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Overview and Scope

Overview-The international workshop "Higgs Modes in Condensed Matter and
Quantum Gases" will be held on June 23-25, 2014 at the Yukawa Institute of
Theoretical Physics (YITP), Kyoto University, Japan. The workshop is intended to
provide opportunities to discuss recent developments of research on Higgs
modes in condensed matter systems and quantum gases. 

Scope-The discovery of the Higgs particle in 2012 by the ATLAS and CMS
experiments at CERN's Large Hadron Collider is one of the greatest achievements
in physics in this century that confirmed the Standard Model in high-energy
physics. The large impact of this discovery pervades not only the high-energy
physics field but also the field of condensed matter physics, because of the deep
connections of these two fields. A Higgs particle or a Higgs mode emerges as a
collective oscillation of order parameter amplitude in various ordered phases of
condensed matter systems. Indeed, Higgs modes have been widely observed in
systems such as Bose gases in optical lattices, superfluid 3He, s-wave
superconductors, CDW systems, and magnetic materials. Thus, understanding
the fundamental role of the Higgs modes is expected to lead to a unified
description of these condensed matter systems. We organize this workshop to
bring together researchers in different condensed matter systems who are
working on or interested in Higgs modes and other related collective modes such
as Nambu-Goldstone modes, and provide opportunities to discuss novel
properties and fundamental roles of those modes. Moreover, we also invite a few
particle physicists in order to stimulate communication between high-energy and
condensed-matter physics.

Invited Speakers

K. Chen (UMass Amherst), T. Fukuhara (Max-Planck), K. Hamaguchi (Tokyo), Y.
Hidaka (RIKEN), S. Huber (ETH), M. Ishino (Kyoto), H. Kuroe (Sophia U),
P. Littlewood (Argonne), D. Manske (Max-Planck), F. Mahmood (MIT),
M. Matsumoto (Shizuoka), D. Mihailovic (Jozef Stefan), H. Murayama (IPMU), W.
Liu (Chinese Academy of Science), D. Podolsky (Technion),
A. Rancon (Chicago), R. Shimano (Tokyo), C.Varma (UC Riverside),
H. Watanabe (Berkeley), Y. Yamamoto (Stanford), E. Yuzbashyan (Rutgers),
M. Zubkov (Western Ontario)

Important dates

April 1 Registration opens 
May 7 Deadline for financial support 
May 31 Deadline for registration and abstract submission 
June 23-25 Workshop

Organizing
Committee

Ippei Danshita (YITP, Kyoto Univ.), Yusuke Kato (Univ. of Tokyo),
Norio Kawakami (Kyoto Univ.), Muneto Nitta (Keio Univ.),

Masaki Oshikawa (ISSP, Univ. of Tokyo), Yoshiro Takahashi (Kyoto Univ.), Keisuke
Totsuka (YITP, Kyoto Univ.), Shunji Tsuchiya (Tohoku Tech), Naoto Tsuji (Univ. of
Tokyo)

Contact: cmqg-higgs_at_yukawa.kyoto-u.ac.jp 
Please replace "_at_" with "@".
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Structure of Phenomenological Lagrangians. P
S. COLEMAN

Harvard University, Cambridge, Massachusetts 08138
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The general structure of phenomenological Lagrangian theories is investigated, and the possible trans-
formation laws of the phenomenological 6elds under a group are discussed. The manifold spanned by the
phenomenological 6elds has a special point, called the origin. Allowed changes in the 6eld variables, which
do not change the on-shell S matrix, must leave the origin 6xed. By a suitable choice of 6elds, the trans-
formations induced by the group on the manifold of the phenomenological fields can be made to have
standard forms, which are described in detail. The mathematical problem is equivalent to that of 6nding
all (nonlinear) realizations of a (compact, connected, semisimple) Lie group which become linear when
restricted to a given subgroup. The relation between linear representations and nonlinear realizations is
discussed. The important special case of the chiral groups SU(2) &(SU(2) and SU(3) )&SU(3) is considered
in detail.

1. INTRODUCTION
" 'N most phenomenological field theories the La-
~ - grange density is not an aribtrary function of the
fields. The fields transform in some well-defined way
under some internal symmetry group [typically chiral
SU(2)&(SU(2) or chiral SU(3))(SU(3)j, and the
Lagrange density consists of a main part which is in-
variant under this group and of a symmetry-breaking
part which is usually assumed to have simple transfor-
mation properties under the group. Thus, to study phe-
noxnenological field theories, we must study the trans-
formation properties of fieMs under such groups.
If the fields transform linearly, the classification of

all possible field-transformation laws reduces to the
standard problem of representation theory. However,
for most phenomenological theories, ' the situation is
more complicated: The fields transform linearly only
under a certain subgroup of the full group (in the cases
cited, this subgroup is the subgroup of parity-conserving
transformations). In this paper, we consider exactly
such a situation and we show that it is possible to
classify all possible nonlinear realizations of an internal
symmetry group which become linear when restricted
to a given subgroup. ' In a subsequent paper, we de-
*This work was supported in part by the National Science

Foundation and in part by the U. S. Air Force OfIj.ce of Scienti6c
Research and by the OfBce of Naval Research under Contract
No. Nonr-1866(55).
t Permanent address: University of Karisruhe, Karlsruhe,

Germany.' Nonlinear phenomenological Lagrangians have been the
subject of a number of papers. We quote here only a few where
references to earlier work can be found: J. Cronin, Phys. Rev.
161, 1483 (1967);S.Weinberg, Phys. Rev. Letters 18, 188 (1967);J. Schwinger, Phys. Letters 24B, 473 (1967);J. Wess and Bruno
Zumino, Phys. Rev. 163, 1727 (1967); Bruno Zumino, Phys.
Letters 258, 349 (1967);B.Lee and H. T. Nieh, Phys. Rev. 166,
1507 (1968).' A condensed description of the results of the present paper was
given by one of us (B.Z.) in Proceedings of the Fifth Coral Gables
Conference on Symmetry Principles at High Energy, edited by
A. Perlmutter, C. A. Hurst, and B.Kursunoglu (W. A. Benjamin,
Inc. , New York, 1968). Partial results were presented in Pro-
ceedings of the Heidelberg International Conference on Elementary
Particles, edited by H. Filthuth (Interscience Publishers, Inc. ,
New York, 1968).
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scribe the general method for constructing nonlinear
Lagrange densities which are invariant under the non-
linear field transformations. '
In order to give a useful classification of nonlinear

group realizations, one must first find a suitable defini-
tion of equivalence of nonlinear realizations. As dis-
cussed in Sec. 2, the appropriate definition is suggested
by a property of local Lagrangian field theory, namely
the independence of the on-shell 8-matrix elements from
the particular set of local fields in terms of which one
expresses the Lagrangian. It is then natural to consider
as equivalent two nonlinear group realizations which
can be transformed into each other by a fixed nonlinear
transformation belonging to a certain rather general
class. The physical equivalence of two such nonlinear
group realizations is established not only for the exact
solution of a Lagrangian theory, but also for the approx-
imation in which one uses, for each particular process,
only the tree diagrams which contribute to it (diagrams
with no internal loops, or with no integrations over
internal lines). Since one customarily restricts oneself
to this tree approximation in phenomenological La-
grangian theories, we call it here the phenomenological
approximation. 4

In Sec. 3 we give some relatively simple forms for the
nonlinear realizations of a compact Lie group which
become linear when restricted to a given subgroup. ' In
Sec. 4 we then show that these are standard forms which

' C. G. Callan, S. Coleman, J. Wess, and Bruno Zumino, Phys.
Rev. , following paper, 177, 2247 (1969).

4 Properties of tree diagrams have been studied by K. Symanzik,
Boulder Lectures in Theoretical Physics (Interscience Publishers,
Inc. , New York, 1960); R. P. Feynman, Acta Phys. Polon. 24,
697 (1963);Y. Nambu, University of Chicago Report, 1968 (un-
published). A discussion of the connection between the structure
of diagrams and the power in an expansion in the coupling con-
stant can be found in the paper by Lee and Nieh quoted in Ref. 1.' For the case of SU(2)XSU(2) and SU(3)XSU(3), nonlinear
realizations equivalent to those given here have been used in the
papers quoted in Ref. 1.For SU(2)XSU(2), the question of their
generality has been discussed by S. Weinberg, Phys. Rev. 166,
1568 (1968).
2239

to (1,8)~+(8,1)r, or
Bj—+e'» BIe '» .

Alternatively, the baryon matrix B2 could transform by
(3,3)g+ (3,3)J. or

~ e'b+5QB e'bpgcx

In the 6rst case the trace of the baryon matrix is in-
variant and can be set equal to zero. In the second case

it is not and we have nine bayons instead of eight. It is
easy to verify that the matrix B~ "»& transforms
exactly like BI. Furthermore the matrices e '»&B2e '»&
and e '&«Bie'»& have the same nonlinear transformation
law as the matrix B, which, in finite form, is

B—+e '"Be'" .
These examples are in agreement with the general
theorems of Sec. 5.
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The general method for constructing invariant phenomenological Lagrangians is described. The fie]ds
are assumed to transform according to (nonlinear} realizations of an internal symmetry group, given in
standard form. The construction proceeds through the introduction of covariant derivatives, which are
standard forms for the Geld gradients. The case of gauge 6elds is also discussed.

C. INTRODUCTION

l
'HE most convenient way of deriving the physical
consequences of the assumptions of (broken)

chiral SU(2)XSU(2) [or SU(3)XSU(3)] is by the
method of phenomenological Lagrangians. These La-
grangians consist of a part which is invariant under the
Geld transformations which realize the group and of a
symmetry-breaking part which is usually assumed to
transform simply under the group. The transformation
laws of the 6elds under the group are in general non-
linear, but they become linear when restricted to the
parity conserving SU(2) [or SU(3)] subgroup. In the
preceding paper, ' the general form of the held transfor-
mation law is given for the general case of a compact,
connected, semisimple Lie group. In the present paper,
we give the general method for the construction of the
invariant part of the Lagrangian. The symmetry-
breaking terms in the Lagrangian are usualy assumed to
belong to a linear representation of the group. In this
case, one can easily construct them as functions of the
*This work was supported in part by the National Science

Foundation, by the U. S. Air Force Once of Scienti6c Research,
and by the U. S. Oflice of Naval Research under Contract No.
Nonr-1866(SS}.
t Permanent address: University of Karlsruhe, Karlsruhe,

Germany.
~ S. Coleman, J. %ess, and Bruno Zumino, preceding paper,

Phys. Rev. 177, 2239 (19N}.In this paper one can Gnd references
to other work, in particular to papers which describe in detail
the Lagrangian method as applied to chiral groups.

fields by using the results of Sec. 5 of the preceding
paper.

ge$+A. ~ e$ +Ac@ (2)

O'= D(&"'v)f .
Here D(h) is any linear representation of the subgroup
H which, if it is reducible, we assume to be written in

2. COVARIENT DERIVATIVES AND
INVARIANT LAGRANGIANS

Our starting point is the analysis of nonlinear
realizations of a compact Lie group given by Coleman,
Wess, and Zumino. We dispense here with all proofs
and definitions and quote only their 6nal result. Let
G be a compact, connected, semisimple Lie group and
H a continuous subgroup of G. Let V; and Ag be a
complete orthonormal set of generators of G such that
V; are the generators of H. Any element g of G may be
decomposed uniquely as a product of the form

g e$.Aee, 7'

A nonlinear realization of G which becomes a linear
representation when restricted to the subgroup H is
given on coordinates ($,P) by

coset space G/H



Bruno Zumino

April 28, 1923 to June 22, 2014
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Overview and Scope

Overview-The international workshop "Higgs Modes in Condensed Matter and
Quantum Gases" will be held on June 23-25, 2014 at the Yukawa Institute of
Theoretical Physics (YITP), Kyoto University, Japan. The workshop is intended to
provide opportunities to discuss recent developments of research on Higgs
modes in condensed matter systems and quantum gases. 

Scope-The discovery of the Higgs particle in 2012 by the ATLAS and CMS
experiments at CERN's Large Hadron Collider is one of the greatest achievements
in physics in this century that confirmed the Standard Model in high-energy
physics. The large impact of this discovery pervades not only the high-energy
physics field but also the field of condensed matter physics, because of the deep
connections of these two fields. A Higgs particle or a Higgs mode emerges as a
collective oscillation of order parameter amplitude in various ordered phases of
condensed matter systems. Indeed, Higgs modes have been widely observed in
systems such as Bose gases in optical lattices, superfluid 3He, s-wave
superconductors, CDW systems, and magnetic materials. Thus, understanding
the fundamental role of the Higgs modes is expected to lead to a unified
description of these condensed matter systems. We organize this workshop to
bring together researchers in different condensed matter systems who are
working on or interested in Higgs modes and other related collective modes such
as Nambu-Goldstone modes, and provide opportunities to discuss novel
properties and fundamental roles of those modes. Moreover, we also invite a few
particle physicists in order to stimulate communication between high-energy and
condensed-matter physics.

Invited Speakers

K. Chen (UMass Amherst), T. Fukuhara (Max-Planck), K. Hamaguchi (Tokyo), Y.
Hidaka (RIKEN), S. Huber (ETH), M. Ishino (Kyoto), H. Kuroe (Sophia U),
P. Littlewood (Argonne), D. Manske (Max-Planck), F. Mahmood (MIT),
M. Matsumoto (Shizuoka), D. Mihailovic (Jozef Stefan), H. Murayama (IPMU), W.
Liu (Chinese Academy of Science), D. Podolsky (Technion),
A. Rancon (Chicago), R. Shimano (Tokyo), C.Varma (UC Riverside),
H. Watanabe (Berkeley), Y. Yamamoto (Stanford), E. Yuzbashyan (Rutgers),
M. Zubkov (Western Ontario)

Important dates

April 1 Registration opens 
May 7 Deadline for financial support 
May 31 Deadline for registration and abstract submission 
June 23-25 Workshop

Organizing
Committee

Ippei Danshita (YITP, Kyoto Univ.), Yusuke Kato (Univ. of Tokyo),
Norio Kawakami (Kyoto Univ.), Muneto Nitta (Keio Univ.),

Masaki Oshikawa (ISSP, Univ. of Tokyo), Yoshiro Takahashi (Kyoto Univ.), Keisuke
Totsuka (YITP, Kyoto Univ.), Shunji Tsuchiya (Tohoku Tech), Naoto Tsuji (Univ. of
Tokyo)

Contact: cmqg-higgs_at_yukawa.kyoto-u.ac.jp 
Please replace "_at_" with "@".
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Bardeen Cooper Schrieffer



Nambu Goldstone

For every broken symmetry generator,
there is one massless boson
assuming Lorentz invariance

Nambu-Goldstone boson



IL ~UOVO CIMENTO VOL. XIX, ~. 1 1 o Gennaio 1961 

Field Theories with ((Superconductor** Solutions. 

J.  GOLDSTONE 

C E R N  - G e n e v a  

(rieevuto 1'8 Settembre 1960) 

S u m m a r y .  - -  T h e  conditions for the existence of non-perturbative type 
~ superconductor ~) solutions of field theories are examined. A non-covariant 
canonical transformation method is used to find such solutions for a theory 
of a fermion interacting with a pseudoscalar bosom A covariant renor- 
malisable method using Feynman integrals is then given. A (~ supercon- 
ductor ~) solution is found whenever in the normal perturbative-type 
solution the boson mass squared is negative and the coupling constants 
satisfy certain inequalities. The symmetry properties of such solutions 
are examined with the aid of a simple model of self-interacting boson 
fields. The solutions have lower symmetry than the Lagrangian, and 
contain mass zero bosons. 

1 .  - I n t r o d u c t i o n .  

This paper reports some work on the possible existence of field theories 
with solutions analogous to the Bardeen model of a superconductor.  This 
possibility has been discussed by  NAMer (1) in a report  which presents the 
general ideas of the theory which will not  be repeated here. The present work 
merely considers models and has no direct physical applications bu t  the nature  
of these theories seems worthwhile exploring. 

The models considered here all have a boson field in them from the be- 
ginning. I t  would be more desirable to construct  bosons out of fermions and 
this type  of theory  does contain tha t  possibility (1). The theories of this paper 
have the dubious advantage  of being renormalisable, which at  least allows 
one to find simple conditions in finite terms for the existence of (( supercon- 

(1) y .  ~A~BU: Enrico Fermi Institute for l~uclear Studies, Chicago, Report 60-21. 



Anderson

The Goldstone zero-mass difficulty is not a 
serious one, because we can probably cancel it off 
against an equal Yang-Mills zero-mass problem.



Englert Brout Higgs
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Besides, condensed matter physics was commonly viewed as another country.  

At a Cornell seminar in 1960 Victor Weisskopf remarked (as recalled by Robert 

Brout) 

“Particle physicists are so desperate these days that they have to borrow from 

the new things coming up in many body physics – like BCS. Perhaps something 

will come of it.” 

  

2"
"

Broken Symmetries 

During my first year as a lecturer I was in search of a worthwhile research 

programme.  In the previous four years in London I had rather lost my way in 

particle physics and had become interested in quantum gravity.  Symmetry had 

fascinated me since my student days, and I was puzzled by the approximate 

symmetries (what are now called flavour symmetries) of particle physics. 

Then in 1961 I read Nambu’s and Goldstone’s papers on models of symmetry 

breaking in particle physics based on an analogy with the theory of 

superconductivity.   (Nambu’s models were inspired by the Bardeen, Cooper & 

Schrieffer theory, based on Bose condensation of Cooper pairs of electrons: 

Goldstone used scalar fields, with a ‘wine bottle’ potential to induce Bose 

condensation, as in the earlier Ginzburg-Landau theory).  What I found very 

attractive was the concept of a spontaneously broken symmetry, one that is 

exact in the underlying dynamics but appears broken in the observed 

phenomena as a consequence of an asymmetric ground state (“vacuum” in 

quantum field theory). 

Most particle theorists at the time did not pay much attention to the ideas of 

Nambu and Goldstone.  Quantum field theory was out of fashion, despite its 

successes in quantum electrodynamics; it was failing to describe either the 

strong or the weak interactions. 



Goldstone’s theorem

For every broken symmetry generator,
there is one massless boson
assuming Lorentz invariance



What’s wrong with 
Goldstone?

Hitoshi Murayama
+ Haruki Watanabe, Tomáš Brauner

Stanford Institute for Theoretical Physics Seminar
April Fool’s Day 2013
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Unified Description of Nambu-Goldstone Bosons without Lorentz Invariance

Haruki Watanabe1,2,* and Hitoshi Murayama1,3,4,†

1Department of Physics, University of California, Berkeley, California 94720, USA
2Department of Physics, University of Tokyo, Hongo, Tokyo 113-0033, Japan

3Theoretical Physics Group, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
4Kavli Institute for the Physics and Mathematics of the Universe (WPI), Todai Institutes for Advanced Study,

University of Tokyo, Kashiwa 277-8583, Japan
(Received 3 March 2012; published 21 June 2012)

Using the effective Lagrangian approach, we clarify general issues about Nambu-Goldstone bosons

without Lorentz invariance. We show how to count their number and study their dispersion relations. Their

number is less than the number of broken generators when some of them form canonically conjugate pairs.

The pairing occurs when the generators have a nonzero expectation value of their commutator. For non-

semi-simple algebras, central extensions are possible. The underlying geometry of the coset space in

general is partially symplectic.

DOI: 10.1103/PhysRevLett.108.251602 PACS numbers: 11.30.Qc, 14.80.Va

Introduction.—Spontaneous symmetry breaking (SSB)
is ubiquitous in nature. The examples include magnets,
superfluids, phonons, Bose-Einstein condensates (BECs),
neutron stars, and cosmological phase transitions. When
continuous and global symmetries are spontaneously bro-
ken, the Nambu-Goldstone theorem [1–3] ensures the ex-
istence of gapless excitation modes, i.e., Nambu-Goldstone
bosons (NGBs). Since the long-distance behavior of sys-
tems with SSB is dominated by NGBs, it is clearly impor-
tant to have general theorems on their number of degrees of
freedom and dispersion relations.

In Lorentz-invariant systems, the number of NGBs nNGB
is always equal to the number of broken generators nBG.
All of them have the identical linear dispersion ! ¼ cjkj.
However, once we discard the Lorentz invariance, the
situation varies from one system to another.

Until recently, systematic studies on NGBs without
Lorentz invariance have been limited. (See Ref. [4] for a
recent review.) Nielsen and Chadha [5] classified NGBs
into two types: type-I (II) NGBs have dispersion relations
proportional to odd (even) powers of their momenta in the
long-wavelength limit. They proved nI þ 2nII # nBG,
where nI (nII) is the number of type-I (II) NGBs. Schäfer
et al. [6] showed that nNGB is exactly equal to nBG if
h0j½Qi;Qj%j0i vanishes for all pairs of the symmetry gen-
eratorsQi. A similar observation is given in Ref. [7]. Given
these results, Brauner and one of us (H.W.) [8] conjectured

nBG & nNGB ¼ 1

2
rank!; (1)

!ij ' lim
!!1

&i

!
h0j½Qi;Qj%j0i; (2)

where ! is the spatial volume of the system.
In this Letter, we clarify these long-standing questions

about the NGBs in Lorentz-noninvariant systems by proving

the conjecture and showing the equality in the Nielsen-
Chadha theorem with an improved definition using effective
LagrangiansLeff . We also clarify how the central extension
of the Lie algebra makes a contribution to ! [9].
Coset space.—When a symmetry group G is sponta-

neously broken into its subgroup H, the set of ground
states forms the coset space G=H where two elements
of G are identified if g1 ¼ g2h for 9h 2 H. Every point
on this space is equivalent under the action of G, and
we pick one as the origin. The unbroken group H leaves
the origin fixed, while the broken symmetries move the
origin to any other point. The infinitesimal action of G
is given in terms of vector fields hi ¼ hi

a@a ði ¼
1; . . . ; dimGÞ on G=H, where @a ¼ @

@"a with the local
coordinate system f"ag (a ¼ 1; . . . ; nBG ¼ dimG&
dimH) around the origin. The infinitesimal transforma-
tions hi satisfy the Lie algebra ½hi;hj% ¼ fkijhk. We

can always pick the coordinate system such that "a’s
transform linearly under H, namely, that hi ¼
"bRpðTiÞab@a, where RpðTiÞ is a representation of H
[10]. On the other hand, the broken generators are
realized nonlinearly, hb ¼ hb

að"Þ@a with hb
að0Þ ' Xb

a.
Since broken generators form a basis of the tangent
space at the origin, the matrix X must be full-rank
and hence invertible.
The long-distance excitations are described by the

NGB fields "aðxÞ that map the space-time into G=H.
We now write down its Leff in a systematic expansion
in powers of derivatives, because higher derivative terms
are less important at long distances.
Effective Lagrangians without Lorentz invariance.—We

discuss theLeff for the NGB degrees of freedom following
Refs. [11,12]. Under global symmetry G, the NGBs trans-
form as #"a ¼ $ihi

a where $i are infinitesimal parame-
ters. However, we do not make $i local (gauge) unlike in
these papers because it puts unnecessary restrictions on

PRL 108, 251602 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
22 JUNE 2012

0031-9007=12=108(25)=251602(5) 251602-1 ! 2012 American Physical Society

Generalized theorem applies to all systems!

also Yoshimasa Hidaka
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A PHENOMENOLOGICAL PROFILE OF THE HIGGS BOSON 

John ELLIS, Mary K. GAILLARD * and D.V. NANOPOULOS ** 
CERN, Geneva 

Received 7 November 1975 

A discussion is given of the production, decay and observability of the scalar Higgs 
boson H expected in gauge theories of the weak and electromagnetic interactions such as 
the Weinberg-Salam model. After reviewing previous experimental limits on the mass of 
the Higgs boson, we give a speculative cosmological argument for a small mass. If its mass 
is similar to that of the pion, the Higgs boson may be visible in the reactions n-p + Hn or 
yp --t Hp near threshold. If its mass is < 300 MeV, the Higgs boson may be present in the 
decays of kaons with a branching ratio 0(10-T), or in the decays of one of the new par- 
ticles: 3.7 + 3.1 + H with a branching ratio 0(10e4). If its mass is <4 GeV, the Higgs 
boson may be visible in the reaction pp --f H + X, H --f n+p-. If the Higgs boson has a mass 
<2m , the decays H -+ e+e- and H + y-r dominate, and the lifetime is 0(6 X 10m4 to 
2 X ib-12) seconds. As thresholds for heavier particles (pions, strange particles, new par- 
ticles) are crossed, decays into them become dominant, and the lifetime decreases rapidly 
to O(lO-*o) set for a Higgs boson of mass 10 CeV. Decay branching ratios in principle 
enable the quark masses to be determined. 

1. Introduction 

Many people now believe that weak and electromagnetic interactions may be de- 
scribed by a unified, renormalizable, spontaneously broken gauge theory [l]. This 
view has not been discouraged by the advent of neutral currents, or the existence of 
the new narrow resonances [2]. These latter may well be a manifestation of some 
form of “charm”, a new hadronic degree of freedom [3] favoured by constructors 
of weak and electromagnetic interaction models. A comprehensive discussion of the 
phenomenology of conventional charm has been given by Gaillard, Lee and Rosner [4] 
At the time of writing, the discovery of charm has not been confirmed, but gauge 
theorists are not yet discouraged. 

Other particles have been suggested by gauge theorists, including heavy leptons [5], 
Higgs bosons [6] and intermediate vector bosons. Experimental searches for heavy 
leptons M+ coupled to muon neutrinos have ruled out [7] masses below 8 GeV. From 

* And Laboratoire de Physique Theorique et Particules Elementaires, associe au CNRS, Orsay. 
l * Address after 1 January 1976: Ecole Normale Superieure, Paris. 
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We should perhaps finish with an apology and a caution. We apologize to ex- 
perimentalists for having no idea what is the mass of the Higgs boson, unlike the 
case with charm [3,4] and for not being sure of its couplings to other particles, except 
that they are probably all very small. For these reasons we do not want to encourage 
big experimental searches for the Higgs boson, but we do feel that people performing 
experiments vulnerable to the Higgs boson should know how it may turn up. 

We would like to thank B.W. Lee, J. Prentki, B. and F. Schrempp, G. Segrd and 
B. Zumino for valuable remarks, comments and suggestions. 

Note added in proof 

Since writing our paper we have learnt of some more considerations [SS-571 about 
the mass of the Higgs boson. Also, we have been encouraged [58] to calculate its pro- 
duction in neutrino collisions. We also make here some further remarks about the model 
dependence of our previous results. 

In two papers [55,56], Sato and Sato have given astrophysical arguments against very 
light Higgs bosons. They argue that present understanding of the cosmic background 
radiation excludes 0.1 eV < mH < 100 eV [55], and that stellar evolution would be 
drastically affected if mH < 0.1 X m, [56]. 

Most recently, Linde and Weinberg have derived [57] an approximate lower 
bound on mH from an analysis of Coleman and Weinberg [59]. These authors 
pointed out that a simple Higgs potential 

V,(H) = p2@ + AH4 , (2 < 0, x > 0) , (A.1) 

acquires radiative corrections in perturbation theory. The one-loop graphs of fig. 20 
yield 

V,(H) = p2H2 t BH4 In (H2/M2) , (A-2) 

where M is a mass parameter chosen to absorb all H4 terms, and 

&_L 
64n2 v4 

[3 C rnt - 4 Frn:] 
v=w,z 

(A.31 

where v2 = l/fiGF as before l . Then by requiring that the value H = v be a global 

* The potential is actually gauge dependent, the original calculations of Coleman and Weinberg 
[59] being performed in the Landau gauge so that no ghost loops appear in fig. 20. However, 
the conclusions of physical interest are gauge independent to all orders in perturbation theory 
[60]. There is also a H&s contribution to (A.3) which is negligible for the comparatively light 
Higgs bosons we are interested in. 
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for example, the Weinberg-Salam model is embedded in a model with a higher simple 
group symmetry broken by the Higgs mechanism down to SU(2) X U(l), then this 
residual symmetry cannot also be broken by the Higgs mechanism. This and other 
aesthetic reasons including economy lead some people to prefer dynamical symmetry 
breaking. Unfortunately no calculable model exists, and the couplings of any physical 
composite Higgs fields in such a situation are unknown. If experiments do not find 
a Higgs boson of the type discussed here, dynamical symmetry breaking may be more 
attractive. 

2.3. Restrictions on the Higgs boson mass 

If we accept the simplest model discussed in subsect 2.1, what theoretical and 
phenomenological arguments restrict the Higgs mass m,? Jackiw and Weinberg [ 151 
considered the effect of the Higgs on calculations of the muon magnetic moment. 
They found that for mH sO(mp) 

(2.15) 

comparable with the effects of virtual W’ and Z0 exchanges, and impossible to dis- 
entangle from hadronic contributions in standard QED. If mH 9 m,, then (AgJH 

electran scattering 

xcluded by neutron -nucleus scattering 

r 0+-o’ transitions 

essible in n-p-Hn at low energies? 

accessible In K-n+H decay? 

sible in 3.7- 3.1.H decay? 

experiment ?? 

Higgs Boson Mass (MeV) 

Fig. 3. Present and possible future limits on the Higgs boson mass. 

126,000



discovery of Higgs boson
2012.7.4



No topological defects

• G=SU(2)L×U(1)Y

• H=U(1)EM

• π1(G/H)=0 no Abrikosov vortices

• π2(G/H)=0 no magnetic monopoles

• π3(G/H)=Z but no θ-vacuum because of 
the trivial topology of U(1)Y



Mikko Laine (Bern)

for mh=126GeV, it is crossover
No phase transition in the Minimal Standard Model

<H>=0 from gauge invariance (Elitzur)
<H†H> is not an order parameter
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Spin
• every elementary particles spin forever
• electrons, photons, quarks, ....
• only Higgs boson doesn’t spin
• Faceless!  A spooky particle
• I had proposed “Higgsless theories”
• Is it the only one?
• does it have siblings? relatives?  
• Maybe it’s spinning in extra dimensions?
• maybe composite?
• why did it freeze in?



Intl Linear Collider

• protons are composite 
particles

• e+, e– are elementary 
particles

LHC

ILC

p
p

e+ e-

Huge efforts over last months to prepare for high lumi and pile-up expected in 2012: 
� optimized trigger and offline algorithms (tracking, calo noise treatment, physics objects)  
    Æ mitigate impact of pile-up on CPU, rates, efficiency, identification, resolution  
� in spite of x2 larger CPU/event and event size Æ we do not request additional computing  
     resources (optimized computing model, increased fraction of fast simulation, etc.) 

The BIG  
challenge  
in 2012:  
PILE-UP 

ZÆ μμ 

ZÆ μμ event from 2012 data with 25 reconstructed vertices 

2012: ~30 events/xing  
at beginning of fill  
with tails up to ~ 40.  

37 

2011: average  
12 events/xing,  
with tails up to ~20 
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What exactly is the Higgs boson?

Lumi 1920 fb-1, sqrt(s) = 250 GeV
Lumi 2670 fb-1, sqrt(s) = 500 GeV

Only one scalar boson?
Siblings and relatives?

Maybe not elementary?
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bosons in optical lattices

||Sebastian Huber Condensed matter theory and quantum optics 11

Where is the emergent physics relativistic?

MI

vacuum

1110
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7 953

µ/U

t/Uc

p=0

Galilean invariance

p=
1p=
2p=3

�xy < 0

�xy < 0

�xy < 0
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�
xy

= ⇢+ p

SDH PNAS 2011

“Lorentz invariance”

Sebastian Huber

Softening of the Higgs mode!

Takeshi Fukuhara
Spectral function at the QCP

Mean field:
mH

�
=

p
2

Conclusion: Higgs resonance survives close to criticality in d=2 

Chen et al, Bose-Hubbard Model (2013):
mH

�
= 3.3(8)

Rancon and Dupuis (2014):
mH
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Broken symmetry

(a)

Quantum disordered
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charge gap

Higgs mass

mH
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�
= 2.1(3)

Higgs survives close to 
criticality in d=2

Daniel Podolsky

Amplitude%mode%:%N=2%

N=2,%m≈2.4%Δ%

AR%&%N.%Dupuis,%PRB%89%180501(R)%(2014)%

� 6= 3� 2/⇥ as%it%should.%

Non-perturbative RG method agrees with MC
N=3 needs further study (Adam Rançon)

+Kun Chen



Fine-tuning worse than 1% seems unavoidable in MSSM. 
(MSSM =Minimal SUSY Standard Model)

126 GeV Higgs and SUSY

What does it imply ?? 
!

!
1. No SUSY ? 
!2. (It’s anyway fine-tuned, then….)  

  Very heavy SUSY ? (10~100 TeV, or even higher…) 
!
3. (still…..)   

    (0.1-1) TeV SUSY ? (fine-tuned, but less than 2 and 3…)

Koichi Hamaguchi

Masaya Ishino

composite?
Mikhail Zubkov

High-Energy Physics



quantum magnets
Masashige Matsumoto

PressurePinduced%order�

Ch.(Rüegg(et(al.,(PRL((2008)�

Higgs�

anisotropy�

P%<%Pc�
3Pfold�

Matsumoto(et(al.,(PRB((2004)�

P%>%Pc�

���

2nd order magnetic Raman process
Haruhiko Kuroe

Higgs Modes in Condensed Matter and Quantum Gases 
2014-06-23 — 2014-06-25 

23/6/2014 @ YITP 
Haruhiko KUROE 20 

Result in TlCuCl3 under Magnetic Field  

0 2 4 6 8 10

0 2 4 6 8 10
0

2

4

0

10

20

30

Magnetic Field (T)

k2 , M
xy

2 , o
r M

z2

  (
ar

b.
 u

ni
ts

)

k2

Mxy
2 at 1.9 K

Mz
2 at 1.3 K

TlCuCl 3 1.9 K

E
ne

rg
y 

(c
m

-1
)

P2 (phonon)
P1 (one-magnon)

(a)

(b)

Eg+(Q)
Eg0(Q)

Eg-(Q)

TlCuCl 3 1.9 K

E
ne

rg
y 

(m
eV

)
Magnetic field dependences of P1 
energy (upper panel) and integrated 
intensity (lower panel).  

P1 peak is due to 
the Higgs mode. 



fermionic superfluids, 
superconductors

True test of theory: Conservation of Weight.

New Experiments: (M-A. Méasson, A. Sacuto, Paris)
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FIG. 3. Temperature dependence of the CDW mode and the SC mode in NbSe2. Raman

spectra for NbSe2 in the A1g +E2g symmetry channel at various temperature. The orange arrow

depicts the spectral weight transfer from the CDW mode (grey area) to the SC mode (blue area)

upon entering the SC state. The inset shows the Raman spectra subtracted from the one measured

at 8 K above Tc and the arrow points to the isosbestic point (Methods).
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Regions%II%and%II’:%
Order%parameter%goes%to%a%constant:%
%
%
%
%
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Order%parameter%vanishes,%%%%%%%%%%%%%%%%%%%%%
but%nonzero%superfluid%s8ffness%%%%%%%
(gapless%superconduc8vity):%
%
%
%
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Steady%states%of%BCS%dynamics%

�(t) ! �1e�2µ1t

�1  �0f

�0i,�0f – ground state gaps for gi, gf

µ1 > 0
BCS!

µ1 < 0
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µ1 = 0 line

gi ! gf at t = 0

Emil Yuzbashyan

Other ways of Shaking:
Hit the supercond. with femotsec. pulse
of Terahz. radiation and probe
the recovery of the gap by another optical pulse.
Watch oscillations as function of time at the Higgs freq.

Higgs Amplitude Mode in BCS Superconductors Nb1-xTixN 
induced by Terahertz Pulse Excitation

Ryusuke Matsunaga et al. (2013)
Other ways of Shaking:
Hit the supercond. with femotsec. pulse
of Terahz. radiation and probe
the recovery of the gap by another optical pulse.
Watch oscillations as function of time at the Higgs freq.

Higgs Amplitude Mode in BCS Superconductors Nb1-xTixN 
induced by Terahertz Pulse Excitation

Ryusuke Matsunaga et al. (2013)
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THz pulse

Ryo Shimano
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pseudospin resonance in superconductorsDirk Manske

U/t

Evolution of collective modes

Semi-metal Superfluid

Cooperon condensation at QCP  
- system undergoes phase transition to the SF phase

Dirac fermionson honeycomb lattice

Shunji Tsuchiya



exiton-polariton, cavity photon
Peter 

Littlewood
Wuming Liu

Dispersive%Shock%Wave%and%Dark%Solu9on%

�� 

Bogoliubov%spectrum%

Experimental%results%
suggest%a%gapped%spectrum%

Gapped%spectrum%

Wide%
pulse%

Narrow%
pulse%

Yoshihisa 
Yamamoto

�� 

Bogoliubov%Excita9on%Spectrum%

Sound&velocity&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&(c∼1cm/s&for&atomic&BEC)&

S.%Utsunomiya%et%al.,%Nature%Physics%4,%700%(2008)%

E(p)%

at%%below%threshold%%
(p/pth=0.001)%

• &C:&D=4.2%(meV)%
• &D:&D=N0.23%(meV)%

• &A:&D=1.41%(meV)%
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Kibble-Zurek mechanism: Evidence for vortex 
formation and annihilation on 10 ps timescale

Rapid quench 

Slow quench 

Mihailovic et al., J Phys-Condens Mat 25, 404206 (2013).

Regions are causally unconnected and evolve 
independently after the quench which causes the 
formation of topological defects.

Laser spot size:

laser beam

Coherence length:

d = 60µm

⇠|| ' 2nm

Puls
e e

ne
rgy

 [J
/cm

3 ]→

T 
[K
]

Te

Tc =TL 

time [ps]→

TL

Normal state
SC state

tc

Tc =Te 

charge density waves

Dragan Mikhailovic

Fahad 
Mahmood

Source of damping? 

• If intrinsic damping 
then 𝚪~𝑻𝟐 or 𝚪~𝑻𝟓 

• CDW fluctuations  

Phason damping --> CDW fluctuations 

Gedik group 

Phason lifetime 

 
Measure of CDW lifetime 

CDW Fluctuation Lifetime 

Phason Dynamics 

Nature Materials 12, 387-391 (2013) 



Nambu-Goldstone mode
Summary

Independent elastic variable=NBS

Type-A (Type-I):
Type-B (Type-II):

For SSB of internal symmetries

Ntype-A = NBS �Ntype-B

Karasawa, Gongyo(’14)
The second derivative term in the effective Lagrangian

Ngapped =
1

2
(rankh[iQa,�i]i �Ntype-A)

Ntype-B =
1

2
rankh[iQa, Qb]i

! = ak � ibk2

! = a0k2 � ib0k4

Yoshimasa
Hidaka

Non&Fermi/liquid/through/NGBs/
•  Usually,/interac2on/between/NGBs/with/other/
fields/are/deriva2ve/coupling/

interac2on/vanishes/in/the/low&energy,/long/wavelenghth/limit/

•  However,/there/is/an/excep2on/

•  I/pinned/down/the/condi2on/for/NFL:/

 †~r · ~r✓

quasi&par2cle/
excita2ons/near/FS/

Goldstone/mode/
(orienta2onal/mode)/

non&Fermi/liquid/behavior/

Landau/damping/

[Q, ~P ] = 0 HW/and/Ashvin/Vishwanath,/arXiv:1404.3728/

V./Oganesyan,/S./A./Kivelson,/and/E./Fradkin,//
Phys./Rev./B/64,/195109/(2001)./

Haruki
Watanabe

Muneto Nitta
internal and spacetime 

symmetries may not commute 
via central extension

NGBs become “type-B”

Yusuke Kato
anomalous tunneling is 

common to NGBs, for k→0 
due to constancy 

of Noether currents



Higgs and Nambu-Goldstone 
bosons with or without 

Lorentz invaraianceTOD
I A S

TODAI INSTITUTES FOR ADVANCED STUDY

東京大学国際高等研究所

I  ODIAS
東 京 大 学 国 際 高 等 研 究 所
TODAI INSTITUTES FOR ADVANCED STUDY

I  

東 京 大 学 国 際 高 等 研 究 所
TODAI INSTITUTES FOR ADVANCED STUDY

A案

A案
マークのみ

C案

C案
マークのみ

E案

E案
マークのみ

TODIAS

TOD
I A S

Hitoshi Murayama (Berkeley, Kavli IPMU)
+ Haruki Watanabe (Berkeley) 
+ Tomáš Brauner (TU Wien)

arXiv:1203.0609, 1302.4800, 1303.1527, 
1401.8139, 1402.7066, 1403.3365, 1405.0997



Applications
example coset space BG NGB rank ρ theorem

anti-ferromagnet O(3)/O(2) 2 2 0 2=2-0
ferromagnet O(3)/O(2) 2 1 2 1=2-1

superfluid 4He U(1) 1 1 0 1=1-0
superfluid 3He B phase O(3)xO(3)xU(1)/O(2) 4 4 0 4=4-0

(in magnetic field) O(2)xO(3)xU(1)/O(2) 4 3 2 3=4-1
BEC (F=0) U(1) 1 1 0 1=1-0

BEC (F=1) polar O(3)xU(1)/U(1) 3 3 0 3=3-0
BEC (F=1) ferro O(3)xU(1)/SO(2) 3 2 2 2=3-1

3-comp. Fermi liquid U(3)/U(2)
U(1

5 3 4 3=5-2
neutron star U(1) 1 1 0 1=1-0

kaon cond. (µ=0) U(2)/U(1) 3 3 0 3=3-0
kaon cond. (µ≠0) U(2)/U(1) 3 2 2 2=3-1

crystal R3/Z3 3 3 0 3=3-0
(in magnetic field) R3/Z3 3 2 2 2=3-1

nNGB = nBG � 1

2
rank⇢



Low-E Effective L

• consider πa(x) fields: R3,1 → G/H (“pions”)

• Write action S=∫d4x L(π,∂π)             
which is G-invariant
• expand in powers of derivative, keep low 

orders (often up to the second order)

Le↵ = ca(⇡)⇡̇
a + ḡab(⇡)⇡̇

a⇡̇b � gab(⇡)ri⇡
ari⇡

b

Le↵ = gab(⇡)@µ⇡
a@µ⇡b

Leutwyler



General formula

• Define a commutator among broken 
generators 

• nB = 1/2 rank ρ counts the number of 
canonically conjugate pairs (Type-B)
• each pair describes one d.o.f.
• the remainder nA = nBG – 2nB 
• stand-alone NGB d.o.f. (Type-A)

nNGB = nA + nB = nBG � 1

2
rank⇢

⇢ab =
�i

V
h0|[Qa, Qb]|0i

conjectured by Watanabe and Brauner, agrees with Hidaka

generically E / p2

generically E / p

Le↵ = ca(⇡)⇡̇
a + ḡab(⇡)⇡̇

a⇡̇b � gab(⇡)ri⇡
ari⇡

b

ca⇡̇
a ⇡ 1

2
⇢ab⇡

b⇡̇a



Presymplectic Geometry

G/H F

NGBs for generators a and b are symplectic pairs
and describe a single degree of freedom

dimG� dimH = nA + 2nB

closed G-inv
d c = π*ω2

G/U

π
symplectic

homogeneousω2

!2 =
1

2
⇢abd⇡

a ^ d⇡b +O(⇡)3

Type A
E / p

Type B
E / p2

⇢ab =
�i

V
h0|[Qa, Qb]|0i

allows for complete classification of possibilities
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nA nB U

30 0 .

20 5 SU(5)× U(1)

14 8 SU(4)× SU(2)× U(1)

12 9 SU(4) ×U(1)2

12 9 SU(3)2 × U(1)

8 11 SU(3)× SU(2) ×U(1)2

6 12 SU(3) ×U(1)3

6 12 SU(2)3 × U(1)2

4 13 SU(2)2 × U(1)3

2 14 SU(2) ×U(1)4

0 15 U(1)5

TABLE III. Possible number of type-A and type-B NGBs for
SU(6)/U(1)5.

nA nB U

40 0 .

24 8 SO(8)× U(1)

20 10 U(5)

14 13 SO(6)× U(2)

12 14 SO(6) ×U(1)2

12 14 U(4) ×U(1)

10 15 SO(4)× U(3)

8 16 U(3) ×U(2)

6 17 SO(4)× U(2)×U(1)

6 17 U(3)× U(1)2

4 18 SO(4) ×U(1)3

4 18 U(2)2 × U(1)

2 19 U(2)× U(1)3

0 30 U(1)5

TABLE IV. Possible number of type-A and type-B NGBs for
SO(10)/U(1)5.

For instance, one can consider SU(6)/SU(5), whose di-
mension is 35 − 24 = 11. Note that SU(6)/SU(5) =
U(6)/U(5) = S11 which was discussed in Sec. IXC. Look-
ing at the list in Table III, the only U that commutes with
SU(5) is the top two. Therefore there are two types of
presymplectic structures possible on SU(6)/SU(5). If U
is trivial, all 11 are type-A NGBs. If U = SU(5)×U(1),
B = SU(6)/SU(5) × U(1) = CP5 and there are 5 type-
B NGBs for (1/2)dimB = 5. There is only one type-A
NGB.
If the same SU(6) is broken by an order parameter in

rank-three anti-symmetric tensor, the unbroken group is
H = SU(3) × SU(3). In this case, there is no U that
commutes with H except for the trivial one. Namely
this coset space allows for no presymplectic structure and
hence nA = 19, nB = 0. However if one of the SU(3) is
further broken completely by order parameters in funda-
mental representations (at least two of them), H = SU(3)
commutes with first seven choices of U in Table III, and

nA nB U ⊂ SO(11) U ⊂ Sp(5)

50 0 . .

32 9 SO(9)× U(1) Sp(4)× U(1)

20 15 SO(7)× U(2) Sp(3)× U(2)

20 15 U(5) U(5)

18 16 SO(7)× U(1)2 Sp(3) ×U(1)2

14 18 SO(5)× U(3) Sp(2)× U(3)

14 18 SO(3)× U(4) Sp(1)× U(4)

12 19 U(4)× U(1) U(4)× U(1)

10 20 SO(5)× U(2)× U(1) Sp(2)× U(2) ×U(1)

8 21 SO(5)× U(1)3 Sp(2) ×U(1)3

8 21 SO(3)× U(3)× U(1) Sp(1)× U(3) ×U(1)

8 21 U(3)× U(2) U(3)× U(2)

6 22 SO(3)× U(2)2 Sp(1) ×U(2)2

6 22 U(3)× U(1)2 U(3)× U(1)2

4 23 SO(3)× U(2)× U(1)2 Sp(1)× U(2)× U(1)2

4 23 U(2)2 × U(1) U(2)2 × U(1)

2 24 SO(3)× U(1)4 Sp(1) ×U(1)4

2 24 U(2)× U(1)3 U(2)× U(1)3

0 25 U(1)5 U(1)5

TABLE V. Possible number of type-A and type-B NGBs for
SO(11)/U(1)5 and Sp(5)/U(1)5.

there are seven possibilities of (nA, nB) accordingly.
This way, one can work out all possibilities of (nA, nB)

for a given G and H if compact and simple. Then we
look at discrete subgroups if G or H have more than one
connected components to further eliminate some possibil-
ities. It is also straight forward to study examples with
additional U(1) factors, paying attention to possible cen-
tral extensions.
This way, one can enumerate all possible presymplectic

structures for a given G/H , and write down the most
general effective Lagrangians using the explicit forms we
found in Sec. III.

IX. EXAMPLES

Having developed a complete classification of presym-
plectic structures, we revisit popular examples of coset
spaces in the literature and show what effective La-
grangians are possible for them.

A. O(n+ 1)/O(n) = Sn

For O(n + 1)/O(n) = Sn, SO(n + 1)/SO(n) = Sn,
and O(n + 1)/[O(n) × Z2] = RPn, there is no possible
presymplectic structure for n ≥ 3. As seen in Tables IV
and V, there is no non-trivial U that commutes with
SO(n) subgroup within SO(n + 1) and hence NC = 0.
Therefore we can only have n type-A NGBs. The most

List of possible U 
for G with rank=5



Topological solitons

[P
x

, P
y

] / N
topological

H. Watanabe and HM, arXiv:1401.8139



skyrmion

• Consider a Heisenberg ferromagnet
• On a two-dimensional plane, non-trivial 

maps              classified by
• skyrmion has moduli: 
• translations in x and y directions
• dilation
• rotation
• derive effective Lagrangian for moduli
• momenta don’t commute!

R2 ! S2

[P
x

, P
y

] = i~ 4⇡sN
skyrmion

⇡2(S
2) = Z



Derivation
• Effective Lagrangian
• All spins up at infinity
• canonical commutator
• Noether charges for 

translations
• commutator has a 

surface term that we 
normally ignore

• it is precisely the 
winding number!

• similarly for vortices in 
superfluid

Pi =

Z
d

2
x s(1 + cos ✓)ri�

[s cos ✓(x),�(y)] = �i~�2(x� y)

Le↵ = s(1 + cos ✓) ˙�

� f2
((

~r✓)2 + sin

2 ✓(~r�)2)

Le↵ =
1

2

n
y

ṅ
x

� n
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ṅ
y
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z
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s

1

2
~rn

i

~rn
i



[P1, P2] =

Z
d

2
xd

2
y [s(1 + cos ✓)r1�(x), s(1 + cos ✓)r2�(y)]

= �i~
Z

d

2
xd

2
y [ry

2�(x� y)rx

1�(x)s(1 + cos ✓)(y)

�rx

2�(x� y)ry

2�(y)s(1 + cos ✓)(x)]

= i~s
Z

d

2
xd

2
y [rx

1�(x)r
y

2 cos ✓(y)

�ry

2�(y)rx

2 cos ✓(x)]�(x� y)

= i~s
Z

d

2
x [r1�r2 cos ✓ �r2�r1 cos ✓]

= i~ 4⇡sNwinding

[s cos ✓(x),�(y)] = �i~�2(x� y)

Pi =

Z
d

2
x s(1 + cos ✓)ri�



consequence

• If you push a skyrmion, it moves sideways 
called Magnus force

• skyrmion lives in a “magnetic field” without 
external fields

• the same happens to vortices in superfluids

L =
1

2
(xẏ � yẋ)� Fx

ẏ � F = 0





consequence

• If you push a skyrmion, it moves sideways

L =
1

2
(xẏ � yẋ)� Fx

ẏ � F = 0

Iwasaki, Mochizuki, Nagaosa, Nature Nanotech 8, 742 (2013)



General
• Consider any compact Kähler manifold K as 

the target space
• allows for a topological soliton
• holomorphic maps           solve EoM
• Use symplectic structure on K for Type-B 

NGBs
• consider moduli for translations for x & y
• They don’t commute!
• very similar to central extension for extended 

supersymmetry by magnetic charge

H2(K) 6= 0

{Q↵
i , Q

�
j } = ✏ij✏

↵�Z

C ! K



massive NGB

H. Watanabe, T. Brauner, and HM, arXiv:1303.1527



massive NGB

• normally, we can say few things about 
gapped modes based on symmetries alone 
• But exact gap predicted for H = H – µQ    

(à la BPS)

nmNGB =
1

2
(rank⇢� rank⇢̃)

[Q̃a, H̃] = [Q̃a, H � µQ] = 0

[Qa, H] = 0

⇢̃ab =
�i

V
h0|[Q̃a, Q̃b]|0i

⇢ab =
�i

V
h0|[Qa, Qb]|0i

H̃(E↵|0i) = µ↵(E↵|0i)

H. Watanabe, T. Brauner, and HM, arXiv:1303.1527

~



Englert-Brout-Higgs 
mechanism

H. Watanabe and HM, arXiv:1405.0997



Anderson-Englert-Brout-
Higgs-Guralnik-Hagen-Kibble

• massless vector boson in d dimension has 
d-1 dof

• massive vector boson has d dof

• it needs to eat massless NGB



mismatch

• Heisenberg model breaks SO(3) to SO(2)

• two broken generators, one type-B NGB

• If SO(3) gauged, two broken gauge bosons

• but only one NGB to be “eaten”

• what happens?

• NB type-B NGB comes with charge density



charge neutrality

• we only need to make sure the current 
density is cancelled by a “background”

• “charge neutrality constraint” (Kapusta)

• fine for U(1) but non-abelian???

L � �jµA
µ

L � �jaµA
µa



two possibilities

• If there is a charge density, the gauge 
bosons acquire VEVs and compensate it

• it necessarily breaks rotational invariance 
(Gusynin, Miransky, Shovkovy)

• Or, we bring in another sector that cancels 
the charge density

• either way, smooth e→0 limit with 
spectrum varying continuously

cf. P06 Shintaro Karasawa



turning on gauge field

• Yang-Mills equation

• thermodynamics limit requires r.h.s.=0
• Non-zero charge density j0 forces A0 to 

acquire VEV
• Space-time constant solution requires

• Spatial components of gauge field also 
acquire VEVs

e[Ai, [Ai, A
0] = j0

DµF
µ⌫ = ej⌫

r · ~E = ie[ ~A, ~E] + ej0



charge density

• Noether current for a global gauge 
transformation: 
• matter contribution cancelled by the gauge 

contribution
• NGBs for global gauge transformation from 

gauge bosons provide additional dof to be 
eaten, become type-A
• additional NGBs from gauge bosons for 

broken rotation

jµ = i[A⌫ , F
µ⌫ ] + jµmatter



S2=SU(2)/U(1)
• Heisenberg model with 

spin density // z

• need a VEV for a spatial 
component

• other A1 are NGBs for 
rotation symmetry 
together with a  
massless type-A NGB

• A2 and A3 acquire mass 
eating two type-A NGBs

DµF
µ⌫ = j⌫

heAµi =

0

BB@

0 0 O(e)
0 0 0
0 0 0

O(
p
e) 0 0

1

CCA

t

x

y

z

1 2 3

[Ai, [Ai, A
0] = j0



second prescription

• bring two systems with same type-B 
spectrum

• gauge the diagonal subgroup
• 1 type-B NGB for two generators from 

each system
• correct EBH mechanism
• don’t need second power in time-derivative

L =
1

2
e
z

(⇡
x

⇡̇
y
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y

⇡̇
x

)� 1

2
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� 1
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can be tested?

• multi-layer graphene?

• spin-orbit coupling?

• frustrated spin liquid?

• high-density QCD?



redundancies

H. Watanabe and HM, arXiv:1302.4800



spacetime symmetries

• so far all discussions are internal 
symmetries
• but there are situations when nNGB is 

further reduced for spacetime symmetries
• spontaneously broken scale and conformal 

symmetries lead to only one NGB (dilaton) 
(Salam-Strathdee)
• crystal breaks both translations (Pi) and 

rotations (Ji), but only phonons for Pi



Noether constraints

• They can be understood as a consequence 
of Noether constraints

• For broken symmetries, we have

• then they are linearly redundant

Z
d

d
x

X

a

ca(x)j
0
a(x)|0i = 0

h⇡b|j0a(x)|0i 6= 0

0 =
X

b

|⇡bih⇡b|
Z

d

d
x

X

a

ca(x)j
0
a(x)|0i

=
X

b

|⇡bi
Z

d

d
xca(x)h⇡b|j0b (x)|0i



Examples

• crystal: translations and rotations are both 
spontaneously broken
• they are both generated by the energy-

momentum tensor
• would-be NGBs for rotations are the same 

excitations as those for translations 
(phonons)

R

0i = ✏ijkx
j
T

0k



Examples
• Ginzburg-Landau theory

• G=U(1), H=0

• 4He superfluid

• scalar BEC

• U(1)

• Galilean boost

• both broken nBG=1+3=4

V = �µ ⇤ + �( ⇤ )2

Figure 4: Taken from D.G. Henshaw and A.D.B. Woods, Phys. Rev., 121,
1266 (1961).
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Figure 3: The measured excitation spectrum !(k) of a trapped Bose-Einstein
condensate. The solid line is the Bogoliubov spectrum with no free parame-
ters, in the local density approximation (LDA) for µ = 1.91 kHz. The dashed
line is the parabolic free-particle spectrum. For most points, the error bars
are not visible on the scale of the figure. The inset shows the linear phonon
regime. Taken from J. Steinhauser et al ., Phys. Rev. Lett., 88, 120407
(2002).

After quantization, this becomes a quasi-particle (elementary excitation of a
collective system) called phonon with the energy E = c

s

|~p|.
On the other hand, at large momentum, the dispersion relation Eq. (51)

can be approxiimated as

E(~p) ' ~p2

2m
+ µ + O(~p2)�1 (53)

and hence it is the same as the single particle excitation except the o↵set
µ = c2

s

m. This is called the excitation in the free-particle regime.
In the case of liquid 4He, the interaction is quite strong and the linearized

analysis fails. The dispersion relation rises linearly in the phonon-regime but
it turns around the develops a minimum called “roton” (see Fig. 4). As
far as I know, there is no first-principle calculation of this spectrum. The
interaction is too strong for the perturbation theory to be valid to make
reliable quantitative predictions.

The linear dispersion in the phonon regime is important because it is the
very reason for superfluidity. Suppose the condensate is flowing with velocity
~v past a macroscopic obstruction of mass M . It is more convenient to go to

13

h0| |0i 6= 0

 (~x, t) ! e

i✓
 (~x, t)

 (~x, t) ! e

i(m~x·~x� 1
2m~v

2
t)
 (~x� ~vt, t)

B

iµ = tT

iµ �mx

i
j

µ

⇒ no separate NGBs for Galilean boosts



vortex lattice

• rotate a (2d) BEC

• vortices form a 
triangular lattice

• broken: U(1), Px,y, Jz

• only one Type-A NGB 
with 

• called Tkachenko mode

E / p2

T

0i = mj

i � 2m⌦✏ijxj
j

0

we have a precise effective Lagrangian for this



vortex lattice
• translation of the lattice 

causes the phase shift

• Type A butE / p2

T

0i = mj

i � 2m⌦✏ijxj
j

0

we have a precise effective Lagrangian for this

✓ ! ✓ + 2m~a · ~⌦⇥ ~x

Le↵ ⇠ ✓̇2 � (~r2✓)2



More excitements
to come!


