

U

p ~ Qs: strong fields A, ~ 1/g
» occupation numbers ~ 1/as
» classical field approximation.
» small ag, but nonperturbative

CGC: Effective theory for wavefunction of nucleus
» Large x = color charge p, probability distribution W, [p]
» Small x = classical gluon field A, + quantum flucts.

Glasma field configuration of two colliding sheets of CGC.
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Wilson line

Classical color field described as Wilson line

U(x) = Pexp {ig /dx‘A;“ov(x,x_)} € SU(@)

Relation to color charge

VZA(TOV(xa Xﬁ) = _gp(xa Xﬁ)

Example of usage: forward pA

» Quark from p (large x pdf) , radiate gluon(s)
» Eikonal propagation = Wilson lines U(x) »
Need target expectation values of operators:

TrUx)Ut(y) TrUX)U'(y)U(u)U'(v)

See Bowen’s talk
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JIMWLK evolution

Classical color field described as Wilson line
U(x) = Pexp {ig /dx‘A+(x,x_)} € SU(3)

» Energy dependent probability distribution W, [U] (v ~Inv/s)

» Energy/rapidity dependence of W, [U] given by JIMWLK
renormalization group equation

9y Wy[U(X)] = HW,[U(x)]

JIMWLK Hamiltonian: (fixed coupling)

1 5 a ca 6
=50 | D 0D gy
Xyz
, 1 X—2 ba
e(x,2) = AT (1 - Ut(x)U(2))
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Fokker-Planck and Langevin

Textbook example: two descriptions of Brownian motion
» 1-d diffusion eq. (o F-P.eq.)

OP(x,t) = DO2P(x, t)

» P(x,t)=probability for particle
to be at location x at time t.
» For x = 0 at t = 0 solution:

P(x,t) =

1 exp{xz}
v 4m Dt 4Dt
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Fokker-Planck and Langevin

Textbook example: two descriptions of Brownian motion

» 1-d diffusion eq. (o F-P.eq.) » Langevin equation:
x(t) = V2Dy(t)
:P(x,t) = DO2P(x, t
PROZDAPD ey = 1)
> P(x, t)=probability for particle * (x(1)) = 0
to be at location x at time t. <x2(t)> — oDt
» For x = 0 at t = 0 solution: (x(H)x(t)) = 2Dmin(t,t)
1 e —> same as F.-P.
P(x,t) = exp {}
v 4m Dt 4Dt

1d Brownian motion to JIMWLK
» Replace x =— U(x)and{ = y.
» Constant D = nonlinearity (U-dependence) in kernel

» (Ns2 — 1)N2 -dimensional nonlinear diffusion equation.
(Ni: number of lattice points in transverse plane.)
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Langevin formulation

Fokker-Planck == Langevin in JIMWLK Blaizot, lancu, Weigert 2002

Original Langevin form: only right derivative (<2 is noise)

Ue(y + dy) = Us(y) exp {ita [ \/dy+oidy}~

Simpler, equivalent (for dy — 0) form T.L, H.m.

Ux(y + dy) = exp {—i@ /Kx—z ‘ (UZSZU;)}
X Ux { as x z gz} )
Kyz = (x—z ;Q;;

Multiply from left and right = remove deterministic term
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Interpreting JIMWLK: derive BK

U (y+ dy) = e_l ‘15 f Kx—z (UzgzUT)U QTdefZKx—z'gz’

v

At dy — 0 develop to O(£2?) and take expectation values.

v

BK Balitsky-Kovchegov is equation for dipole Dy y = Tr U (x)U(y)/N.
Contract ¢’s from timestep of UT(x) with one from U(y ): real terms
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Scale of running ag in JIMWLK ?

BK for Dy y(y) describes dipole splitingx -y — x—z;z—-y

> «as given by parent x — y: easy in BK, but funny in JIMWLK:
Langevin is only for one Wilson line

Daughter (scale in K): easy to implement as ,/as, but why?

\/@Kxfz -V as(x - Z)Kxfz

Used in BK: combinations of these two Baiitsky, Kovchegov, Weigert
Suggestion T.L., H.Mantysaari 2012 : ag at k1 of radiated gluon.
Easily implemented by new momentum space noise correlator

v

v

v

v

d’k
<§"(m)fa§V(”)/t')> ~ 0455)(5') = 0‘3/ (2rm)? g (x=y)

d’k
:/ e Vos(k)
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Reinterpreting JIMWLK
Ux(y + dy) = exp {—i\/? /Kx—z : (UZEzUzT)}

v/ dy
X Ux(y) exp {Iﬂ_ ./z, Ky—z - Ez/ )

d’k N
() ~ [ gz Vas( = .y
Z/ ::::é;gﬁ’i?%% )-E-?:)(k Z/ ) ””” kg - Z’ R gy -
y y y

» Breaks time-reversal-symmetry: choose scale as momentum of
gluon either before or after the target

» Two gluon coordinates instead of one 10/24



Recovering BK
» Equation for dipole now involves higher point functions:

a N, _
ayD = 277:2 / Qy—v (Kx—u : Kx—v + Ky—u . Ky—v - 2Kx—u : Ky—v)
u,v

1ra0 & . . .
X 5 [Dx,uDu,y + Dx,va,y — Dx,y = Dv,uQx,v,u,y} )

» But recall that oy is a slowly varying function of the scale:

_ K e
U= / (2m)? " Vag (k) ~ asd?(x —y)

= U ~ v and structure simplifies to BK:
1. L. R N2 A R
é Dx,u Du7y aF Dx,va,y - Dx,y - Dv,u C)x,v,u,y] ~ Dx,u Du,y - Dx,y

» Parametrically dominant length scale in coupling is “smallest
dipole”, just like in Balitsky prescription for BK.
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Comparison BK/JIMWLK

Evolution with our prescription is But this is still faster than with
slower than with | /as. Balitsky prescription in BK

This is good, data favors slower (Although parametricallly dominant scales
evolution are the same.)

Note: rcBK fits to HERA data need to take Aqcp =~ 50MeV to make

evolution slow enough.
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Evolution speed

06 e 1

At very IR scales also dependence on how the Landau pole is
regulated (different line shapes)

13/24



Side note: scale in coordinate vs momentum space

If running coupling depends only on scale in K (,/as-prescription),
can use either coordinate or momentum space:

X k
Oés(x)F VS. Oés(k)ﬁ
1 —t | o .
QU
0.8 r\/us'.' 7
0.6 / 1
z
0.4r B
0.2,..“"."‘." ".' ",' ".' i
""" F;‘-"‘Z e |
0.01 0.1 1
r/\QCD

Numerically verified identification Kovchegov, Weigert (for this kernel!)

k? 42
In 5 ~In TV
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Gluon fields in AA collision

Classical Yang-Mills

2 pure gauges

— p(X,x—

Up 2(x) = P9/ "5

; i
AELZ) gU12)( )8,U(12( )

)
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Gluon fields in AA collision

2 pure gauges
Classical Yang-Mills

; i
_ K n Atz = §U(1,2)(x)8,-U(T1 2(X)

p(X,x")

Upr 2)(x) = Pe9 /%

z AtT=0:

A, = pure gauge 1 A, = pure gauge 2 ) . .
l l Al = AntAg
7=0

ig . .
An|T:o = §[AE1),A22)]
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Gluon fields in AA collision

2 pure gauges
Classical Yang-Mills

: i
Ay = 5 Un2(9Uf (%)

. °
/////////////

— p(X,x")

U(1,2)(X) = Pe'g s v?

z AtT=0:

A, = pure gauge 1 A, = pure gauge 2

i _ A i

ig . .
An|T:0 = §[AE1),A22)]

T>0 olve numerically Classical Yang-Mills CYM equations.
This is the glasma field == Then average over p.

Gluons with p ~ Qs — strings of size R ~ 1/Qx J
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Gluon spectrum in the glasma

T.L., Phys.Lett. B703 (2011) 325 ; 1st direct use of JIMWLK in CYM calculation

Qs is only dominant scale

Parametrically gluon spectrum % = lf (p)
dydxd’p as \Gs
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Gluon spectrum in the glasma

T.L., Phys.Lett. B703 (2011) 325 ; 1st direct use of JIMWLK in CYM calculation

Qs is only dominant scale

Parametrically gluon spectrum % = lf (p)
dydxdp as

8 g
6 6l
. e
2 l
R B R I S

ko, piIQ;
ugd for 1 nucleus
k2 Produced gluon spectrum:

Clk) = —Tr(U(k) (k) harder at higher /s

becomes harder with evolution. (Here: midrapidity, y = In /s/sp) J6ou



Gluon multiplicity and mean pr

Qs is only dominant scale

N,
Parametrically d g =cCn Cr Q? (p) ~ Qs
dy d°x

2120,

Note: in full CYM total gluon multiplicity is IR finite, no cutoff.
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Gluon multiplicity and mean pr

Qs is only dominant scale

. ng . CF ®
Parametrically dyPx CN 2720 Q: (p) ~ Qs

Note: in full CYM total gluon multiplicity is IR finite, no cutoff.
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Scaled multiplicity grows with /s
(Midrapidity, y = In \/s/sp)
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Gluon multiplicity and mean pr

Qs is only dominant scale

N,
Parametrically dd I_—cn Cr Q? (p) ~ Qs
y

d2X 27T20és

Note: in full CYM total gluon multiplicity is IR finite, no cutoff.
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Scaled multiplicit th

(M?;aepidir:;uy EI':' ys?sl’(;WS nii /S = higher (p)/Qs as scaling
ST VR regime sets in.

(Large lattice cutoff effects.) 2y



Side note: CYM vs. kr-factorization

Blaizot, T.L., Mehtar-Tani 2010

dN # 1 / {
=—— [ [0(p—K)|dy(K)oy(p — k)
y y
d’pdy  asP? Jk
T T T 8- T 3
= —CYM S —
. CYM
g - - kfact sl - kfact ]
. B N k-factw/co. 1 S e k-fact w/ cutoff
S W\ e k -fact w/ c.o. 2 &8
s ' =°
T8 Z
~g & oy
xXo
g
o
_ :
0 2 0 1 2 3 7 5
kig'h, Kig’u
pA AA

kr-factorization works only for pr > Q;

» OK for high-pr spectra
» Not for total gluon multiplicity

(Suggested interpretation Levin, 2010 Sudakov suppression factor.) 18/24



Universality in the IR spectrum?

» Scaled gluon spectrum in the
~—— UV depends on anomalous
dimension = different for
MV, JIMWLK

] /> IR seems to scale

2d lattice: transverse links:

0.5

Gauge inv. probe for p < Qs?

Spatial Wilson loop T= Ui(x) = exp {igaA)}
W(A)_‘ITrHDexp{lg% dxA} L 4
Nc A WA — 1 T" TF
A=nT¢{ 1

vTuTU 19/24



Measure Wilson loops

Calculation is simple:

H"'”-“T—'n::s 7
» Construct initial glasma fields | N\
at 7 = 0 using e.g. e N
> MV model ;gf A 1
» rcJIMWLK < ]
» fcJIMWLK ©l.... IMWLK Qr=0 \
o~ JMWLK QSIZZ... 10
(Try to have same Qsa to minimize O[-- MvQr=0 ]
: ~--.MVQr=2..10 \AY
lattice effects) o 61 T E—
» Evolve forward in 7 AQ,

» Measure W(A)
Behavior in both UV (AQ? < 1) and IR (AQ? > 1) parametrized as

W = exp {~C(AQ)"}
(Fits restricted to e=25 < AQ2 < e %% (UV) and e°5 < AQ2 < €° (IR))
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Wilson loop scaling exponents

In practice fit logarithm

W = exp {~C(AQs)"}

g 5t i .- 1cJQI=0
> In(=InW) =~In(AQ)+InC = __55%1 o "
---MVQr=15..75|
fCJQT 0
) o fCJQ1 15..75
0.1 1 10
AQ”
T T T T T T T
O ® O @ O o . .| <L
- ® |Cj) g a .
i ol a A - -
o & oo @ o " N N - A « MV, 1024
A A & A A B N o MV, 2048
« MV, 1024 Ik - rcJIMWLK, 1024
o MV, 2048 ] ) o rcJMWLK, 2048
- rcJMWLK, 1024 © + fc IMWLK, 1024
o rc IMWLK, 2048 3r A fc JMWLK 2048
+ fcIMWLK, 1024 1 [
‘ 4 fcIMWLK 2048 ‘ ot ‘ ‘ ‘ ‘ ‘
2 4 6 8 10 <0 2 10
QI

s

Qg

UV: remembers initial condition

IR: nontrivial universal behavior
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Magnetic field correlator

Wilson loop measures magnetic flux:

W(A) = lCTrIP’exp {igji dx - A} = lcTr exp{ig/ d2sz(x)}

If magnetic field consists of uncorrelated Gaussian domains:

(W(A)) = exp {_;IJIC Tr < [/ dzngz(x)]2>}

(Connect B:s at different locations with gauge link for gauge invariance)

= W(A) related to (B(x)B(y))

Check: compare W(A) with
reconstruction from BB-correlator

T T
o rc), 1024, Q1 =10

0.8-t%

¢ % o 13,2048, Q1 =5
0.6 ¥ - MV, 102", Q=5
0.4

0.2

5 MV, 1024, Qr=10 |

— rcJ, 1024°, Q = 10, BB,
— MV, 1024°, Q = 10, BH
— rc), 2048°, Q1 =5,BB
MV, 2048%, Q = 5, BBH
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Magnetic field correlator

However: no obvious scaling Same on log plot
seen in BB-correlator

C(x=y)) = Tr (IBOVBY) gauge ink )

T T T T
I8 -0 IMWLK, 1024°, QT =10
mom I\ 5e MV, 1024°, Q1 = 10
X | 2 o g L s ‘ ‘
gl 5o IMWLK, 2048°, Q1= 5 | F{ N
mio A—AM%/,ZMZ,QJ:S ~ N
2 i N
; N
N
? <%
> O O - R P
x ! . MV o T R
A C " ;
0 4 6 10 2 155 o T T e
Qe S Q) *
‘ ‘ e . e
05 1 2 4
Qr

Straight line: ~ (rQs)~"-%.
(For C(r) ~ (rQs)~ one would get v = 2 — /2 <= a = 4 — 2v;

from W(A) measured v = 1.22)
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Conclusions

» JIMWLK can actually be applied; for some observables BK is not
enough

» Running coupling, going towards NLO ... necessary for realistic
phenomenology

» Provides initial state for AA collision in CYM: glasma

» Universal behavior in the for pr < Qs seen both in gluon
spectrum and spatial Wilson loop.
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