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Conventional paradigm of phase transitions 3

»Symmetry breaking and order parameter
(Weiss, Landau, ...)

-Magnets: breaking of spin rotational symmetry,
magnetization

- Liquid-solid transition: translational symmetry breaking, density

H = —ZJ?O’? — hZJ?
(i7) U

1 Z
1 = N Z(Jz‘ ) Energy gap

»Quantum phase transitions

TT...) | == )
) h > h




Topological distinction of phases

Energy gap

Phase Il
>

Parameter of the Hamiltonian

Phase |

® No local order parameter can distinguish the two phases.

e Different phases are distinguished by a certain topological
property of the ground-state wave function

® Topological phases = Phases which are not smoothly
connected to trivial phases

[How to define? ]

Product state, no winding, etc.



Topological phases of band insulators 5

E(k) k & Brillouin zone
M Bloch wave k.
B ———— } 93P functions A ~
pm— \ = \ —
~—filled ->k'// < | ua (k )> >k,€.
k

Energy gap

trivial topological

phase phase)
Parameter of the Hamiltonian
B,(k) =V x Ay(k) Berry curvature

A, (k) = i{ug(k)|Vi|uq(k)) Berry connection




Topological band insulators in two dimensions

> Time-reversal-broken case:

quantum phase transition

space of all ground states /
il I

Z classification <IE-1 0o | 1 EI>

e ]

Chern number <->integer quantum Hall effects

62

O’my:EXCh

> Time-reversal-invariant case:

Z, topological insulators 0 1




Gapless edge modes 7

Chern number =n |:> n gapless chiral (unidirectional) edge modes

: chiral
vac edge state

>

kedge
Z,number=0or1 |:> even or odd gapless helical edge modes

B
helical edge state
IQHE for spin down

> fedge

IQHE for spin up




Topologically ordered phases 8

»In strongly interacting systems, there are topological phases
which cannot be understood even qualitatively by the band topology.

»Examples
Fractional quantum Hall (FQH) states: Laughlin, Moore-Read, etc.

Quantum spin liquids: toric code model, kagome antiferromagnet, etc.
(*still controvertial™)

» Fractional excitations a in/3 ™
fractional charge and statistics Xe€
(some also show non-Abelian statistics) ® L/\.

» Ground-state degeneracy N that depends e/3\/1e/3
on the system's spatial topology

\V = 1/3 FQH state /

v = 1/3 FQH state
N = 39 g:genus




Topologically ordered phases (cont'd)

» Strongly interacting gapless edge modes
(in the chiral class) FQHE | Vo€

e.g., chiral Tomonaga-Luttinger liquid

|

» Effective description: topological guantum field theory (TQFT)

q— _ / dg.flfiaw__&/a;)\E“’UA :> Quantized Hall conductivity
: A Gapless edge modes

Surface of 2+1D topological field theory
> 1+1D conformal field theory (Witten,1989)

»How can we identify and classify topologically ordered phases
starting from a microscopic Hamiltonian?

I:> Certain entanglement structures of ground-state
wave functions have turned out to be useful.



Terminology: integer or fractional? 10

Topological phases
4 R

Integer topological phases Fractional topological phases
(topologically ordered phases)

Topological band insulators

. _ Fractional quantum Hall states
Haldane phase of spin chains

(including AKLT model) Quantum spin liquids

Symmetry-protected
Ktopological phases /

Quasiparticles with unit charge | Quasiparticles with fractional charge

Unique ground state Degenerate ground states
on closed manifold

Topological entropy =0 Topological entropy >0
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\ SF, G. Misguich, M. Oshikawa, PRL,2006; J.Phys.C, 2007 y
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Review: L. Balents, Nature 464, energy
199-208 (2010) cost
ZABRTF . AT AEFHMEAERD

B RHEERIBEIS,

»Resonating valence bond

RICBITHKRSEEED—D

T5ANL—230:
Bl of=7FRFD
HE{ERZ R
(238 TS0

a VAY AVAVAVA

(RVB)$a{& .A"' "’7’7

ll?.ﬂw. An :e rsc;3 n ,” . A‘T"‘"\,‘\“’A“ /' ‘
ater. Res. Bull. 8, "'A"' " "A""A"' A

153-160 (1973)
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Dimer order S;-S;.

Resonating valence bond liquid

e e e e e @ o —{o—e) U ] D CEED U 0 o (& o L' L*

. D) (e e U U : o (¢ @ E

(@ o) :f“ 1) =111) E ] e 9 @ ¥ U T . @

Scalar-chiral order S ;- (S2; X S241) f [ Qﬁ U U - ﬂ ﬂ
« o o le) o

INESERESENE
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LU
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“topological order”
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Usual method: empirical method

(0:05) = (0:)(05) = ofro # 0 (|i — j| — o)

==) symmetry breakingin O;

Ofl; —_—
O —b
0/ —b

Ground
state

General theorem
OLRO < 0SsSB

Kaplan et al.
Koma-Tasaki
- NO
- NO
——> (.K.

What if the order parameter is beyond our imagination?

Our proposal: direct determination from the ground states

Yo

----------

No inputi......... =

Degenerate
ground
states

.

Appropriate
order parameter



Setting of the problem

Situation

We have obtained the low-energy spectrum and eigenstates

of finite systems by numerical diagonalization.

We have found finite-fold quasi-degenerate ground-states.
m=) Breaking of some discrete symmetry is anticipated.

N

H = [S757, + 6(SFSF + S¥St )]
1=1

@ 1sing model with
small perturbation

thermodynamic limit finite-size system
1
- 1
3 W R U+ 1)

Our method derives an order parameter
directly from degenerate ground states (GS).



Basic idea

We construct symmetry-broken ground states |‘I’1>, |‘I’2>

as linear combinations of quasi-degenerate ground states.

We examine in what area these states are distingushable
by looking at their reduced density matrices (RDM).

ph, = Trg |U:) (W] (i =1,2). Q:subarea of the system

Neel order Dimer order
Hﬁ tltl P
I e phy # P

H

it ceaflefesas

=1




Measure of “Difference”

diff (p&,, p5) = max

T Do ps) — Tr(Oa p?
Oal21 ( Q-/).Q) Ql( Q[)sz)

OQ : (variational) order parameter on ()

— Z A {\;}: eigenvaluesof Apq = pg, — pj,

J
Maximum is achieved by the optimal order parameter

OLPY Z\J sen A ()

{l7 )} . eigenvectors of Apo = pi, — pé

Properties

(a)Upper and lower bounds: 0 < diﬂ(pgl-z_, /);2‘2) < 2

(b)Monotonicity: @ C A = diff(p5, pg,) < diff (py, p3)



Construction of symmetry-broken GSs

7—[ : real in $%-basis (“time-reversal” invariant)

2-fold finite-size (quasi-) degenerate GSs

‘CD]_> and

‘¢2> : real (“time-reversal” invariant)

Symmetry-broken GSs: two possibilities

D)+ |P
Wq0) = [P1) £ |Po) “time-reversal” invariant
) \/5
| P1) £ Po)

V2

We can’t know a priori which is the case;

“time-reversal” broken

(W1 0) =

I
so calculate both “diff1” and “diff2” separately



Procedure

- case of two-fold GS degeneracy -

1. Exact diagonalization ->degenerate GSs !@1>, \@2>

2. Construct symmetry-broken GSs U1), |¥g)
as linear combinations of |®1), |®2)

Two possibilities: “time-reversal” invariant / broken
3. Search for an appropriate area with “diff1” and “diff2”

4. Construct the optimal order parameter



Simple examples revisited

1
@ Neel order Dy (2)) = ﬁﬂ Ty £ 4rl-))
Area A [ diff1[diff2] |
}1}2} i 8 $1 *2 t) +4 t *6 t *8 *9 t
23y 2 | o | tH
Apg =[N =1H{
OFP =1t = (L] =255
. 1
‘Dlmerorder |(I)1(2)>:\/§(|912>|934> |3A-T—1,N>j:|5‘23>|345>"'|5_.-'\-T.1>)
Area A [ difft  [diff2]
- - - —(—e¢—f(o—e—f(o—o—(o—o
{1} 0 U 1 2 3 4 5 6 7 8 9 10
11,2} 3/2=151 0 gy o
(12,3} V3= 173 0 ; e
3 1
Apa = Jls12){s12] — Z [h2) (12
@flp;}_\qlz;mz\ Z\f“‘ bl = =281 - Sg —1/2



Ladder spin model with ring-exchanges

7—[=COS@Z§¢'§j+5in92(P4+P4_1)
_ []

O O O O O O O O O
B )
O O O O O O O O O
Phase | Phase Il
O
5
- . 0/
0.07 0.14176 0.39

2-fold degeneracy in both phases (wave-vectors k=0 and k=77 )

What are the corresponding order parameters ?
Laeuchli, Schmid, Troyer, PRB 67, 100409(R) (2003)
Hikihara, Momoi, Hu, PRL 90, 087204 (2003)

Phase | : staggered dimer order
Phase Il: scalar-chiral order

Previous studies




diffl and diff2

1© 2 3 |4 5 @&
__I I_ I + I : leg dimer order
1 2 3 4 a i L.
Ap{m} o 5152
Phase (opt) P |
f=0.127 0 =0.197 Ofiz) = 251521 5
Area diffl  diff2 [diffl  diff2
{1} 0* 0* 0" 0" Phase Il: scalar chiral order
1{1,2} 0.5698 |0* 0.0929 0" (broken time-reversal sym.)
{1,1"} 0* 0* 0" 0* . L
{1; 2/} 0* 0* 0* 0* AP{1,2,1*} x St - (SQ X Slf)
{1,2,1D10:5698-0.02670.0029-10.3340| por) _ 4 & (5 §u)
{1,2,3}  ]0.6579 0.0670 8}6@3 0.2365| b2V 3Tt R
(1,2,1,2/1]0.5698 0/0462[0/0029 0.5785

Numerical results on 14x2 system - periodic BC

Reproduced known results !



Quantum dimer models

w=y [ (o)
(D)

Rokhsar-Kivelson, 1988

Effective description of spin models restricted to the valence-bond subspace
Exact RVB-type GSs at t=v (Rokhsar-Kivelson point):
RK Z c) Rokhsar-Kivelson wave fn.
\/ |£
cel

RVB liquid phase on triangular lattice, kagome lattice,...



Topological sectors

The parity of the number of dimers crossing a cut is a conserved quantity.
&: set of all the dimer coverings — &P, p = ++,4+—, —4, ——

The spectrum can be determined separately in each sector.

4-fold degenerate ground states in RVB phase

\/‘57 ; )

RK point:  |®,,) =

GS degeneracy depending on the topology:
2-fold on the cylinder, 4-fold on the torus, ...

What is the order parameter?



Method for multiple GS degeneracy

Rather than calculating diff1, diff2, diff3, etc.,
we maximize “diff” over the GS manifold.

Dq = max dift (pg,pgef)>

| @)
(ref) _ 1 BN - ref [RDI\/I averaged
Po = q ZZ.:TIQM)M(DZ‘ - TRIGTENCE 1 Gver the GS manifold
pa = Tro|P)(¥

[\@;} (¢ =1,---,q) :degeneratge GSs j

The existence of an order parameter is signaled by Do > 0



Solvable QDI\/I on the kagome lattice

Z ’ introduced by Misguich et al., PRL,02

Vv |5 " A.A

zero dimer-dimer correlation length A < 4 < £
L XXX

(due to the arrow representation)
LT
Y W

p) =

/

mm=) no finite-size effect
Rigorous argument is possible!

© Local (finite) area:
Dg =0

No local order parameter!

© Non-local area (extending over the system)

Dqg > 1

Existence of a non-local order parameter

(Similar result: loffe & Feigel’'man, PRB, 2002)



QDM on the triangular lattice

+ (| (727 7])]

QMC: Moessner and Sondhi, PRL 86 (2001); Green fn. MC: Ralko et al., PRB 71 (2005)

~ |—O.8 0.70 ~|O.85 T Vit
>
columnar VBC | V12 x /12 VBC | RVB/‘ staggered VBC
Vi

/NS \
/
4 kY

Y /

Rokhsar- Kivelson point t=v

CI) E

cEgP

Finite dimer-dimer correlation length
— Finite-size effects arise.

A systematic treatment of finite-size effects is necessary.



QDM on the triangular lattice: result at RK point

Numerical methods: Simple exponential fitting
direct enumeration of dimer coverings (up to N=52)

evaluation of Pfaffians (up to N=256) DQ — C eXp(aR — bv N)

T
. 10° £ (b) F L
107 ¢ % - RK point e
L - » -1 N p intc ) lll.,? i ]
10_1 r - - = 10 [ Dg=c exp(aR-bN" ") ]
= - - 03
B S oL a 2. Oi_.?Eé i
2 X s o 10 7 b = 0.92821 3
10 - o~ o .,.I. N=16 + _3 c = 2.23221 o
Oy iy W 10 = N=16 + -
107 F o * o 28 . Q) N=28 X
Q R s N=36 * L N=36 %
10 4 L a4 f*‘_"/“ N=48 d ] 10 e N=48 O -
s A N=52 | N=52 =
oA T
oSk ot At N=64 N 107° F N=64 © -
T - _
7 N=100 e / N=100 e
. _ =14
.].D 6 N=l44 AN N 10 6 | i_ 92 f 4
neige  f L vV N=256 v
'_]_D_? | | | ! :'\T=d.56| v 10—? I 1 1 I 1 |

- - -14 -12 -10 -8 -6 -

Radius R CLR . b N
e o

| T D,, goes to zero exponentially

7 " - ™ ry .*'-_-"_-'_'_.-'“-., - -
S NS AN XA with N2 for any fixed R.
') +\ A— \——/) <= = Absence of any local
ANAN iq{ e \ i,_\( A order parameter
/ x__ -.‘f_.. P A



Away from the RK point

v/t=0.9 |

(a)

10° | vt=0.9

F N=16
[ N=28 o
[ N=36 e

Other v/t: exact diagonalization
(up to N=36)

| D,=c exp(aR-bN"?) T )
Dq | s=rent s, a ~ 2b holds in the RVB phase.
107 F c=21s586 ° ;EE%;_‘
L L E
15 ;] b ]
1 :I L
08 09 1
10—2 L L | | vit
5 1 0

’ aRib\/ﬁ?
Do = cexp(aR — bV N)
~ cexp[-b(vVN — 2R)]

D, goes to zero exponentially with NY/2 for any fixed R.

——> Absence of any local order parameter



FEOH FMRAVAHIILEFEIL?

RO IROS—I<ik7 L= R A DR
gap |
[Wq) [P2)

v =1/3 ¥ EFHR—ILIKEE: degeneracy = 37
Z, RAE &K (QDM, toric code): degeneracy = 49
>HER L =B ERE X RATRICR B A DHEL
>N EITIROINERH 1 ZAVTEEMIZER

— ; (ref) e 1 2N . 1 . 2
DQ = H|1\I§L>X dift (pQ, Po diff (pg. po) = |g3)c|1}§{1 E (Oapg) — ',51(09[)9)

SF, Misguich, Oshikawa, PRL,2006;J.Phys.C, 2007
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Preskill DIRZE

33

Quantum information and physics: some future directions, J.Mod.Opt. 47 (2000) 127-137

MO AILER

W)

NP

F ORI R R A
)

ETFRMBUIRR

BTN Z X Al AN DAV LY
SERFTRITRIE THIO TR AIA DL

(Global encoding of information)

BMAEFH-THOHT

Quantum secret sharing = abHmn3
Quantum error correction

EFRBDEZAT>YIEDZHRERREBEHEOTIHLVGIE

ZZ RARRICATHIRE

H 2SR Dc-theorem, g-theoremZHEYAA B THIFEHDOARELT
EIRTELELMN?



What is entanglement?

Structure of a quantum state which cannot be represented

as a product form e o o oo

o W) = [¥.4) ) : [3 A 3}

No entanglement between A and B

<:> " Reduced density matrix on A'is a pure state.
pa = Tep|0)(¥| = [W4) (T4
\_

_/

W) # [V |¥B)

There is entanglement between A and B
<:> [Reduced density matrix on A is a mixed state.]

34



How to quantify entanglement ?

I:> Measure how mixed the reduced density matrix is.

4 N

Entanglement entropy Sa=—-Tr palogpa (: SB)
(von Neumann entropy)

= — Zpi logp; {p,;}:eigenvalues of p4

NS v /
O product state —p  pure state pi=1,0
¥) = |00) pa = 0)(0 4 =0
O entangled state =  mixed state D; = 1} 1
W)= L0+ 1) pa=L(0)0] +[1)(1))  * 2
S4 = log?2




Scaling of entanglement entropy

® If the system has only short-range
correlations,

S4 x (boundary size of A)

"boundary law" (or "area law")

Srednicki, PRL, 1993
Wolf,Verstraete,Hastings,Cirac,PRL,2008

® Deviation from boundary law -z N\

I:> Signal of certain long-range or
non-local correlations

Useful applications to critical systems,
topologically ordered phases, etc. \ /




One-dimension systems

A Holzhey,Larsen,& Wilczek,
Nucl.Phys.B,1994
0 o o o o o o o o o o Vidal, Latorre, Rico, & Kitaey,
< > PRL, 2003
r Calabrese & Cardy,
J.Stat.Mech,2004
O Gapped (non-critical) system S, T
2.5} Laassst 0=
S4 — const. (r = o) ///
. . | 2-
O Critical system - o c=1/2
C EI'B_ }F HWW*W*
SA:_logr+Sl % ﬁ||||||||||||||||||||||
3 1 gappe

c: central charge of conformal field theory 10 20 30 40

NUMBER OF SITES — L -—

™ number of gapless modes

eneric structure
{ Underlying field theory <) if ground state }




Entanglement entropy detects intrinsic topological order!
4 N

Kitaev & Preskill, PRL 96, 110404 (2006)
Levin & Wen, PRL 96, 110405 (2006)
B (Also, Hamma et al., PRA, 2005)

L ) SA — C]fLA — 7y L,: perimeter

boundary-law universal topological
contribution contribution

v = In Diopo : topological entanglement entropy

D | t di ) Universal constant related
topo  total quantum dimension to the statistical properties of
C fractional quasiparticles
Z, spin liquid: Diopo = 2

v =1/q raHstate: Diopo = /4

4 )
S ~ SAB+SBC+SAC) S +Sg "'S)

ORKRDA by [




Toric code model Kitaev, quant-ph,1997; Annal.Phys,2003

H = _JAZHU;?E —JBZHU%:Z

% {:} Ja, Jg >0 P

H_/ H_/ S
A, B,

All terms commute.
BE) Ground state: As =41, B, =+1 forall s, p

Jp = 0 => Degenerate manifold &

Loop configs.

Jp > 0 => Resonace between loop configs. or = —1

—» Ground state: |J) = Z c)
cef



String correlations

W () =([] o¥) =1
el
W) = (] of) =1

reC’

C, C’: closed loop
Hastings & Wen, PRB, 2005

String correlations
0O g

topological entropy




Entanglement entropy in toric code model

Decomposition in terms of boundary confings. Hamma et al., PRA, 2005

A
= a2 T
1 _ O
\m o CQSG;O‘|CQ>CQEEQS |CQ> 'I I I I P_
_ |g§2 |5a| ! C¢
1 O - AN g ~
Pa = oL—1 W%) ‘¢%>

Schmidt decomposition”

S = — Zpa Inp, = LIn2 -In2 <= string correlation

Y



KP

Application: Quantum dimer model on the triangular lattice

SF, G. Misguich, Phys. Rev. B 75, 214407 (2007)

H =5 -t(=)¢ 7]+ he)
+o(| =+ {7707 7])]

Rokhsar-Kivelson point (t=v) |RK) = —

Kitaev-Preskill construction

0 I I I I I I 99% agreement with
Kitaev-Preskill, RK point the prediCtion !
-0.2 N=36 7
S30, N=48
S00 ] T g S00 case
-04 - - Radius R —Sﬁ?u /In2
g -8 \is N =52 N =64
& gl 218 09143 0.9143
' 2.29 0.9839 0.9835
_In 2=-0.6931 2.50 0.9822 (0.9822
08 - ¥ Y 2.60 0.9765 0.9760
¥ 2.78 1.0014 0.9897
-1 ! ! ! ! | 3.04 1.3252  0.9967

0 0.5 1 ‘ 2 25 3 3.12 0.9967




Renyi entropy S,

0 2 4 6 8 10 12 14

Application: kagome Heisenberg antiferromagnet

2 ¥ DMRG on a long cylinder
6 S, A
5 S5 N
Ss @
4 fittos, ———
3l fitto Sg e
fitto S, v
ol 04 oy
fit 10 Sg v g
1 | - el
’ A"‘ﬁ
&

circumference c

Strong indication of

Topological entropy= - log 2 » a 72 spin liquid

Depenbrock, McCulloch, & Schollwoeck, PRL, 2012
Jiang, Wang, & Balents, Nature Physics, 2012

Use of minimally entangled state:
Zhang, Grover, Turner, Oshikawa, & Vishwanath, PRB, 2012
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Entanglement spectrum

f N pa=Tep|UN(Y
B Topological entropy does not provide a
9 y complete picture of topological phases.
In principle, the full spectrum of PA
contains more information than S 4.
- _He H . .
PA — € e : entanglement Hamiltonian

Entanglement spectrum = full eigenvalue spectrum of H.: {fg}

Entanglement entropy
= Thermal entropy of H, at the fictitious temperature T=1

Li and Haldane, PRL 101, 010504 (2008)

45



Entanglement spectra in topological phases 46

Remarkable correspondence with edge-state spectrum
Li and Haldane, PRL 101, 010504 (2008)

50 — .
CSiaioazessiiio T v = 1/3 Laughlin state A
¢ i"’i: spectrum reminiscent of
) I!i;ili chiral TLL
0 I"i Sterdyniak et al.,
RO | | e PRB 85, 125308 (2012) B
-20 -10 0 10 20
L
s 3D Z, topological insulator
‘: Turner, Zhang, and Vishwanath,
i, g oo PRB 82, 241102 (2010)
(a)-‘r M1 M2 M3 r (b) 'O'Sr M1 M2 M3 T He X Hedge

at low energies

Edge spectrum entanglement spectrum



Implications 47

Correspondence between entanglement and edge-state spectra

4 )
property of bulk
B wave function
- /

|:> Manifestation of the bulk-edge correspondence

Practical aspect:

In finite-size simulations, the entanglement spectrum
better reflects the bulk topological features
(shows a clearer gapless structure than edge states).



Applications: bosonic integer quantum Hall state 48

entanglement o

spectrum

B

2-component Bose gas

Furukawa & Ueda,

Phys. Rev. Lett. 111, 090401 (2013). *9
6_

Wu & Jain,
Phys. Rev. B 87, 245123 (2013).

edge-state

spectrum

10

8
a 7
g
I 6
" NAND)=(2,2) > ]
spin (NPND)=(3.3) +
(NEND)=(4,4) ©

5.7 ——
w 5.4r —
51 —

4.8 «—

4.5r —




Implications 49

Correspondence between entanglement and edge-state spectra

4 )
property of bulk
B wave function
- /

|:> Manifestation of the bulk-edge correspondence

Practical aspect:

In finite-size simulations, the entanglement spectrum
better reflects the bulk topological features
(shows a clearer gapless structure than edge states).

Questions:

Why do we have this correspondence?

Does this correspondence apply to all topological phase?
When can it be violated?



Our approach

Lundgren, Fuji, SF, Oshikawa, arXiv:1310.0829 50

» We consider the entanglement properties of 2D topological phases.

» We can reduce this problem to a problem of coupled

Tomonaga-Luttinger liquids (TLLs).

Qi, Katsura, and Ludvig, PRL 108, 196402 (2012)

» We solve the entanglement problem of two coupled TLLs
using a very simple free theory method.

2D topological

phase

'l

]
- -

(c)

TR
FTPT Ity

+H,

coupled wires



"Cut and glue" approach 51

Qi, Katsura, and Ludvig, PRL 108, 196402 (2012)
v =1/q FQH state (q=even for bosons, odd for fermions)

(c)

HR
Tt Hy
+H,
yl Coupled-chain picture qualitatively
¢ N describes the gluing process.
X
| | >
HAN) =Hs+ Hp+AHap )\I ) )\. 1

decoupled systems original system



Two coupled chiral TLLs 52

@ HR Two edges of ¥ = 1/¢ FQH state
I N - ,

. qUo 9
HR/L — / dr— AT (OT@R/L) ’
J 0O

PR/L = dr@ﬁyL
HRL . particle tunneling and den5|ty-den5|ty interactions

= —— (oL +on), 0= —=
(;D_\/E(;DL(;DB \/E

H=H;+Hp+Hp;
[ at (k0.02 + Lo,0)2 )+ L (VaTq0)
= [ do|§ (K000 + (0.0 )+ & eos (Vimag

sine-Gordon Hamiltonian

(01 — or) Non-chiral bosonic fields



Free-field description of gapped phase

JEnergy \AEHE}
k k
g decays to zero under RG. g grows under RG.

|:> Locking of

Energy gap opens up.

(Very simple description of the gapped phase: A

ﬁcos (\/ Q(D) ~~ const. —|— ¥e (;>—¢>0)2—|—....

\IZI} H : massive Klein-Gordon model with a mass gap vm

Just with methods for free theories, we can discuss

the entanglement spectrum!

cf. Qi, Katsura, and Ludvig used boundary CFT to describe
the gapped phase.

53



Calculation of entanglement Hamiltonian 54

@ HR Mode expansions
| 27T L T
S hp = ,. (a,kez’k‘n -+ (J,TE’_?"“I) + zero modes
u : : [ i .’>

qL|k] i

.. 2T 1 ik
Q1 = E / ake?’k’x + CLI,IG )y zero modes
| qL|k| ' .
k<0 (ignored
in this talk)

H : certain quadratic form of bosonic operators

|:> Obtain the ground state Calculate correlation functions

in the 15t chain: <0‘akak‘0> > ()
1

osc ] 1

USC _ _He HL)SC _ W CLTCL ‘ -

I:> Ansatz: P4 = ZOSCG o § k( Rk + >
e

k>0
Determine w, so that the ground-state correlations
are reproduced (Peschel's method, 2003).




Result: entanglement Hamiltonian 55
SN+ kalap - ——| o HR

@ :
H, = v,
TPt Hy L k>0 2L

| .
+ HL with o, = 4gK /m (at low energies)

:> Simple physical proof of entanglement-edge
correspondence in quantum Hall states!

By calculating the thermal entropy of H, , we can also obtain
the topological entanglement entropy.

7. (6) — Ty 6—5He

(T 1 Ze ) Consistent with
S = 0( I} (6)) ~ — In \/a Kitaev-Preskill-Levin-Wen
T T—1 result

No boundary-law term:
artifact of a theory without a high-energy cutoff



Two coupled non-chiral TLLs 56

Direct applications to ladder systems
S\ /7 and Hubbard chains

=

% cf. Numerical study on spin ladders

Entanglement spectrum remarkably resembles
the single-chain spectrum.

Poilblanc, PRL 105, 077202 (2010)

helical TLL
1‘%7 Application to time-reversal—-invariant
>

K » topological insulators

helical TLL

“\&\



Hamiltonian 57

( ) (koo oo -
’& ﬁ H]/_/dxg [K(OTQV) +K(d;1:q)r/) , Z/—le.

K<1: repulsive interaction
K>1: attractive interaction

K K: TLL parameter
A —

Coupled system: separation into symmetric and
antisymmetric channels

1 1
[ — (A :|: / . 9 = —— 9 :|29‘
O+ \/5(@1 @2) + 2( 1 2)
. v - ] 5 1 o 2_ ) \/—
e o ron ] o)
. - + -

H_ = /daj{w_ K- (0:179—)2 + i (8:c¢—)2 T g cos (\/59_/%) }

gapped phases of spin ladders
g+and g- grow under RG :> { topological insulators



Result for a fully gapped phase 58

Entanglement Hamiltonian

1

He — /d.ﬁ?% [Ke(atel)Q + (0;1:@1)2]

VM, v_TN—_ .

Ve = 4. Ky K. = K K_m_ mass gap in
K—mym-— M "+" and "-" channels

» This resembles H,, but has a modified TLL parameter.
The entanglement-edge correspondence is slightly violated!

> In some special cases, symmetry enforces K_=K.
Non-interacting topological insulators: K .=K=1

SU(2)-symmetric spin ladders: K,=K=1/2

cf. In XXZ spin ladders, H, has been found to be given by an XXZ chain
with an anisotropy modified from the physical chain.
Peschel and Chung, EPL, 2011; Lauchli and Schliemann, PRB, 2012



FEOH MRADHILIBEEF IR T IILAUR 59

S>TURAT I AVR-ITOROE—3> RO HIIL K EEZ R
Sq = OéL—")/ 'YZIHDtopo

4 )
Sise —(Sas +Sae +S4c)+(S, +S,+S.) — —
O RNDAQ P Ro ’@.h

- J

PITRT IVA R ARGRN LS RRADAILIBD IR EE D [HER
(c)

"Cut and glue" approach
[ZkHIEfZ




Results for gapless phases 60

More remarkable violations of the entanglement-edge correspondence are found
in gapless phases of ladder systems

» Partially gapless case (gap only in "-" channel) ;2
OSsC T 1 e L
H;™ = Z Wy, bk:,lbkhl + B W, & 24/ V| k|
k0
H. /d:c— [ 0 91) I (() (31) ]
2K 27 - g ! * i
_ T dadr’ 0,01 (x)0, 01 (") In | T — el T 6?‘2?37

Emergence of a long-range interaction <-> critical correlations

» Fully gapless case

1 w is determined by
H@ — b-‘- b‘. -
| w;{) ( k.1 Ot 2) K+ and K-

Bosonic modes with a flat dispersion  ¢f chen & Fradkin, PRB, 2013



Numerical demonstrations (hard-core bosons on a ladder)

gapless ca
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