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Low energy excitations
Why important?

Without knowledge details of systems,

one can predict many things:
dispersion relations, low-energy theorem,...

Bloch T3/2 law, Debye T3 law, ...

oll rgon fro emer (1980




Spontaneous symmetry breaking

For fields
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: Degeneracy of grand states
For spins
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Elasticity
For crystal




What is the NG mode?

Nambu(’60), Goldstone(61), Nambu, Jona-Lasinio(’61)

charge densities are slow:
8tna(t7 :B) Ea e ijé(tv .’13)

ex) in medium dhee Bd
Diffusion equation 9;n.(t,z) = —['0;n,(t, x)

When SSB occurs,

the charge density and the local operator are
canonically conjugate cf. Nambu (04)
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Example In relativistic systems

Approximate symmetry of QCD
SU(2)r, x SU(2)r — SU(2)y Flo, ]

Three broken generators

Three NG modes: Pions

7'('_'_,7'('_,7'('0

Dispersion relation
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Example of NG modes
Superfluid phonon

broken of number
Broken generator: @

One phonon  w ~ |k]

Magnon

Broken of rotation
Two broken generators S, S, i i % ‘ ’ 7 ; i ] ‘ i

one magnon w ~ k?

# and dispersion are different
from relativistic ones



Nambu-Goldstone theorem

Nambu (’60), Goldstone (61), Nambu, Jona-Lasinio ('61) Goldstone, Salam, Weinberg (’62)

For Lorentz invariant vacuum
Spontaneous breaking of global symmetry

4

# of broken symmetry = # of NG modes

Dispersion relation .w = c|k|
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Generalization

Nielsen - Chadha(’76)
Ntype—l e 2]Vtype—II > NBS

Type-I: w x k°" 1 Type-Il: w x k"
Schafer, Son, Stephanov, Toublan, and Verbaarschot
0 )
([1Qa, @sp)) =0 » Nna = Npg
Nambu ('04)

([iQa, Qu]) # 0 mip

Watanabe - 1Brauner (’11)

NBs — Nng < §raﬂk<[iQa, Qb))

Qav Qb)

canonlcal conjugate




Recent progress

Effective Lagrangian method Watanabe, Murayama ('12)
Mori’s projection operator method YH (12)

‘NBS = NNG — %rank{[iQaa Qb]>

o Ntype-I e 2]Vtype-II == NBS
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Recent progress

Effective Lagrangian method Watanabe, Murayama ('12)
Mori’s projection operator method YH (12)
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type of excitations
Two ty
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Two type of excitations
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Type-A Type-B

Harmonic oscillation Precession

W~ \/g W ~ g




Recent Progress

Watanabe, Murayama (’12), YH (’12)

NG modes associated with spontaneous breaking of
Internal symmetry can be classified by two types:

/\ (4,
/
Type-A Type-B

harmonic oscillation precession

|
Ntype—A = NBS o 2]\ftype—B Ntype—B == §rank<[iQa, Qb]>

1 .
@ NBg — Nng = §rank<[zQa, Qb]>
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Classification

Expectation value of commutation relations
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The number of Type-B pairs

Nuypes = grank{[iQZ, QF)) = 2 rank((iQa, Qo)

The number of Type-A pairs

Ntype—A N NBS R 2]\[type—B
The number of Type-B fields.
rank<[iQav ¢z]> " Ntype—A

‘ Ntype—A o 2]Vtype—?) o= N?)S
1

‘ NBS = NNG S §rank<[iQaa Qb]>

1
‘ Ngapped = 5 (rank<[iQaa ¢z]> e Ntype—A)




Gapped partners

Ex.) SU(2)xU(1) model
L= (8,0)1(0p) + m*oTp — ApT0)? v = (x1 + ixa, v +im)
SSB pattern: su©2); xU(1)y - U1)4v

mass
VAR RCIR:

U(2)r x U(1 )Y—>U()

(n3) =0 <7’L3> # 0

SU@2)rxU(l)y = Uiy

v 2(3u2 4 m?)

xU(l)y
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Examples of Type-B NG modes

Nps

Ntype—A

Ntype—B

- rank([iQa, Q)

Ntype—A + 2]\[type—B

Spin wave in
ferromanget
0(3)—0(2)

2

0

1

2

NG modes
In Kaon

condensed CFL
SU(2)xSU(1)

Kelvin waves in
vortex
translation

2

0

2

nonrelativistic
massive C
U(1)x

2

0

2

Ntype—A al 2]Vtype—B o NBS

1

NBs — Nng = §rank<[iQa, Qb))




Question:

What is the relation between
type-A (B) and Type-I (ll)
dispersion relation?




Generalized Langevin equation
formal derivation: Mori ('65)
OF
- &n

7 W07, CARTTS 0 00 717 PRy o B
An = {Au, FIA}p — Tum

Free energy: FlA
Poisson bracket: {A., An}p = —i([An, An))
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First, we neglect dissipation
effect, 1.e. '=0.




Type-A NG mode
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Type-B NG mode

flat directions
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Dissipation effect: Type-A

OF
8tAn o {AnaF[ ]}P o an (9Am | gn
—1
Xn 1 %
e — —(V
= e 2( T)° +

Kubo formula

71'71' / dt/ dT/dS @tﬂ' t—ZT X (9757'('(0 O)> =
m_sz dt/ dT/d3 "(t —iT,x)j"(0,0)) = k*c

Equations 9.7 = x,'n—vpV’r + &,
of motion 9.n=pVir+ox, ' Vn+¢,
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Dissipation effect: Type-B

OF
8tAn o {AnaF[A]}P o an 8A | gn

™m

1 |
F = P§(Vn1)2 e Pi(VTm)Q
Kubo formula
o0 B .
i kZ/ dt/ dT/degg(t—w, x)ji(0,0)) = ko
0 0

Equations 9:n1 = cpVinz — op(V*) ' + &
of motion 9,n, = —cpV?n; — ap(V2)2n2 + &

» w = t+cpk? — iopk*




SSB with a small breaking term
H — H() —|— EV

small explicit breaking term

Type-A: 0,6 = x,,'n

o
din = #XH = M([ZQ,VD
Type-B: Omg = Gﬂﬁ@%ﬁ%b i = 5ib<[iQa,V]>
Gap of Pseudo NG modes
Type-A: m” = ey ‘w

EX) pions
] b Db

Type-B:[m°],) = ¢'w, w,

Ex) magnon in an external magnetic field
cf.) No higher corrections if the explicit breaking term

Is proportional to a charge.
Nicolis, Piazza (’12), ('13) Watanabe, Brauner, Murayama (’13)



Summary

For SSB of internal symmetries

@ ndependent elastic variable=Ngs

O N,ypers = prank([iQa, Qs)

‘ Ntype-A = NBS = Ntype—B

1
'Ngapped e 5 (rank<[iQaa ¢z]> o Ntype—A)

The second derivative term in the effective Lagrangian
Karasawa, Gongyo('14)

Type-A (Type-l): w = ak — ibk?
Type-B (Type-ll): w = o'k* — ib'k*




Spacetime breaking and dispersion

Ex) Liquid crystal
Nematic phase: rotation O(3)—0(2)
NBS = NEV =) LZ(ZE) — GijQ?jTOk( ) i)

Dispersion relation: . = ak? - ibk? tosino, Nakano(s2)

Real and imaginary parts are the
same order (damped oscillation)

In casea = 0, (overdamping)

Ex) Caplllary wave (rlpplon)

cf. Takeuchi, Kasamatsu ('13) Effective Lagrangian: Watanabe, Murayama

PZ,N # 0 Type-B w ~ k3/2
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