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IntroducVon	


If	
  BH	
  is	
  dynamically	
  	
  unstable	


There	
  are	
  a	
  lot	
  of	
  black	
  holes	
  in	
  	
  the	
  universe.	


This	
  does	
  not	
  happen	
  for	
  S-­‐BH	
  in	
  4-­‐dimensional	
  Einstein	
  gravity.	


the	
  amplitude	
  of	
  perturbaVons	
  grow	
  in	
  Vme	


∝ eω t



IntroducVon	
  	
  -­‐-­‐-­‐	
  conVnued	


•  The	
  dimension	
  of	
  spaceVme	
  might	
  be	
  more	
  than	
  4.	
  	
  

•  In	
  higher	
  dimensions,	
  Lovelock	
  gravity	
  is	
  a	
  natural	
  generalizaVon	
  of	
  
Einstein	
  gravity	
  

•  AdS	
  BH	
  is	
  important	
  for	
  AdS/CFT	
  

•  Stability	
  of	
  BH	
  is	
  relevant	
  to	
  the	
  physics	
  of	
  CFT	
  

•  Therefore,	
  it	
  is	
  worth	
  for	
  studying	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  stability	
  of	
  AdS	
  BH	
  in	
  Lovelock	
  gravity	




The	
  stability	
  analysis	
  of	
  BH	
  in	
  higher	
  dimensional	
  Einstein	
  theory	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  was	
  done	
  by	
  Kodama	
  	
  &	
  Ishibashi	
  2003	


Takahashi	
  &	
  J.S.	
  (2009-­‐2012)	
  extended	
  their	
  analysis	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  to	
  the	
  higher	
  dimensional	
  Lovelock	
  theory	
  

We	
  have	
  shown	
  that	
  

there	
  exists	
  the	
  instability	
  analogous	
  to	
  the	
  gradient	
  instability	
  
found	
  by	
  Kawai	
  &	
  J.S	
  1998	
  in	
  Gauss-­‐Bonnet	
  cosmology.	
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2 < 0



Small	
  and	
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Lovelock	
  Gravity	
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EquaVons	
  of	
  moVon	
  is	
  the	
  second	
  order	
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Lovelock	
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  1971	


S = −gLdDx∫

Lovelock	
  gravity	




Lovelock	
  Black	
  Holes	


 

ds2 = − f (r)dt 2 + dr2

f (r)
+ r2 γ ij dx

idx j

const. curvature space
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D-­‐dimensional	
  BH	
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Using	
  the	
  transformaVon	
 and	
  subsVtuVng	
  the	
  above	
  results	
  into	
  equaVons	
  of	
  moVon,	


d
dr

rn+1W [ψ ]⎡⎣ ⎤⎦ = 0

we	
  obtain	
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  gives	
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Perturbed	
  Lovelock	
  black	
  holes	
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Vector	
  PerturbaVons	


In	
  order	
  not	
  to	
  have	
  ghost,	
  we	
  have	
  to	
  impose	
  	
 T ' > 0

Takahashi	
  &	
  Soda	
  2009	
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Perturbed	
  Lovelock	
  black	
  holes	
  -­‐-­‐-­‐	
  conVnued	




Dynamical	
  Stability	
  Criterions	
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  2003	
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,	
  	
  if	
  	
ω 2 < 0 ,	
  	
  	
  	
  black	
  holes	
  are	
  unstable.	


If	
  V>0,	
  black	
  holes	
  are	
  stable.	


Since	
  	
δgµν ∝ e− iω t

It	
  is	
  useful	
  to	
  rewrite	
  it	
  as	


If	
  not,	
  we	
  can	
  deform	
  the	
  potenVal.	


If	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  black	
  holes	
  are	
  stable.	
  	
  If	
  not,	
  there	
  may	
  be	
  instability.	
 V > 0
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Vector	
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Instability	
  Criterions-­‐-­‐-­‐tensor	
  &	
  vector	


Tensor	
  PerturbaVons	


Vector	
  PerturbaVons	
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Instability	
  Criterions-­‐-­‐-­‐scalar	
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Algebraic	
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Instability	
  of	
  small	
  black	
  holes	




Black	
  Hole	
  SoluVons	
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D-­‐dimensional	
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  Method	
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Stability	
  Analysis	
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negaVve	
  	
α2 does	
  not	
  allow	
  small	
  BH	
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y

ψ

ψ H = 1
rH
2



Stability	
  Analysis	
  -­‐-­‐-­‐	
  conVnued	


K[ψ ]= 2 α 2ψ +1( )2 − 4α 2
α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ = 2 1− 2α 2( )

L[ψ ]= 2 α 2ψ +1( )4 + 4α 2 α 2ψ +1( )2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ −16α 2

2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟
2

M[ψ ]= 6 α 2ψ +1( )4 − 36α 2 α 2ψ +1( )2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ + 48α 2

2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟
2

= 2 1− 2α2( ) 1+ 4α2 + 6α2ψ + 3α2
2ψ 2( ) > 0

= 6 1− 2α 2( ) 1− 4α 2 − 2α 2ψ −α 2
2ψ 2( )

α 2 <
1
2

For	
  sufficiently	
  small	
  black	
  holes	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  we	
  	
  have	
  	


Hence,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  namely	
  ,	
  there	
  exists	
  the	
  instability	
  in	
  scalar	
  perturbaVons.	


2µ −α2 → 0

α2 > 0We	
  need	
  to	
  invesVgate	


ψ H =
1+ 1+ 4µ − 2α2

2µ −α2

→∞

M[ψ ] < 0



Stability	
  analysis	
  -­‐-­‐-­‐	
  conVnued	


K[ψ ]= 3 α 2ψ +1( )2 −15α 2
α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ =

1
2
5 −10α 2 + 1+α 2ψ( )2( )

L[ψ ]= 6 α 2ψ +1( )4 − 25α 2
2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟
2

M[ψ ]= 12 α 2ψ +1( )4 − 60a2 α 2ψ +1( )2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ + 75α 2

2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟
2

W [ψ ]= α 2

2
ψ 2 +ψ +1= µ

r5

= 6 − 25α 2
2 + 24α 2 − 50α 2

2( )ψ + −25α 2
3 +11α 2

2( )ψ 2 −α 2
3ψ 3 − α 2

4

4
ψ 4

= 3
4
4 −10α 2 − 2α 2ψ −α 2

2ψ 2( )2 ≥ 0

6-­‐d	
  AdS	
  BH	


W [ψ H ]=
α 2

2
ψ H

2 +ψ H +1= µψ H

5
2 as µ→ 0 the horizon goes as ψ H →∞

α 2 <
1
2

guarantees	
  the	
  posiVvity	
  of	
  K	
  	


Scalar	
  modes	
  are	
  always	
  stable!	


Therefore,	
  for	
  sufficiently	
  small	
  black	
  holes	
  in	
  GB	
  gravity,	
  there	
  exists	
  the	
  instability.	
  	


For	
  large	
  	
  	
ψ ,	
  tensor	
  modes	
  are	
  unstable.	
  	
  	


	
  	
  Dol	
  &	
  Gleisler	
  2005	


α2 > 0



More	
  general	
  results	


 
K[ψ ]= (D − 2)(D − 3)++ 4 (D − 5)α k−1

2 − 2(D − 3)α kα k−2

(D − 3)(D − 5)
ψ D−5

 
L[ψ ]= (D − 3)(D − 4)+− 2(D − 4)

(D − 2)2
α k
4ψ 2(D−4)

 
M[ψ ]= D − 2( ) D − 3( ) +− 6α k

2 (D − 5)α k−1
2 − 2(D − 3)α kα k−2

(D − 3)(D − 5)
ψ 2(D−4)

In	
  even	
  dimensions,	
  we	
  obtain	
  	


In	
  odd	
  dimensions,	
  we	
  obtain	
  	


Either	
  K	
  or	
  M	
  becomes	
  negaVve	
  for	
  small	
  black	
  holes.	


L	
  becomes	
  negaVve	
  for	
  small	
  black	
  holes.	
  	


Therefore,	
  we	
  can	
  say	
  small	
  AdS	
  black	
  holes	
  are	
  generically	
  unstable.	


Takahashi	
  &	
  Soda	
  2009,	
  2010	




Stability	
  analysis	
  of	
  large	
  black	
  holes	
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Graphical	
  Method	


y = µ
rD−1

y =W [ψ ]

ψ (r)

y

ψ

ψ H = 0

ds2 = r2ψ (r)dt 2 + dr2

−r2ψ (r)
+ r2γ ij dx

idx j

r→∞

ψ a

W [ψ ]= µ
rD−1

can	
  be	
  solved	
  graphically.	


κ = 0

W [ψ a ]= 0

In	
  this	
  case,	
  the	
  horizon	
  is	
  located	
  at	


the	
  largest	
  negaVve	
  	
  root	


the	
  asymptoVc	
  infinity	


RµνσρRµνσρ = ∂r
2 r2ψ( )2 + 2(D − 2)

∂r
2 r2ψ( )2
r2

+ 2(D − 2)(D − 3)ψ 2

∂rψ = −(D −1) W
r∂ψW

There	
  should	
  not	
  be	
  extrema	
  in	
  the	
  interval	
 ψ a , 0[ ]

ψ H = 0

Large	
  black	
  holes	
  can	
  be	
  well	
  approximated	
  
by	
  planar	
  	
  black	
  holes	




Stability	
  analysis	


5-­‐d	
  AdS	
  BH	


K[ψ ]= 2 α 2ψ +1( )2 − 4α 2
α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ = 2 1− 2α 2( )

L[ψ ]= 2 α 2ψ +1( )4 + 4α 2 α 2ψ +1( )2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ −16α 2

2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟
2

M[ψ ]= 6 α 2ψ +1( )4 − 36α 2 α 2ψ +1( )2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟ + 48α 2

2 α 2

2
ψ 2 +ψ +1⎛

⎝⎜
⎞
⎠⎟
2

W [ψ ]= α 2

2
ψ 2 +ψ +1

= 2 1− 2α 2( ) 1+ 4α 2 + 6α 2ψ + 3α 2
2ψ 2( )

= 6 1− 2α 2( ) 1− 4α 2 − 2α 2ψ −α 2
2ψ 2( )

α 2 <
1
2

−
1
4
≤ α2

α2 ≤
1
4

6-­‐d	
  AdS	
  BH	


∴ − 1
4
≤α 2 ≤

1
4

∴ − 6
5

≤α 2 ≤
6
5

The	
  similar	
  analysis	
  gives	


In	
  the	
  case	
  of	
  large	
  black	
  holes,	
  models	
  are	
  constrained	
  by	
  the	
  stability	
  analysis.	


Takahashi	
  &	
  Soda	
  2012	




Numerical	
  analysis	

W [ψ ] = α 4

4
ψ 2 +

α 3

3
ψ 2 +

α2

2
ψ 2 +ψ +1
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Ex.	
  10D	




Thermodynamical	
  stability?	
  

•  We	
  found	
  the	
  dynamical	
  instability	
  of	
  Lovelock	
  black	
  holes	
  

•  We	
  could	
  not	
  find	
  corresponding	
  thermodynamical	
  instability	
  

Dynamical	
  instability	
  	
 thermodynamical	
  instability	
  	
≠



Summary	


•  We	
  have	
  obtained	
  master	
  equaVons	
  for	
  general	
  perturbaVons	
  
of	
  spherical	
  black	
  holes	
  in	
  Lovelock	
  gravity	
  

•  Small	
  AdS	
  black	
  holes	
  are	
  dynamically	
  unstable	
  

•  Large	
  AdS	
  black	
  holes	
  are	
  unstable	
  for	
  some	
  models	


This	
  should	
  have	
  	
  implicaVons	
  for	
  AdS/CFT	
  correspondence.	



