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Repulsive contact systems

U =
�

�ij�

v(rij) rij = |ri � rj |
A simplified model

Essentially “hard-spheres” at low temperatures.
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温度効果のあるジャミング転移 �
エマルション (emlusion;�乳濁液，�乳剤) �

水と油など， 混ざり合わない液体が �
ミセルを形成して �

 一方が液滴となって他方に分散している系�

エマルションの圧力と剛性率の測定（室温）�
(大きい○=圧力, 黒シンボル=剛性率) �

(s: 表面張力, R:�粒径) �
T. G. Mason et al. (1997) �

エントロピー弾性�
温度効果なしや液体では0�

接触力�

液滴(粒子)間の相互作用の大きさで �
換算して温度T ~ 10 -5 �

 
 

Soft Jammed Materials – Eric R. Weeks   23 

 
 
3. Other soft materials 
 
Now that I’ve introduced colloids, let’s discuss other soft systems which resemble colloids to 
varying degrees. 
 
3.1 Emulsions 
 
Emulsions are similar to colloids, but rather than solid particles in a liquid, they consist of liquid 
droplets of one liquid, mixed into a second immiscible liquid; for example, oil droplets mixed in 
water.  Surfactant molecules are necessary to stabilize the droplets against coalescence which is 
when two droplets come together and form a single droplet.  A cross-section of an emulsion is 
shown in Fig. 3.1, and a sketch showing a droplet with the surfactants is shown in Fig. 3.2.  
Mayonnaise is a common example of an emulsion, made with oil droplets in water, stabilized by 
egg yolks as the surfactant, with extra ingredients added for taste. 
 

 

 
 
 
Fig. 3.1.  Confocal microscope image of an 
emulsion.  The droplets (dark) are dodecane, 
a transparent oil.  The space between the 
droplets is filled with a mixture of water and 
glycerol, designed to match the index of 
refraction of the dodecane droplets.  The 
droplets are outlined with a fluorescent 
surfactant.  The hazy green patches are free 
surfactant in solution, or else the tops or 
bottoms of other droplets.  (Picture taken by 
ER Weeks and C Hollinger.) 

 

 

 
 
 
 
 
Fig. 3.2.  Sketch of an emulsion droplet.  Not 
to scale:  typically the surfactants are tiny 
molecules, whereas the droplet is micron-
sized.  (Sketch by C Hollinger.) 
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身近では.) マヨネーズ，�木工用ボンド，�など�

ドデカン液滴�
(in 水+グルコース) �

E. R. Weeks and �
C. Holinger(2007) �

unjam� jam�

�	�

圧力と剛性率の振る舞いがほぼ同じ�
→ 温度効果のない数値計算�

では出てこない �
cf. C. S. O’Hern et al. (2003) 等�

 E. R. Weeks, 
in "Statistical Physics of Complex Fluids", 
 Eds. S Maruyama & M Tokuyama 
(Tohoku University Press, Sendai, Japan, 2007).

C. F. Schreck, T. Bertrand, C. S. O’Hern, and M. D. Shattuck, Phys. Rev. Lett. 107, 078301 (2011).

Unharmonicity, floppiness, marginal stability..
M. Wyart, Phys. Rev. Lett. 109, 125502 (2012).

E. Lerner, G. During and M. Wyart arXiv.1302.3990

v(r) = �(1� r/�)2�(1� r/�)

Emulsions
Room temperature

kBT/� � 10�5

J. Kurchan, G. Parisi, P. Urbani and F. Zamponi, arXiv.1303.1028



Mean-field phase diagram

Kauzmann temperature 
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G. Parisi and F. Zamponi, Rev. Mod. Phys. 82, 789 (2010)
L. Berthier, H. Jacquin and Z. Zamponi, Phys. Rev. Lett. 106, 135702 (2011) and Phys. Rev. E 84, 051103 (2011).

Distance to the J-point (T, ��)
�� = �� �GCP

Cloned liquid theory (replica + liquid theory)

Possibility of　1+continuous RSB: J. Kurchan, G. Parisi, P. Urbani and F. Zamponi, arXiv.1303.1028



Behavior of static quantities at  T=0

Review: M. Van Hecke, J. Phys.: Condens. Matter 22 033101 (2010).

(Friction less systems)

図 10: ジャミング相図 (A.
Liu, S. Nagel (1998) [25]
より転載)

図 11: まさつのない理想的な粉体模型における接触点数 (contact number)z、
剛性率 µ(shear modulus) 体積弾性率 K (bulk modulus)の振る舞い。(M. van
Hecke (2010)を参考にした模式図 [26]) zc = 2d (dは空間次元)は、ジャミング
転移点直上での接触点数。弾性定数をスケールしている kは粒子の変形に対する
ポテンシャルの 2回微分 V

��
(r)の平均粒子間距離での値。

理論的にはまさつの無い理想化された粉体模型の研究が集中的に行われてきた。具体的には、粒子同士
は接触していなければ相互作用せず、粒子間距離 rがある閾値を越えて近づくと反発力（中心力)f(r) =
�dV (r)/drが働くという模型を考える。前述の通り、この系の非線形レオロジーを解析すると (図 9 b))、
⇥J ⇥ 0.64が臨界密度になっていて、その近傍での非線形レオロジーはある種の動的臨界現象になって
いる [19, 20, 21](図 9b)右図) 。
興味深いことに、静的な観測量から見ても密度 ⇥Jが臨界点になっていることがわかっている。この密
度 ⇥Jはジャミング転移点 (point-J)と呼ばれ、次のような特別な意味を持っている密度である [29]。N
個の粒子を箱につめて外から圧力 P を掛けることを想定してみよう。内部では粒子同士が互いに接触し
あって力の釣り合いの取れた静的なジャミングした状態が出来ているとする。このとき、1つの粒子が平
均して z個のまわりの粒子と接触しているとする。この zを平均接触点数 (average contact number)と
呼ぶ。この系の微小変形を仮想的に考える。どのような微小変形も (全体の回転や並進を除けば)、接触
する粒子間の距離の変化で表すことができるので、独立な自由度の数は接触しているペアの数 zN/2で
ある。微小変形についてのエネルギーを各粒子の変位について最小化させるとNd個だけ自由度が減り
(dは空間次元)、残る自由度は zN/2�Ndとなる。したがってもし接触点数が十分大きく z > zc = 2d
ならば、安定な配位を維持できることがわかる。ここで、外圧 P を準静的に減らすことを考えよう。こ
れによって体積分率 ⇥ = ⇥(P )は減少し、それにともなって z(⇥)も減少してゆく。あるところで z = zc

となり、これよりも減圧するとジャミングした状態が保てなくなる。このときの体積分率がジャミング
密度 ⇥Jである。図 11に示すように、zは ⇥Jで zcから 0までの不連続な飛びを示す [29]。
平均接触点数 zの不連続な振る舞いを見ると 1次転移的であるが、ジャミング転移は 2次転移的な臨
界特性を様々な形でしめす。平均接触点数の臨界値からの差 �z = z � zcは図 11に示すように臨界点か
らの距離 �⇥ = ⇥� ⇥Jに対して、�z ⇤

⌅
�⇥のようにベキ的に振る舞う。さらに自明な「ばね定数」kで

規格化した剛性率 µは �zに対して線形に 0になる。これらの性質はポテンシャル V (r)の形にはよらな
いユニバーサルな性質である [29, 26]。一方、興味深いことに体積弾性率K は不連続に振る舞い、臨界
的ではない。このように 1次転移と 2次転移の性格を併せ持った奇妙な転移は粉体模型に先駆けて、あ
わ (bubble)系の問題で最初に発見されている [30]。後述するように、構造ガラスにおいても Tc付近で
良く似た状況になっていると我々は考えている。

2.7 Random First Order Theory: スピングラス平均場模型からの示唆
Kirkpatrick-Thirumalai-Wolynesらは 1980年代後半に、ある一群のスピングラス模型が様々な意味
で構造ガラスと共通する性質を持つ事を一連の研究によって明らかにした [31, 32]。アナロジーをてこに
研究を開始することは、ちょっとずるいが物理学の常套手段である。彼らが注目したのはいわゆる 1段
階のレプリカ対称性の破れ (1step RSB)を示す模型で、Sherrington-Kirkpatrick(SK)模型など連続的な
RSBを起こすとは質的に異なる動的/静的性質を示す。例として次のようなハミルトニアンで与えられ

Average contact number Shear-modulus Bulk modulus

“point-J”

z � zc �
�

�� �J µ �
�

�� �J

in the present system (harmonic sphere)k = �

P = �� �J

µ� P



µ � p

Experiment:  rigidity of emulsions
T. G. Mason, Martin-D Lacasse, Gary Grest, Dov Levine, J Bibette, D Weitz, Physical Review E 56, 3150 (1997)

�J

“mechanical”

“entropic”

fined. However, they are well defined at larger w, and we plot
Gp8(w) for different radii in Fig. 6. The plateau modulus for
each emulsion rises many orders of magnitude around
w'0.60. Emulsions comprised of smaller droplets have dis-
tinctly smaller w at which the onset of the rise occurs. At
high w, where the droplets are strongly compressed, Gp8 is
larger for smaller droplets. By contrast with P, the plateau
modulus does not diverge as w approaches unity.
To investigate the role of the interfacial deformation of

the droplets on the emulsion elasticity, we scale Gp8(w) by
(s/R), and plot the results in Fig. 7. At high w, this scaling
collapses the data for different droplet sizes. However, at low
w there are large systematic deviations from this scaling. To
reconcile these apparently different onset volume fractions,
we must account for the electrostatic repulsion between the
interfaces of droplets stabilized by ionic surfactants; this al-
ters the w dependences of G and P. By using weff @cf. Eq.
~1!# instead of w, we account for the thin water films stabi-
lizing the charges between the droplets. These thin films will
make the apparent packing size of each droplet larger. How-
ever, the thickness of the film will be determined by a bal-
ance between the screened electrostatic forces between drop-
lets and the deformation of their interfaces. Thus the actual
film thickness will be only weakly dependent on droplet size,
but will make a relatively larger contribution for the packing
of small droplets than for large droplets.
The film thickness itself depends on w, but in some un-

known fashion. Thus we linearly interpolate between a maxi-
mum film thickness, hmax , at low w, below rcp, where the
droplets are not deformed, and a minimum film thickness
hmin , between the facets of the nearly polyhedral droplets at
wmax near w'1. Stable Newton black films of water at a
similar electrolyte concentration have been observed with
hmin'50 Å @48#. This is comparable to the calculated Debye
length lD'30 Å, for 10-mM SDS solution. Thus we as-
sume that hmin550 Å; this makes a larger correction for the
smaller droplets. To determine the maximum film thickness,
we vary hmax until the scaled Gp8(weff) for all droplet sizes
collapse onto one universal curve. We find that the film
thickness for weak compression which gives the best col-
lapse is hmax5175 Å, and is the same for all droplet sizes, as
shown in Fig. 8. This film thickness agrees with the mea-

sured separation between the surfaces of monodisperse fer-
rofluid emulsion droplets at the same SDS concentration
@49#, lending credence to its value. Near rcp, the film in-
creases the volume fraction more for smaller droplets, about
5% for R50.25 mm, and only 1% for R50.74 mm.
The onset of a large elastic modulus now occurs near rcp,

at weff'wc
rcp , as expected. We note that this value is not a

FIG. 7. The volume fraction dependence of the plateau storage
modulus Gp8(w), scaled by (s/R), for four monodisperse emul-
sions having radii R50.25 mm ~d!, 0.37 mm ~n!, 0.53 mm ~j!,
and 0.74 mm ~L!.

FIG. 8. The scaled plateau storage modulus Gp8/(s/R) ~small
solid symbols!, and the scaled minimum of the loss modulus
Gm8 /(s/R) ~small open symbols!, as a function of weff for monodis-
perse emulsions having radii R50.25 mm ~s!, 0.37 mm ~n!, 0.53
mm ~h!, and 0.74 mm ~L!. The ~s! symbols are the measured
values of the scaled osmotic pressure P/(s/R). The maximum film
thickness has been adjusted to hmax5175 Å to give the best col-
lapse of Gp8/(s/R).

FIG. 9. The frequency dependence of ~a! the storage modulus,
G8(v), and ~b! the loss modulus, G9(v), for a series of effective
volume fractions below the critical packing volume fraction wc for
R'0.53 mm. The lines merely guide the eye.
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pressure p

rigidity µ

measurements at room temperature  

kBT/� � 10�5

Interaction between emulsions:  

I. J. Jorjadze, L-L. Pontani and J. Brujic,  PRL 111, 048302(2013).

� = 2
v(r)/� = (1 � r/�)�

By using well-controlled emulsions consisting of droplets of
a single size @6,7#, our approach offers several advantages
over previous rheological experiments @8,9,19# which were
made using emulsions having a broad distribution of droplet
sizes. Indeed, polydisperse emulsions are difficult to study
because they contain droplets with many different Laplace
pressures so that, at a fixed osmotic pressure, the large drop-
lets may deform significantly while the small droplets remain
essentially undeformed. Moreover, the droplet packing and
deformation cannot be easily connected to w because small
droplets can fit into the interstices of larger packed droplets.
By contrast, using monodisperse emulsions eliminates these
inherent difficulties: all the droplets have the same Laplace
pressure. Moreover, the volume fraction can be simply re-
lated to the packing of identical spheres, thus allowing for
meaningful comparisons with theoretical predictions which
have usually assumed that the emulsion is monodisperse and
ordered.
The earliest calculations of P~w! and G(w) for emulsions

and foams @11–17# are based on perfectly ordered crystals of
droplets. In such systems at a given volume fraction and
applied shear strain, all droplets are compressed equally and
deform affinely under the shear; thus all droplets have ex-
actly the same shape. Describing the dependence of P and
G on w then reduces to the ‘‘simpler’’ problem of solving for
the interfacial shape of a single droplet within a unit cell.
Nevertheless, calculating the exact shape and area of such a
single droplet at all w.wc is a very difficult free-boundary
problem that can only be solved analytically for simple cases
@16#, or numerically @16,17#. Real emulsions, however, ex-
hibit a disordered droplet structure, and a comparison of ex-
perimental results to these theoretical predictions is inappro-
priate. In particular, the comparison of the w dependence of
the low-frequency plateau value of the storage modulus of
disordered, monodisperse emulsions to the static shear
modulus predicted by these studies has demonstrated the ex-
istence of significant discrepancies @18#.
The origin of the elasticity of an emulsion arises from the

packing of the droplets; forces act upon each droplet due to
its neighboring droplets pushing on it to withstand the os-
motic pressure. However, all these forces must balance to
maintain mechanical equilibrium. Calculations of the elastic
properties of such disordered packings are complicated by
the many different droplet shapes and the necessity of main-
taining mechanical equilibrium as the droplets press against
one another in differing amounts. While a general theory of
the elasticity of disordered packings may ultimately lead to a
precise analytical description of emulsion elasticity, com-
puter simulations including adequate interdroplet interactions
and accounting for the complexity associated with disorder
can provide insight into the origins of the w-dependent shear
modulus. In order to understand the effects introduced by
disorder, we developed a model for compressed emulsions
which includes a disordered structure as well as realistic
droplet deformations @10#. In this model, we formulate an
anharmonic potential for the repulsion between the packed
droplets, based on numerical results obtained for individual
droplets when confined within regular cells @16#. Numerical
results for the osmotic pressure P and the static shear modu-
lus G obtained from this model are in excellent agreement
with our experimental values of P and the elasticity, as can

be shown from Fig. 1. We measure the frequency dependent
storage modulus G8(w ,w), and take the low-frequency pla-
teau values Gp8(w) as the static shear modulus G(w). Our
model of emulsions as disordered packings of repulsive ele-
ments is very general, and may also be applicable to other
materials which become elastic under an applied osmotic
compression, provided the potential between the elements is
appropriately modified.
The structure of this paper is as follows. In Sec. II, we

review the theoretical predictions for the osmotic pressure
and shear rheology of emulsions. In Sec. III, the experimen-
tal aspects of this study are described; Sec. III A describes
the emulsion preparation and the rheological measurement
techniques; Sec. III B presents the results of our measure-
ments; and Sec. III C compares our experimental observa-
tions to existing predictions and previous measurements. In
order to understand the difference found between our results
and the predictions existing for ordered arrays of droplets, in
Sec. IV we present the results of numerical studies based on
a model that can account for disorder. In Sec. IV A, we de-
scribe the details and the motivation of the model, while, in
Sect. IV B we present and discuss the simulation results. A
brief conclusion closes the paper.

II. THEORY

In order to understand the properties of packings of de-
formable spheres, it is useful first to review the packing of
static, solid spheres. Their packing determines the critical
volume fraction wc at which the onset of droplet deformation
occurs and the coordination number zc of nearest neighbors
touching a given droplet. The highest volume fraction of
monodisperse hard spheres is attained for ordered crystalline
structures, including face-centered-cubic ~fcc! and hexagonal
close packing ~hcp!. These have wc

cp5p&/6'0.74 and
zc
cp512. By randomly varying the stacking order of the
planes, a random hexagonally close-packed ~rhcp! structure
can be made, but this does not alter either wc or zc . Other
ordered packings are less dense. For example, the body-
centered-cubic ~bcc! packing has wc

bcc5p)/8'0.68 and
zc
bcc58, while the simple cubic ~sc! packing has

FIG. 1. The scaled shear modulus and osmotic pressure as a
function of w. The computed scaled static shear modulus
G/(s/R) ~1! and osmotic pressure P/(s/R) ~line!, as obtained
from the model presented in Sec. IV B 2, are compared with the
experimental values of Gp8(weff) ~j! and P(weff) ~s!.
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Born term non-Affine correction

Harmonic expansion around energy minima (Lutsko 1989,  Maloney-Lemaitre 2004,..)

unharmonic
 correctionseffective random spring model

Hµ�
ij =

�

k<l

�2v(rkl)
�xµ

i x�
j

�ij = r
dv(r)
dr

����
r=rij

xi � xj

rij

zi � zj

rij

corrections via 
“plasticity”�

�
��2� � ���2

�
=

1
N

N�

i=1

��i · (H�1��)i + O(T ) + · · ·

  The fluctuation formula of the rigidity and its T=0 limit

µIS = bIS �
1
N

N�

i=1

��i · (H�1��)i
rigidity of an inherent structure

Rigidity µ = b � N�
�
��2� � ���2

�

� =
1
N

�

i<j

�ij

��i =
�

j( �=i)

��ij



 Reformulation of the  fluctuation formula 

D. R. Squire and A. C. Holt and W. G. Hoover Physica 42, 388(1969).

µ = µborn �
�

V

�

�kl�

�

�mn�

(��(rkl)�(rmn)� � ��(rkl)���(rmn)�)

µborn �
1
V

�

�ij�

ẑ2[r2 d2v(r)
dr2

x̂2 + r
dv(r)
dr

(1 � x̂2)].

�(r) � ẑx̂r
dv(r)
dr

�µ =
1
V

�

�
�

�kl�

���(rkl)�2

�
�

�kl�

�

�mn��=�kl�

(���(rkl)��(rmn)� � ���(rkl)����(rmn)�) ]

(c.f) G. Farago and Y. Kantor, PRE, 2478 (2000).

H. Yoshino, AIP Conf. Proc, 1518, 244 (2013) (arXiv:2012.6826).
(Simplification in Isotropic systems)



�µab =
1
V

�

�
�

�kl�
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�

�
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i = Ri + ua
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1
m

m�
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i
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i )µ(ub
j)

��cage = A(�ab �
1
m

)�µ��ij

ua

�
A

Put shear on replicated liquid

switch-on cloning (1step RSB)..

Rij = |Ri �Rj |

the rigidity matrix becomes.. 

Hajime Yoshino and Marc Mézard, Phys. Rev. Lett. 105, 015504 (2010),  
Hajime Yoshino,  J. Chem. Phys. 136, 214108 (2012).                

 Computation of the shear-modulus via cloned liquid approach

µab = µ̂(�ab �
1
m

)

Intra-state modulus  (plateau modulus)

cage size

ve�(r) = v(r)+
corrections(A,m)

M. Mezard and G. Parisi,   J. of Chem. Phys.  111 (1999) 1076
G. Parisi and F. Zamponi, Rev. Mod. Phys. 82, 789 (2010).

See also Talk by G. Szamel, tomorrow

http://prl.aps.org/abstract/PRL/v105/i1/e015504
http://prl.aps.org/abstract/PRL/v105/i1/e015504


Intra-state modulus  (plateau modulus)

Rigidity at low temperatures

i

j1

j2√
A

σij1

σij2

(gliq)3(T/m, �; r1, r2) = gliq(T/m, �, r1)gliq(T/m, �, r2)gliq(T/m, �, |r1 � r2|)Kirkwood approx.

At 0-th order, no rigidity!   
The non-vanishing contribution starts at first order of the cage expansion.

lim
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dr1dr2d�1d�2�1 [x̂1ẑ1r1�(r1; T �)y(r1; T �)] ·�2 [x̂2ẑ2r2�(r2; T �)y(r2; T �)] y(r12; T �)e����(r12

T � =
T

m

y(r; T ) � e��(r)g(r; T )cavity function �(r; T ) � d

dr
e���(r) ����

T�0
�(r � a)

e���eff (r) � �(r � a) +
�

�A/m�(r � a) + . . .effective potential



� > �GCP

� < �GCP

�GCP = 0.633353..

m� � 20.7487(�GCP � �)

yHS
liq (�GCP) � 23.6238A�/m�(�GCP) � 9.72187� 10�5

ex.  Soft-particle case                (3-dim)  Berthier-Jacquin-Zamponi (2011)
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c.f. “Glass” and “jamming” transitions are 
disentangled in non-linear rheology
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  Shear stress relaxation : response and correlation
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Avalanche like plastic events during stress relaxation
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Figure 1: This figure show snaphots before/after a plastic event trigered by thermal noises. Here we used
a 2-dimensional version of the model (for the purpose of a demonstration) at volume fraction φ = 0.85
which is slightly above the jamming density φJ ∼ 0.84 (2-dim). The system is initially perturbed weakly
by a shear-strain γ = 0.05 and let to relax at zero temperature by the conjugated gradient method which
allows the system to relax using the harmonic modes. Then the thermal noise at (reduced) temperature
T = 10−6 is switched on. The configuration of particles are represented by the circles and that of the
contact forces fij = −dvij(rij)/drij are represented by bonds whose thickness is chosen to be proportional
to fij . The panels a) and b) show the snapshots before/after a plastic event (which took about 104tmicro

to complete). In panel c) the configuratoin of the particles before/after are overlaid : the one before the
event is shown by the lighter color.
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fluctuation within meta-basin: floppy modes?
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Relaxation of shear-stress via floppy modes?



 The rigidity of  densely packed repulsive contact systems (hard-
spheres, soft-particles,..)  in the glassy phase at low temperatures

 Cloned liquid computation (replica+liquid theory) and MD 
simulation of stress-relaxation
      

 Discussion:

Breakdown of simple “harmonic solid” picture

 Thermally activated floppy modes inside “meta-basins”?  

AT instability ? 1+continuous RSB  (Gardner’s transition) ?
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