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Nambu-Goldstone modes in condensed matter physics

From “Basic notions of condensed matter physics “(P. W. Anderson)

TABLE I: MASTER TABLE OF BROKEN-SYMMETRY PHENOMENA

Common
Order Transition | ‘‘Goldstone Collective Long-Range
Parameter Order-Parameter Type (Can | Bosons™ Hydrody- Generalized Forces
(constant Dimensionality Always Be | (or “‘Higgs" namic Rigidity Due to
Phenomenon High Phase Low Phase of motion) T—0 T, First Order| Bosons) Fluctuations Modes Phenomenon General . Rigidity Singularities
Ferroclec- Non-Polar  Polar - 1 lor3 2ndor Ist | no (optical Ferroelectric Domain
tricity crystal crystal P nearly 2nd | phonons) Soft Modes No hysteresis No walls (thin)
(Pyroelec- (no)
tricity)
‘ Ferromag-  Paramagnet Ferromagnet - I,often lor3 2nd Spin waves, Permanent Domain
netism M (yes) =13 (time one branch Spin waves  No ? magnetism:  Suhl-Nakamura walls (very
reversal) woek™(+ const) hysteresis mobile,
= 3 dim.)
‘ Antiferro- Antiferro- - 1,0ften Spin waves, 2
magnetism  Paramagnet magnet M blanice (MO} = 3 lor3 2nd(or branches | Spin waves subtle Suhl-Nakamura Domain
first) woevk: + const| (diffusion?) No? effects in walls
(**Fermions” A.F.
in metal case? resonance
Supercon- Normal Super- Way* ) (no) 2 2 2nd diffusive Mostly super No: Penetration  Flux lines
ductivity Metal conductor = Fe iv (Gauge; nd no (plasmons)| fluctuations  not conductivity  depth (or normal
3rd order of gap domains in
terms) Type I)
‘ He Il Normal Super- o) (no) 2 2 2nd phonons diffusive 2nd super- Yes, vortex vortex lines
liquid fluid (Gauge; nd (1 branch) fluctuations sound, fluidity lines
3rd order of (¥) espe- unscreened
terms) cially
@ coal liquid solid pcrall  (no) 3(2orient, 3 Ist yes: phonons 2nd rigidity Yes: distoca-
G on recip. 1 phase) 3 kinds sound clasticity tions, grain
lattice at least 2 transverse in solid, effects boundaries,
1 longitudingl etc. points
(vacancics,
interstitials)




Recent progress in Nambu-Goldstone modes

* Counting rule, dispersion in non-relativistic case:
Nambu(04)
Watanabe-Brauner(11),
Watanabe-Murayama(12), Hidaka(12),

* Generalization (in the presence of topological
defects): Nitta-Kobayashi-Takahashi (13,14)



Tunneling phenomena

In real materials, there are extrinsic objects |mpur|t|es
interstitials and...), which can scatter the bu-Gold
modes
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As a simple scattering(collision) process, we dISCUSS
transmission-reflection property of collective modes against a
potential barrier in superfluid| Heisenberg magnets and phonon._

Classical Quantum
mechanics mechanics
N Cf. Tunneling of Tomonaga-Luttinger liquids
o A—’ ( (whose excitation has linear dispersion)
] E Kane-Fisher (1992), Furusaki-Nagaosa(1992)
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http://abyss.uoregon.edu/~js/cosmo/lectures/lec08.htmi



Transmission-reflection property of Bogoliubov
mode in weakly interacting Bosons

Kovrhizhin2001,

Gross-Pitaevskii equation for condensate wave function ¥ Kagan et al 2003
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Bogoliubov equation for wave functions of excitations u, v

Hy + 2g|W|? —qg(W)? u(w) \ _ [ ulx)
g(U*)? —Hpy — 2g|V|? v(r) -\ v(x)
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Transmission-reflection property of Bogoliubov
mode in weakly interacting Bosons

Kovrhizhin2001,
Gross-Pitaevskii equation for condensate wave function W ﬁggﬁﬂtfgﬁlaggg’?’o‘,
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Anomalous Tunneling effect (kovrizhin 2001,kagan.et.2k2003). o5, 06
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e/ p (energy of particles)
Single particle in quantum mechanics

= Perfect transmission in low energy limit
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Key to proof “Fetter’s solution” (Fetter1972)

When € — 0 (

“uv—->W” scenario

U(r)

U= (r)

) yields a solution of Bogoliubov eq.
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Q.

* |s anomalous tunneling specific to Bogoliubov
mode in superfluids?

A.

* QOur conclusion: Anomalous tunneling is a common
property of Nambu-Goldstone modes under potentials
preserving a continuous symmetry.



Anomalous Tunneling in Spin wave in
Heisenberg models



Transmission of spin wave in classical
Heisenberg ferromagnet (3D)

= Momentum




Transmission of spin wave in classical
Heisenberg antiferromagnet(A-type:3D)

Antiferromagnetic
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Transmission of spin wave in classical
Heisenberg antiferromagnet(G-type:3D)
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Transmission of spin wave in classical
Heisenberg antiferromagnet(G’-type; 2D)
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Short Discussion |

* |n the presence of weak bonds,
spin symmetries of Hamiltonian and ground
state are the same as those in bulk.

| » Nambu-Goldstone modes exist.

Perfect transmission occurs
in long-wavelength limit.



S h O rt (perfect reflection in Ferro and A-type Antiferro
. . in the presence of local B)
Discussion |l

e spin symmetry of Hamiltonian G reduces from SO(3) to SO(2)
(spin rotation around the axis parallel to local B)

Spin symmetries H of ground states in Ferromagnet and A-type
antiferromagnet are the same as those of Hamiltonian (i.e. G=H)

= No spontaneous symmetry breaking,
No Nambu-Goldstone modes

4 B Ferro A-type AF )

ﬂ e

KHamiItonian and GS are invariant w. r. t. spin rotation < >/




S h O rt (perfect transmission in G-type Antiferro
. . in the presence of local B
Discussion |l P )

* spin symmetry of Hamiltonian G is SO(2) (spin rotation around
the axis parallel to local B)

GS in G-type antiferro is not invariant w. r. t. the spin rotation
(i.e. G/H=S0(2))
=S0(2) symmetry broken spontaneously, a Nambu-Goldstone
mode exists

4 B )

G-type AF

RN

Hamiltonian is invariant but GS is not w. r. t. rotation < 9/
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More Discussion in terms of conservation law



Simplest case: phonon

ujsa(t) ¢

Lagrangian:

L m(x) (c’)u(z*.z‘))Q B c(x) ((')u(r.t))2 B Vi(z)u(x,t)?

Note that the spatial dependent m(z) and ¢(x) do not break the translational invariance of

L with u(x) — u(x) + a while the presence of V(z) does.

Eq. of Motion:

Ju(z). 9, Ou(z, t) 9, Ou(z, t)
— | M\ )——/——— — | —|A\T)——]/—/—— = —V(x)u(x
ot ('"(l) ot ) e ( (‘(l) 9z )) (z)ulz)

(13 b
“charge” “current” source
which expresses the conservation of Noether current when V(z) =0



Setting u(x,t) = u(x) exp(—iwt),

i (C (z) duy(x)
\

dx dx |
j(z) 2
9j(z) _ O(w?) = O0(k?), V(z) =0
Ox O(1), V(z) #0
\_ /
FScatterer region”
O\
exp(ikz) + r(k) exp(—ikz) ™|° t(k) exp(ikz)
—— S\ [
I iy
/ / 1] = 2 ! / /
i (21) = up(w2) + | [ (~wPm(a) + V(@) u(@')de

ii(%)

I =

AL

c(z’)

/ (—w*m(z") + V(")) ur(x ”)d:c”) dz’

(

Jz

) = (—w’m(z) + V(z))up(z), with w = (0/772..)%1:, k>0

T1 cdx

5)

2 c(z')



up(71) = up(z2) + O(k)

/

When V(z) =0,
up (1) = up(x2) + O(k?)

] m) t(k—0)=1

When V(z) #0 , (@) =us(@2)+00) | o 50 g
up(z1) = up(z2) + O(1)

_—

exp(ikz) + r(k) exp(—ikz) ™ |°

t(k)exp(ikz)




Short Summary (perfect transmission of phonon)

> Existence/absence of Noether current (Conservation law)
> Long-wavelength(small k)

O(1) V(z)#0
t(k—0)=1 Viz) =0
t(k—0) = V(z)#0

Note: Constancy of Noether current is crucial for perfect transmission




Ferro spin wavel

ﬁB

Eq. of Motion:

0S(z,t) _ O (azJ( 12 5. t)> x S(z,t) + B(z) x S(z,t)

ot  Ox ox
dS(r o .
Linearization (Spm wave approx1mat10n) (—a =stroxvistn)
) Landau-Lifshitz
\/S) e, +65;(t) ~ Se, 4+ 65;(t) eq.

Eq. of Motion of spin wave

a"'+,, d 2 0 B N eatro
It (105" (z,t)) + E( SJ(a )c?z 087 (x, )) = B(z)6S " (z,1)
“charge” “current” “source ”

has the form of conservation law when B=0



Ferro spin wave2

phonon ferromagnetic spin wave

Setting 6 ST (x,t) = ST (x,w) exp(—iwt)

i C(l»)duk(l) = (V(z) — w?*m(z))us(z) py ((125.](.1')75+(.r.w)) = (B(z) —w)ST(z.w)
dx dx 4 4

= (V(z) — O(k*))ux(z) = (B(w) - O(k'z)) ST (z;w)

= (B(J‘

w = (c /m)%|lg| linear dispersion in bulk , — 7512 quadratic dispersion in bulk

Order parameter; not conserved Order parameter; conserved quantity




Conclusion:

» The results on BECs and Heisenberg model strongly suggest
that anomalous tunneling inherent to Nambu-Goldstone
modes in symmetry broken states.

» Perfect transmission of Nambu-Goldstone mode resulting
from the spontaneously breaking of symmetry G occurs
when the potential of scatterer preserves a continuous
symmetry.

» Perfect transmission can be attributed to constancy of
Noether currents at low energy limit.



