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Why important?
Without knowledge details of systems,  

one can predict many things:

Bloch T3/2 law，
dispersion relations, low-energy theorem,...
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obtained with solid ingots in the solid solution system 
Gd4(SbxBh_x)a are shown in Table L The resistivity 
vs temperature curves for Gd4Bia and Gd4Sba are 
shown in Fig. 3. At the high-temperature end one 
obtains values of the resistivity which are not too 
different from those measured in Gd metal (p= 130-
140 ,uQ cm) .6,6 The slope of the curves indicates a 
metallic conduction mechanism. Table I gives the 
slope of the curves above the Curie temperature that 
can be interpreted as the temperature dependence of 
the phonon part in the resistivity. The magnetic scat-
tering part pm has been determined in the usual way, 
by linear extrapolation of the high temperature part 
to T= OaK and subtracting the residual resistivity Pres. 

160r---------------, 
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FIG. 4. Saturation magnetization of Gd metal and 
Gd4 (SbxBi1_x)s compounds compared with the Tl law (solid 
lines). For Gd metal u oo/2 has been plotted. 

All samples are ferromagnetic at low temperatures. 
Their magnetization approaches the saturation value 
Uoo,T (at T=const) as UH.T=uoo ,T(1-a/H) for field 
strength H between 5 and 25 kOe. The values of "a" 
are given in Table 1. As shown in Fig. 4, the saturation 
magnetization UcoT follows the simple spin-wave law 

to remarkably high temperatures, similar to Gd metal. 
The absolute saturation moments, no per Gd atom, 
are lower than the value 7.0,uB expected for the 8S7/2 

ground state, This deviation is probably due to the 
presence of second phase in the grain boundaries ob-
servable by micro metallurgical techniques. 

The ferromagnetic Curie temperatures Tc were de-
termined by three different methods: by the classical 
method of Weiss and Forrer (W.F.), by extrapolating 

5 R. V. Colvin, S, Legvold, and F. H. Spedding, Phys. Rev. 
120, 741 (1960). 

6 P. W. Bridgman, Am. Acad. Arts. Sci. 82,83 (1953). 
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Gadolinium

Holtzberg, McGuire, M'ethfessel, Suits, J. Appl. Phys. 35,1033 (1964)

Debye T3 law, ...
from Kittel and Kroemer (1980)Solid argon

Low energy excitations

Chiral condensate hq̄qiT
hq̄qi0

= 1� 1

8

T 2

f2
⇡

+ · · ·

(T/Tc)
3/2 T 3



F [�]

�

F [�]

Degeneracy of grand states
For spins

random

aligned

For fields
Spontaneous symmetry breaking



Elasticity

⇡a

For spin

For crystal 

Free energy



What is the NG mode?
charge densities are slow:

in medium
Diffusion equation

ex)

the charge density and the local operator are 
canonically conjugate cf. Nambu (’04)

When SSB occurs,

Nambu(’60), Goldstone(61), Nambu, Jona-Lasinio(’61) 

http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380
http://dx.doi.org/10.1007/BF02812722
http://prola.aps.org/abstract/PR/v122/i1/p345_1


Example in relativistic systems

Three broken generators

Approximate symmetry of QCD
SU(2)L ⇥ SU(2)R ! SU(2)V

Three NG modes: Pions
⇡+,⇡�,⇡0

! =
p

k2 +m2
⇡

Dispersion relation
Sigma mode  
= Higgs mode

� = h ̄ i

F [�,⇡]

NG mode⇡



Example of NG modes
Superfluid phonon

broken of number

Magnon

one magnon

Broken of rotation
Two broken generators

One phonon
He4 superfluid

Broken generator:

# and dispersion are different 
from relativistic ones



Goldstone, Salam, Weinberg (’62)
Nambu-Goldstone theorem

For Lorentz invariant vacuum
Spontaneous breaking of global symmetry

# of broken symmetry = # of NG modes

Dispersion relation

Nambu (’60), Goldstone (61), Nambu, Jona-Lasinio (’61) 

http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380
http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380
http://dx.doi.org/10.1007/BF02812722
http://prola.aps.org/abstract/PR/v122/i1/p345_1


Generalization 
 Nielsen - Chadha(’76)

Ntype-I + 2Ntype-II � NBS

Type-I: Type-II:! / k2n+1 ! / k2n

Watanabe - Brauner (’11)
NBS �NNG  1

2
rankh[iQa, Qb]i

Schafer,  Son, Stephanov, Toublan, and Verbaarschot

NNG = NBS
(’01)

h[iQa, Qb]i = 0

Nambu (’04)
h[iQa, Qb]i 6= 0 (Qa, Qb)

canonical conjugate



Recent progress

Ntype-I + 2Ntype-II = NBS

Watanabe, Murayama (’12)

YH (’12)
Effective Lagrangian method
Mori’s projection operator method

NBS �NNG =
1

2
rankh[iQa, Qb]i

Ntype-II =
1

2
rankh[iQa, Qb]i

http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://arxiv.org/abs/arXiv:1203.1494


Recent progress
Watanabe, Murayama (’12)

YH (’12)
Effective Lagrangian method
Mori’s projection operator method

NBS �NNG =
1

2
rankh[iQa, Qb]i

Ntype-A + 2Ntype-B = NBS

Ntype-B =
1

2
rankh[iQa, Qb]i

http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://arxiv.org/abs/arXiv:1203.1494


Type-A Type-B

Two type of excitations
gravity



Type-A Type-B

Two type of excitations

Harmonic oscillation Precession
! ⇠ p

g ! ⇠ g

gravity



Recent Progress

Type-A Type-B
harmonic oscillation precession

NG modes associated with spontaneous breaking of 
internal symmetry can be  classified by two types:

Ntype-A = NBS � 2Ntype-B

Watanabe, Murayama (’12), YH (’12)

Ntype-B =
1

2
rankh[iQa, Qb]i

NBS �NNG =
1

2
rankh[iQa, Qb]i

http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://arxiv.org/abs/arXiv:1203.1494


Classification

“Almost NG modes”
Kapustin (’12), Karasawa, Gongyo (’14)Effective Lagrangian approach:

Expectation value of commutation relations

QA
b QB

b �A
i �B

i

h[iQA
a ,�

B
i ]i 6= 0

h[iQB
a ,�

B
i ]i 6= 0

Broken charges Local operators

  Type-A 0 0

 Type-B 0 0QB
a

QA
a

becomes massive. �B
ih[iQB

a ,�
B
i ]i 6= 0

YH (12’), Hayata, YH (’14)



The number of Type-B pairs

The number of Type-A pairs
Ntype-A = NBS � 2Ntype-B

The number of Type-B fields.
rankh[iQa,�i]i �Ntype-A

Ntype-A + 2Ntype-B = NBS

NBS �NNG =
1

2
rankh[iQa, Qb]i

Ngapped =
1

2

⇣
rankh[iQa,�i]i �Ntype-A

⌘

Ntype-B =
1

2
rankh[iQB

a , Q
B
b ]i =

1

2
rankh[iQa, Qb]i



Ex.)  SU(2)xU(1) model

mass
SSB pattern:

Gapped partners
' = (�1 + i�2, + i⇡)

Higgs



NBS Ntype-I Ntype-II
1

2
rankh[iQa, Qb]iNBS �NNG

Spin wave in 
ferromanget

O(3)→O(2)

2 0 1 1 2
NG modes 


in Kaon 
condensed CFL

SU(2)xSU(1)

3 1 1 1 3

Kelvin waves in 
vortex  

translation 2 0 1 1 2
nonrelativistic 

massive C
U(1)x 2 0 1 1 2

Examples of Type-B NG modes
NBS

Ntype-A + 2Ntype-B = NBS

Ntype-A Ntype-B Ntype-A + 2Ntype-B

NBS �NNG =
1

2
rankh[iQa, Qb]i



Question:

What is the relation between 
type-A (B) and Type-I (II) 

dispersion relation?



Generalized Langevin equation

F [A]
{An, Am}P ⌘ �ih[An, Am]i

Noise term:
Dissipation term:

Free energy:
Poisson bracket:

Mori (’65)formal derivation:

@tAn = {An, F [A]}P � �nm
@F

@Am
+ ⇠n

⇠n

�nm



First, we neglect dissipation 
effect, i.e. Γ=0.



flat directions
�

Type-A NG mode

Q =

Z
d

3
xn

with

Type-A = Type-I

Equations of motion



Type-B NG mode

Type-B = Type-II

Equations of motion
flat directions



Dissipation effect: Type-A

F =
��1
n

2
n2 +

1

2
(r⇡)2 + · · ·

Kubo formula

@t⇡ = ��1
n n� �⇢r2⇡ + ⇠⇡Equations  

of motion

@tAn = {An, F [A]}P � �nm
@F

@Am
+ ⇠n



Kubo formula

Equations  
of motion

@tAn = {An, F [A]}P � �nm
@F

@Am
+ ⇠n

Dissipation effect: Type-B



Type-A:

SSB with a small breaking term

small explicit breaking term

Type-B:

w ⌘ �

��
h[iQ, V ]i

w b
a ⌘ �

�nb
h[iQa, V ]i

@tn = ✏w�
@tna = ✏w b

a nb

Gap of Pseudo NG modes
Type-A:

Type-B:
Ex) pions

Ex) magnon in an external magnetic field

Watanabe, Brauner, Murayama (’13)

cf.) No higher corrections if the explicit breaking term  
is proportional to  a charge.

Nicolis, Piazza (’12), (’13)

[m2] b
a = ✏2! c

a ! b
c

m2 = ✏��1w

@tna = c⇢✏abr2nb

H = H0 + ✏V



Summary

Independent elastic variable=NBS

Type-A (Type-I):
Type-B (Type-II):

For SSB of internal symmetries

Ntype-A = NBS �Ntype-B

Karasawa, Gongyo(’14)
The second derivative term in the effective Lagrangian

Ngapped =
1

2
(rankh[iQa,�i]i �Ntype-A)

Ntype-B =
1

2
rankh[iQa, Qb]i

! = ak � ibk2

! = a0k2 � ib0k4



Spacetime breaking and dispersion
Ex) Liquid crystal

rotation O(3)→O(2)Nematic phase:

Dispersion relation:
Real and imaginary parts are the 
same order (damped oscillation)
In case         , (overdamping)

Li(x) = ✏ijkx
j
T

0k(x) i = 1, 2

a = 0

Ex) Capillary wave (ripplon)

Hosino, Nakano(’82)

! ⇠ k3/2

! = ak2 + ibk2
NBS = NEV = 2

Type-B
1

V
h[Pz, N ]i 6= 0

Effective Lagrangian: Watanabe, Murayama (’14)cf. Takeuchi, Kasamatsu ('13)

http://dx.doi.org/10.1143/PTP.68.388

