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Quantum	  O(N)	  model	  

•  Generaliza=on	  of	  classical	  O(N)	  model	  
•  at	  T=0,	  Lorentz	  symmetry	  

•  Describes	  cri=cal	  regime	  of	  a	  number	  of	  systems	  :	  
–  bosons	  in	  op=cal	  laWces	  

–  an=ferromagnets	  
–  Josephson	  junc=on	  arrays	  
–  granular	  superconductors,	  …	  
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Typical	  phase	  diagram	  in	  2D	  

Quantum	  cri=cal	  point	  described	  by	  the	  classical	  O(N)	  model	  in	  2+1	  D	  

Non	  trivial	  cri=cal	  exponent	  :	  	   η, ν

One	  (quantum)	  exponent	  :	  dynamical	  exponent	  z	  =	  1	  (Lorentz	  symmetry)	  

gap	  Δ	  



Amplitude	  mode	  :	  Mean	  Field	  

Mean-‐field	  picture	  : 	  -‐	  N-‐1	  transverse	  (massless)	  Goldstone	  modes	  

	   	   	   	   	  -‐	  1	  gapped	  longitudinal	  mode	  	  

Gπ(p) =
1

p2

Gσ(p) =
1

p2 + 2∆2p2 = ω2 + c2q2

φ2

φ1

Broken	  symmetry	  phase	   �φi� = δi1φ0

MF	  spectral	  func=on	  of	  one	  gapped	  mode	  arbitrarily	  close	  to	  the	  QCP	  (	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  ∆ → 0

χσ(ω) ∝ δ(ω −
√
2|∆|)



Amplitude	  mode	  :	  fluctua=ons	  

φ2

φ1

At	  low	  energy	  (smaller	  than	  Ginzburg	  energy),	  
amplitude	  	  	  	  	  	  	  	  	  	  	  	  	  	  constant.	  �|φ|�

Strong	  coupling	  between	  longitudinal	  and	  transverse	  fluctua=ons	  :	  	  

Gσ(p) ∝
1

|p|

Zwerger	  2004,	  Dupuis	  2011	  

Amplitude	  fluctua=ons	  seem	  not	  to	  be	  a	  well	  defined	  mode	  close	  to	  cri=cality:	  	  
the	  1/p	  divergence	  might	  the	  resonance	  as	  Δ	  goes	  to	  zero.	  

at	  low	  energy	  



Amplitude	  mode	  :	  scalar	  fluctua=on	  

Podolsky	  et	  al.	  2011	  :	  it	  might	  depend	  on	  the	  correla=on	  func=on	  !	  

Gρ = �ρρ�

At	  low	  energy,	  coupling	  for	  decay	  of	  an	  amplitude	  fluctua=on	  into	  two	  Goldstone	  is	  
small	  (deriva=ve	  coupling	  –	  propor=onal	  to	  the	  energy	  square).	  

We	  expect	  the	  spectral	  func=on	  to	  be	  of	  order	  ω3	  at	  small	  ω	  (no	  divergence),	  so	  the	  
resonance	  might	  s=ll	  be	  visible	  close	  to	  the	  QCP.	  

But	  is	  the	  amplitude	  mode	  s=ll	  well	  defined	  close	  to	  the	  quantum	  cri=cal	  point	  ?	  	  

φ =
√
ρn

magnitude	  

Not	  the	  same	  correla=on	  func=on	  !	  	  
Example	  for	  an=ferromagnets: 	  -‐	  longitudinal	  =	  neutron	  scalering	  

	   	   	   	   	   	   	  -‐	  scalar	  (amplitude)	  =	  Raman	  scalering	  



Amplitude	  mode	  :	  Large	  N	  
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Amplitude	  mode	  :	  Large	  N	  

Spectral	  func=ons	  :	  far	  from	  cri=cality	  
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Amplitude	  mode	  :	  Large	  N	  

Spectral	  func=ons	  :	  closer	  to	  cri=cality	  
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Spectral	  func=ons	  :	  cri=cal	  regime	  –	  no	  amplitude	  mode	  
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Amplitude	  mode	  :	  Small	  N	  Monte	  Carlo	  

Recent	  Monte	  Carlo	  simula=ons	  :	  Polet	  et	  al.	  (2012),	  Gazit	  et	  al.	  (2013),	  Chen	  
et	  al.	  (2013)	  for	  N=2	  and	  3	  	  
Also	  measured	  in	  cold	  atoms	  experiments	  :	  ``Higgs”	  mode	  (I.	  Bloch	  group)	  

4

duced from the MaxEnt analysis, which is less reliable in
this regime.

In the ordered phase, the asymptotic low frequency rise
of the susceptibility was predicted [12, 13, 17] to be

Φ��
− ∼ (ω/∆)3 , ω � ∆ � 1. (9)

The ω3 rise is due to the decay of a Higgs mode into a
pair of Goldstone modes. On the other hand, Fig. 4 does
not display a clear ω3 low frequency tail. An alterna-
tive method to look for this tail exists, without the need
to analytically continue the numerical data to real time.
Equation (9) transforms into the large imaginary time
asymptotics χs (τ) ∼ 1/τ4.

For N = 3 we indeed find the asymptotic behavior
χs(τ) ∼ 1/τ4. Interestingly, for N = 2 we do not find a
conclusive asymptotic fall-off as 1/τ4, Instead, the data
fits better to an exponential decay, as in the disordered
phase (see Eq. (7)). We find excellent agreement between
the extracted decay rate and the value of mH obtained
from the MaxEnt analysis, further validating our results
for the Higgs mass. We note that the power law be-
haviour might be regained for larger values of τ below our
statistical errors. In both cases, we can safely conclude
that the spectral weight of the Higgs peak dominates over
the low frequency ω3 tail, enhancing its visibility. The
large τ analysis is discussed elsewhere [23].

Discussion and Summary– Our results are directly ap-
plicable to all experimental probes that couple to a func-
tion of the order parameter magnitude. For example, the
lattice potential amplitude in the trapped bosons sys-
tem [16, 18], or pump-probe spectroscopy in Charge Den-
sity Wave systems [6–8]. Such a probe can be expanded
near criticality in terms of the order parameter fields and
their derivatives,

Θ(x, τ) = α|�φ|2 + β|∂µ�φ|2 + γ(|�φ|2)2 + . . . (10)

FIG. 4. Rescaled spectral function vs. ω/∆ for N = 2, 3,
at µ = 0.5. At low values of ω/∆, these curves collapse to
the universal scaling function Φ��

−(ω/∆), in accordance with
Eq. 5.

So long as α �= 0, the first term is more relevant than the
rest. Hence, the scalar susceptibility defined in Eq. (2)
dominates the experimental response at low frequencies
and wave vectors.
In summary, we have calculated the scalar susceptibil-

ity for relativistic O(2) and O(3) models in 2+1 dimen-
sions near criticality. We have demonstrated that the
Higgs mode appears as a universal spectral feature sur-
viving all the way to the quantum critical point. Since
this is a strongly coupled fixed point, the existence of
a well defined mode that is not protected by symmetry
is an interesting, not obvious, result. We presented new
universal quantities to be compared with experimental
results.
During the submission of this paper we became aware

of a similar analysis [31] on the Bose-Hubbard model.
Acknowledgements.– We are very grateful to Nikolay

Prokofev and Lode Pollet for helpful comments and we
also thank Dan Arovas, Manuel Endres, Netanel Lind-
ner, and Subir Sachdev for helpful discussions. AA and
DP acknowledge support from the Israel Science Founda-
tion, the European Union under Grant No. 276923MC-
MOTIPROX, the U.S.-Israel Binational Science Founda-
tion, and thank the Aspen Center for Physics, supported
by the Grant No. NSF-PHY-1066293, for its hospitality.
S. G. received support from a Clore Foundation Fellow-
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Supplementary Material for “Fate of the Higgs

mode near quantum criticality”

Real frequency dynamics can be computed by analytic
continuation of the imaginary time correlation function.
Given the spectral function A(ω), the Matsubara Green’s
function G(iωm) is obtained by

G(iωm) =
1

π

� ∞

0

2ω

ω2
m
+ ω2

A(ω)dω (11)

(In the supplementary material section we use the nota-
tion G(iωm) and A(ω) to avoid confusion with the good-
ness of fit χ.) Analytic continuation from Matsubara
frequencies to real frequencies amounts to inversion of
the problem above.
Unfortunately, the inverse of the kernel K(iωm,ω) =

1
π

2ω
ω2

m+ω2 has exponentially growing singular values and

is therefore ill-conditioned. This renders the problem
highly sensitive to the inevitable statistical noise in the
Monte Carlo simulation. Naive minimization of the good-
ness of fit χ2 = (G − KA)TΣ(G − KA), where Σ is the
covariance matrix, leads to an exponential amplification
of the statistical noise obtained in A(ω).
To overcome this issue one must use a regularization

procedure. One common approach is to introduce a cost
function f(A) that penalizes unphysical solutions, and to

Amplitude	  mode	  defined	  close	  to	  cri=cality,	  	  
but	  how	  does	  it	  disappear	  as	  N	  increases	  ?	  

resonance	  between	  	  
2.1Δ	  and	  3.3Δ	  

≈2.2Δ	  



Amplitude	  mode	  :	  disordered	  phase	  ?	  

4

The universal spectral function ΦSF has three distinct
features: a) A pronounced peak at ωH/∆ ≈ 3.3, which
is associated with the Higgs resonance. Since the peak’s
width γ/∆ ≈ 1 is comparable to its energy, the Higgs
mode is strongly damped. It behaves as a well-defined
particle only in a moving reference frame; b) A mini-
mum and another broad maximum between ω/∆ ∈ [5, 25]
which may originate from multi-Higgs excitations [14];
c) the onset of the quantum critical quasiplateau, in
agreement with the scaling hypothesis (1), starting at
ω/∆ ≈ 25. These features are captured by an approxi-
mate analytic expression with normalized χ2 ∼ 1,

ΦSF(x) =
0.65x3

35 + x2/ν

�
1 +

7 sin(0.55x)

1 + 0.02x3

�
(6)

We only claim that a plateau is consistent with our imag-
inary time data and emerges from the analytic continu-
ation procedure which seeks smooth spectral functions;
i.e., other analytic continuation methods may produce an
oscillating behavior in the same frequency range within
the error bar in Fig. 2

In the MI phase we approach the QCP along trajec-
tory iii in Fig 1. The scaling hypothesis for the spectral
function has a similar structure to the one in Eq. (1),

SMI(ω) ∝ ∆3−2/νΦMI(
ω

∆
) . (7)

The low-energy behavior of ΦMI starts with the thresh-
old singularity at the particle-hole gap value, ΦMI(x) ≈
1/ log2(4/(x−2))θ(x−2), see Ref. [16]. At high frequen-
cies ΦMI(x � 1) has to approach the universal quantum
critical quasiplateau (same as in the SF phase). Our
results for the spectral functions at g = 0.2576 (with
L = 20,β = 10) and g = 0.1276 (with L = 40,β = 20)
are presented in Fig.6. The universal scaling spectral
function shows an energy gap (this is also fully pro-
nounced in the imaginary time data). The left-hand side
of the first peak is much steeper than in the SF phase, in
agreement with the theoretical prediction for the thresh-
old singularity.

The universal spectral function in the MI is remarkably
similar to its SF counterpart featuring a sharp resonance
peak. (Since MI and SF are separated by a critical line
their scaling functions ΦMI and ΦSF remain fundamen-
tally different at energies smaller than ωH). This obser-
vation is rather counterintuitive given that the superfluid
order parameter is zero and raises a number of theoretical
questions regarding the nature and properties of collec-
tive excitations in the MI phase at finite energies. In
particular, can it be linked to the established picture of
renormalized free-energy functional for the order param-
eter field [17] at distances under the correlation length?

If finite energy excitations probe system correlations
predominantly in a finite space-time volume, one would
expect that some resonant feature may survive even in
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FIG. 6. (Color online) Collapse of the spectral functions for

different U along trajectory iii in the MI phase, labeled by the

detuning g = (U − Uc)/J . Inset: Original data for SMI(ω).

the NL phase at sufficiently low, but finite tempera-
ture T < J (at g = gµ = 0, the superfluid transi-
tion temperature is zero) In this quantum critical region,
temperature determines the characteristic energy scale,
thus SNL(ω) ∝ T 3−2/νΦNL(ω/T ), and all excitations are
strongly damped. Simulations performed at T/J = 0.5
on the trajectory iv in the inset of Fig. 1 indeed find a
peak at low energies before the critical quasiplateau, see
Fig. 2, but it is much less pronounced and the oscillatory
component (second peak) is lost. Unfortunately, numer-
ical complexity does not allow us to verify the scaling
law directly by collapsing simulations at lower tempera-
tures and bigger system sizes. Our case for universality
of ΦNL(x) is thus much weaker and rests solely on the
theoretical consideration that the plateau (at the same
value as in the SF and MI phases) separates universal
physics from model specific behavior.

In conclusion, we have constructed the universal spec-
tral functions Φ for the kinetic energy correlation func-
tion for all three phases in the vicinity of the interaction
driven QCP of the 2D Bose-Hubbard model. Although
the nature of excitations in these phases is fundamen-
tally different at low temperature, their Φ functions all
feature a resonance peak which in the SF and MI phases
is followed by a broad second peak and evolve then to a
quasiplatform at higher energy in agreement with scaling
predictions. In the SF phase, the first peak is interpreted
as a damped Higgs mode. In the MI and NL phase, the
existence of a resonance is unexpected and requires fur-
ther theoretical understanding of amplitude oscillations
at mesoscopic length scales. Experimental verification
with cold gases requires flatter traps and lower temper-
atures and is accessible within current technology. It
would signify a new hallmark, going beyond the previous
studies of criticality near Gaussian fixed points.

We wish to thank I. Bloch, M. Endres, D. Podol-
sky, and B. V. Svistunov for valuable discussions. This

Kun	  Chen	  et	  al.	  :	  amplitude	  mode	  in	  the	  symmetric	  (disordered)	  phase	  !?	  

Gapped	  system	  :	  threshold	  at	  ω=2Δ	  (ρ	  -‐>	  2	  massive	  bosons)	  

Gave	  an	  RG	  argument,	  but	  is	  it	  true	  ?	  
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thermodynamics	  :	  
pressure,	  order	  parameter,	  etc.	  

Average	  Effec=ve	  Ac=on	  
(“Gibbs”	  free	  energy)	  	  

“Func=onal	  free	  energy”	  gives	  access	  to	  all	  the	  physics	  :	  	  	  

Bare	  ac=on	  :	  

modified	  Legendre	  transform	   φi(τ) = �ψi(τ)�

func=onal	  deriva=ves	  

propagator,	  scalering	  amplitudes,	  etc.	  

Gk(iω,p)

for	  h=0	  in	  constant	  field	  
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Approxima=ons	  

Write	  down	  an	  Ansatz	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (expansion	  in	  ϕ	  and	  h)	  Γk[φ, h]

=	  ∂k

∂k =	  

Technical	  details	  in	  AR	  and	  N.	  Dupuis,	  PRB	  2014	  	  

Propagator	  computed	  within	  a	  deriva=ve	  expansion	  but	  keep	  the	  Matsubara	  
frequency	  dependence.	  In	  the	  end,	  analy=c	  con=nua=on.	  



Amplitude	  mode	  :	  N=2	  

N=2,	  m≈2.4	  Δ	  

AR	  &	  N.	  Dupuis,	  PRB	  89	  180501(R)	  (2014)	  

θ �= 3− 2/ν as	  it	  should.	  



Amplitude	  mode	  :	  N=3	  

AR	  &	  N.	  Dupuis,	  PRB	  89	  180501(R)	  (2014)	  



Amplitude	  mode	  :	  all	  N	  

No	  resonance	  for	  N>2	  

AR	  &	  N.	  Dupuis,	  PRB	  89	  180501(R)	  (2014)	  



T=0	  disordered	  phase	  -‐	  1	  

Energy	  scales	   E	  
kG	  kJ/kc	  

cri=cal	  regime	  ordered/disordered	  
regime	  0	  

Mean	  field	  
regime	  

-‐If	  so	  :	  resonance	  must	  appear	  in	  the	  	  
cri=cal	  regime	  (otherwise	  :	  not	  related)	  	  	  

AR	  &	  N.	  Dupuis,	  PRB	  89	  180501(R)	  (2014)	  

-‐“Resonance”	  close	  to	  gap	  at	  2Δ	  :	  
related	  to	  amplitude	  mode	  ?	  

-‐But	  in	  cri=cal	  regime	  :	  	  scaling	  
χ��
crit(ω) ∝ ω3−2/ν

-‐ Implies	  no	  resonance	  in	  cri=cal	  regime	  

-‐ 	  Thus	  resonance	  in	  ordered/	  disordered	  regime	  are	  not	  related	  –	  not	  the	  same	  physics	  



Quantum	  disordered	  phase	  -‐	  2	  
No	  resonance	  in	  the	  disordered	  phase	  :	  no	  amplitude	  mode	  precursor	  in	  the	  renormaliza=on	  

flow	  when	  the	  peak	  appears	  in	  the	  disordered	  phase.	  	  	  	  

Ordered	  phase	   Disordered	  phase	  

Energy	  scales	  
during	  the	  flow	  

k=et	  
kG	  kJ/kc	  

cri=cal	  regime	  ordered/disordered	  
regime	  0	  

Mean	  field	  
regime	  



Amplitude	  mode	  :	  Kosterlitz-‐Thouless	  phase	  

AR	  &	  N.	  Dupuis,	  PRB	  89	  180501(R)	  (2014)	  

N=2,	  T>0:	  BKT	  phase	  	  
(quasi-‐long	  range	  order)	  

TBKT � 0.42∆

AR	  et	  al.	  PRE	  2013	  

Numerical	  analy=c	  con=nua=on	  hard	  
for	  ω	  <	  2πT.	  	  

Pertuba=ve	  calcula=on	  :	  	  

χ��(ω) ∝ ω3 coth
� ω

2T

�
→ Tω2



Conclusion and Perspectives 

•  NPRG	  study	  of	  amplitude	  mode	  close	  to	  a	  non-‐trivial	  cri=cal	  
point.	  Available	  approaches	  :	  Monte-‐Carlo,	  NPRG,	  others	  ?	  

•  Study	  of	  the	  amplitude	  mode	  for	  all	  N.	  Nice	  agreement	  with	  
Monte-‐Carlo	  	  for	  N=2.	  Case	  N=3	  needs	  further	  study.	  

•  No	  amplitude	  mode	  resonance	  in	  the	  quantum	  disordered	  
phase.	  

•  Resonance	  exists	  in	  the	  BKT	  phase	  (vanishing	  order	  
parameter	  !).	  Up	  to	  what	  temperature	  ?	  	  	  	  (	  TBKT	  ≈	  mH/5	  )	  

•  Future	  calcula=on	  :	  Conduc=vity	  /	  viscosity	  	  within	  NPRG.	  
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7

FIG. 3. Characteristic momentum scales pG, pJ and pc vs
Tc − T for fixed u0 [Eqs. (57) with r0 = r̄0(T − T0)].

FIG. 4. Momentum dependence of the longitudinal correla-
tion function Gσσ(p) in the critical and non-critical regimes
of the low-temperature phase as obtained from the large-N
limit (2 < d < 4).

which also characterizes the divergence of the correlation

length in the high-temperature phase [23]. The momen-

tum scales (57) are not independent since

p2c = p2G

�
pJ
pG

�d−2

. (58)

If we vary r0 with u0 fixed, we find that the three char-

acteristic scales (57) are equal when T = TG, where TG

is defined by

r̄0(Tc − TG) =
1

2

�
u0Ad

6

�2/(4−d)

(59)

(see Fig. 3). We have assumed that r0 = r̄0(T − T0)
(with T0 the mean-field transition temperature) and used

r0c = r̄0(Tc−T0). We recognize in (59) the Ginzburg cri-

terion [2] so that we can identify TG with the Ginzburg

temperature separating the critical regime near the tran-

sition from the non-critical regime at sufficiently low tem-

peratures.

In the critical regime (Tc − T � Tc − TG or pJ �
pG), using pJ � pc � pG, one finds the longitudinal

correlation function

Gσσ(p) =






p2−d
J

|p|4−d
if |p| � pJ ,

1

p2
if |p| � pJ ,

(60)

while in the non-critical regime (Tc − TG � Tc − T or

pG � pc),

Gσσ(p) =






1

p2c

�
pG
|p|

�4−d

if |p| � pG,

1

p2 + p2c
if |p| � pG.

(61)

In the non-critical regime, we recover the results of sec-

tion II B. We find two characteristic momentum scales

(pG and pc) and two regimes for the behavior of Gσσ(p):
i) a Goldstone regime (|p| � pG) characterized by a

diverging longitudinal propagator Gσσ(p) ∼ 1/|p|4−d
,

ii) a Gaussian (perturbative) regime (|p| � pG) where

Gσσ(p) � 1/(p2 + p2c). The critical regime is char-

acterized by two momentum scales (pJ and pG) and

three regimes for the behavior of Gσσ(p): i) a Gold-

stone regime (|p| � pJ) with a diverging longitudinal

propagator, ii) a critical regime (pJ � |p| � pG) where

Gσσ(p) ∼ 1/|p|2−η
with a vanishing anomalous dimen-

sion η (η is O(1/N) in the large-N limit [23, 26]), iii)

a Gaussian regime (pG � |p|) where Gσσ(p) � 1/p2
.

These results are summarized in figure 4.

D. The non-perturbative RG

1. The average effective action

The strategy of the NPRG is to build a family of the-

ories indexed by a momentum scale k such that fluctu-

ations are smoothly taken into account as k is lowered

from the microscopic scale Λ down to 0 [27, 28]. This is

achieved by adding to the action (1) the infrared regula-

tor

∆Sk[ϕ] =
1

2

�

p,i

ϕi(−p)Rk(p)ϕi(p). (62)

The average effective action

Γk[φ] = − lnZk[J ] +

�
ddr

�

i

Jiφi −∆Sk[φ] (63)

is defined as a modified Legendre transform of − lnZk[J ]
which includes the subtraction of ∆Sk[φ]. Here Ji is an

external source which couples linearly to the ϕi field and

φ(r) = �ϕ(r)�J . The cutoff function Rk is chosen such

that at the microscopic scale Λ it suppresses all fluctua-

tions, so that the mean-field approximation ΓΛ[φ] = S[φ]
becomes exact. The effective action of the original model

(1) is given by Γk=0 provided that Rk=0 vanishes. For a

generic value of k, the cutoff function Rk(p) suppresses

fluctuations with momentum |p| � k but leaves unaf-

fected those with |p| � k. The variation of the average

effective action with k is governed by Wetterich’s equa-

tion [29]

∂tΓk[φ] =
1

2
Tr

�
Ṙk

�
Γ(2)
k [φ] +Rk

�−1
�
, (64)

ωc � u0

ωc � u0

u0

u0

∆

ωc


