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2H-Nbse~ undergoes a charge-density —wave (CDW) distortion at 33 K which induces
A and E Raman-active phonon modes. These are joined in the superconducting state at
2 K by new A and E Raman modes close in energy to the BCS gap 24. Magnetic fields
suppress the intensity of the new modes and enhance that of the CDW-induced modes, thus
providing evidence of coupling between the superconducting-gap excitations and the CD%.

PACS numbers: 78.30.Er, 74.30.6n, 74.70.Lp
Structural phase transitions involving charge-

density waves (CDW) in layered transition-metal
dichalcogenides have been studied extensively in
the last several years. ' Neutron diffraction stud-
ies' on 2tI-NbSe, show a transition from a nor-
mal lattice to one with a three-wave-vector in-
commensurate CDW at the onset temperature T„
of 33 K. The CDW is only a few percent out of
commensurability and the neutron data show that
it remains incommensurate down to 5 K. From
the modulus measurements of Barmatz, Testardi,
and DiSalvo' it is concluded that incommensura-
bility persists at least to 1.3 K. 2H-NbSe, is a
highly anisotropic type-II superconductor below
7.2 K.' The upper critical fields at 2 K may be
estimated from published data' and are found to
be 1Q5 and 42 ko for fields parallel and perpen-
dicular to the layers, respectively. Magnetore-
sistance studies on 2H-NbSe, have been carried
out by Morris, Coleman, and Bhandari. '
Figure 1 shows four pairs of Raman spectra

[(a)-(d)J from two different samples of 2H-NbSe„
M and B, at two different temperatures, 9 K (low-
er curves in each pair) and 2 K (upper curves)
for A and E Raman symmetries. The character-
istic CDW-induced amplitude modes (C) are near
40 cm-'. ' On cooling below 33 K, they first ap-
pear, then harden, and get stronger. ' The main
purpose of this paper is to report that when the
sample is immersed in superfluid helium at 2 K
two new Raman-active modes are seen at 18 cm '
(A) and at 15 cm ' (E), close in energy to the
BCS gap at 24. These are labeled G in Fig. 1. It
is also noted from this figure that the position of
these new peaks (G) is sample independent while
the position and strength of the CDW modes (C)
are sample dependent. This may be explained by
the work of Huntley' and Long, Bowen, and Lew-
is,' where it was shown that crystal growth tech-
niques have a small effect on superconductivity
whereas Hall-coefficient studies" indicate that

defects and impurities inhibit the formation of
CDW's.
From Figs. 1(c) and 1(d), where all curves

have the proper relative intensities, we find that
the CDW modes lose intensity when the new "gap"
modes appear. This direct coupling bebveen
modes C and 6 is shown more dramatically in
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FIG. l. Raman spectrum of samples M and B. The
lower curve of each pair [{a)-{d)] is at 9 K and the
upper at 2 K. Raman symmetries I,polarizations] are
E l{xy)l and A t(xx) —{&y)]. C labels CDW modes;
G, gap excitations; and I, the interlayer mode char-
acteristic of the 2H polytype. Incident laser beam at
5145 A and 30 mW power was spread into a line 40-50
p, m wide. Light was incident at the pseudo Brewster
angle; the scattered light collected along the c axis.
Resolution was 3 cm '. Curves (a) and (b) were drawn
by hand while (c) and {d) represent a five-point smoothed
plot through original data points. The upper curves in
the E spectra have been moved up by 20 counts/sec
while the 4 curves in (b) and (c) by 40 counts/sec The.
9- and 2-K data for sample M in (a) and (b) are each
from the same run. The same is true for sample B,
with the addition that (c) and (d) have been normalized
with respect to the intensity of the A «phonon at about
230 cm ' (Ref. 7).
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See also Littlewood, Varma, (1981,1982); Measson et al. (2014).

2H-NbSe2
(SC+CDW)



is heavily damped in the strong excitation limit. At each
excitation level, !Eprobe asymptotically reaches to a con-
stant value accompanied by the damped oscillation.
Besides the oscillation, !Eprobe shows a slow increase at
tpp > 2 ps to the constant value, indicating the gradual
decrease of the gap energy. Such a slow decrease of the
gap energy after the pump pulse irradiation has also been
observed in the previous near-visible optical pump experi-
ments, where the excess photon energy of the pump pulse
gives rise to the generation of phonons which in turn
causes the pair breaking in a slower time scale [25,26].
Meanwhile, a recent calculation using the nonequilibrium
dynamical mean-field theory [23] has also showed that
such a slow thermalization dynamics can occur as a unique
character of a nonequilibrium state, even without taking
into account the interaction with the phonon system. In the
present experiment, whereas the central photon energy of
the pump THz pulse is resonant to the gap energy, the high-
frequency components of the pump THz pulse larger than
the gap energy bring the excess energy to the QP system.
Therefore, the slow increase in Fig. 2(a) can be attributed
to the thermalization process of the excess energy.

As shown by the solid curves in Fig. 2(a), the oscillating
part of !EprobeðtppÞ is fitted by the following equation

!EprobeðtppÞ ¼ C1 þ C2tpp þ a
cosð2"ftpp þ ’Þ

ðtpp % t0Þb ; (1)

where C1, C2, a, b, ’, f, and t0 are parameters. The first
term indicates the nonoscillating part of the gap energy.

The second term is introduced to reproduce the gradual
decrease of the gap energy, which is attributed to the
thermalization process as described above. The third term
describes the order parameter oscillation with the power-
law decay as theoretically predicted [14,16,17]. Figure 2(b)
shows the oscillation frequency f obtained from the fits at
various pump intensities. Here we also plot the values of
2! at tpp ¼ 8 ps where the oscillation is damped, which
indicates the asymptotic value 2!1 of the gap energy after
the pump. Because of the slow change of the order
parameter in this temporal region, we evaluated 2!1
from the observed !Eprobeðtpp ¼ 8 psÞ by using the corre-

spondence in Fig. 1(f). The decrease of 2!1 as a function
of the pump intensity represented in Fig. 2(b) is reasonable
because the increase of the excited QP density causes the
gap reduction. The fitted values f and their pump-intensity
dependence are in excellent agreement with 2!1, which is
a characteristic feature of the order parameter oscillation
predicted in the theoretical studies [16,17]. Therefore, this
result strongly suggests that the oscillatory signal arises
from the collective Higgs amplitude mode anticipated in
the nonadiabatic excitation condition. Note that the oscil-
latory signal is observed in the cross-linear polarization
configuration of the TPTP experiments, which also indi-
cates its origin as the Higgs mode of isotropic s-wave SCs.
It is intriguing that the polarization dependent TPTP
experiments would elucidate the nature of symmetry of
such collective modes.
Figure 2(c) shows the fitted parameter b, the power-law

index for decay of the oscillation, as a function of the
pump intensity. The theoretical studies have shown that
within the linear approximation the oscillation decays with
b ¼ 0:5 for the weak-coupling BCS case due to the mixing
of the collective mode and QP states [14–16], and with
b ¼ 1:5 for the strong-coupling case [21]. Our result shows
that b changes from about 1 to 3 depending on the pump
intensity. Such a rapid decay depending on the excitation
intensity could be considered as a signature of the over-
damped oscillation of the order parameter [16,17].
The dynamics after the THz pulse excitation was also

investigated in the frequency domain. Figure 3(a) shows
the temporal evolution of the real-part optical conductivity
spectra #1ð!Þ as a function of tpp, obtained from the

TPTP spectroscopy in the two-dimensional time domains.
The optical conductivity spectrum #1ð!; tppÞ at each delay
time tpp was calculated from the waveform of the trans-

mitted probe E field. Figure 3(b) shows the #1ð!Þ spectra
at each tpp indicated by the white dotted lines in Fig. 3(a).
For comparison, Fig. 3(b) also shows the #1ð!Þ spectra
before the pump (tpp ¼ %2 ps) as the black dotted curves.
The temporal oscillation of the conductivity spectrum is
clearly seen, suggesting the oscillation of the gap energy.
However, the oscillation of the onset of the gap is not clear,
which might be obscured by the smooth onset of the
conductivity gap as observed even without the pump in
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FIG. 2 (color online). (a) The open circles show the temporal
evolution of the change of the probe E field, !Eprobe, at tgate ¼ t0
as a function of tpp in sample A at 4 K. The solid curves show

the fitted results with Eq. (1). (b) The oscillation frequency f
obtained from the fits and the asymptotic gap energy 2!1 as a
function of the pump intensity. (c) The power-law decay index b
as a function of the pump intensity.
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observed in the pump-probe delay dependence of the trans-
mitted probe THz electric field (E field). The oscillation
frequency is in excellent agreement with the theoretical
predictions.

The output from a regenerative amplified Ti:sapphire
laser system with 800-nm center wavelength, 1-mJ pulse
energy, 90-fs pulse duration, and 1-kHz repetition rate was
divided into three beams: for the generation of the pump
and probe THz pulses and for the gate pulse for the electro-
optic (EO) sampling of the transmitted probe THz pulse.
The intense pump THz pulse was generated by the tilted-
pulse-front method with a LiNbO3 crystal [27], and the
detail of our experimental configuration was described in
Ref. [35]. The pump pulse width defined by FWHM of the
envelope curve of the E-field amplitude was !pump !
1:5 ps. The probe THz pulse was generated by the optical
rectification in a ZnTe crystal. As schematically shown in
Fig. 1(b), a wire grid polarizer (WGP) inserted in the

optical path of the pump THz pulse (Epump k x) reflects
the probe THz pulse (Eprobe k y) so that the pump and

probe THz pulses are collinearly irradiated to the sample.
Another WGP was placed after the sample to block the
pump THz pulse and to transmit the probe THz pulse only.
The waveform of the probe E field was detected by the
EO sampling in a ZnTe crystal. By scanning both the
delay time of the gate pulse to the probe THz pulse, tgate,
and the delay time of the probe to the pump THz pulse, tpp,
we recorded the probe THz E field Eprobeðtgate; tppÞ in the

two-dimensional time domains of tgate and tpp [36]. The

details in our two-dimensional THz time-domain spectros-
copy system were described in the previous paper [26].
The Nb1-xTixN films were fabricated on fused quartz

(FQ) or MgO substrates using the dc reactive sputtering
method [37]. We used three different samples: (sample A)
x ¼ 0:2 and film thickness d ¼ 12 nm on a 1 mm-thick
FQ, (sample B) x ¼ 0:2 and d ¼ 30 nm on a 0.5 mm-thick
FQ, and (sample C) x ¼ 0 and d ¼ 24 nm on a 0.5 mm-
thick MgO. Figure 1(c) shows the temperature dependence
of the real-part optical conductivity spectra "1ð!Þ of
sample C without the THz pump. The solid curves are
calculated by the Mattis-Bardeen model with arbitrary
electron mean-free path [38,39] to evaluate the gap energy
at each temperature. The temperature dependence of the
gap energy is shown in Fig. 1(d). The BCS gap energies
at 4 K are evaluated as 2!0 ¼ 0:72, 1.1, and 1.3 THz, for
samples A, B, and C, respectively, which gives the ratio
!pump=!! as 0:57ðAÞ, 0:81ðBÞ, and 0:98ðCÞ.
Figure 1(e) shows the time-domain waveform of the

probe THz pulse, EprobeðtgateÞ, transmitted after sample A

below Tc ¼ 8:5 K without the THz pump. As indicated by
the vertical line in Fig. 1(e), the probe E field at tgate ¼
2:1 psð% t0Þ sensitively indicates the growth of the super-
conducting state. In fact, as shown by Fig. 1(f), the value
Eprobe at tgate ¼ t0 shows one-to-one correspondence with

the BCS gap energy 2! obtained from Fig. 1(d). Therefore,
in order to detect the temporal evolution of the order
parameter !ðtppÞ after the pump, we monitored the probe
E field at this fixed gate delay time, Eprobeðtgate ¼ t0; tppÞ.
Note that, this correspondence between the gap energy 2!
and Eprobeðtgate ¼ t0; tppÞ in the equilibrium condition with-

out the pump does not necessarily hold in the nonequilib-
rium case. Therefore, we numerically confirmed that
Eprobeðtgate ¼ t0; tppÞ indeed reflects the transient behavior

of the order parameter changing in a time scale of !!. The
details are given in the Supplemental Material [40].
Figure 2(a) shows the temporal evolution of the change

of the probeE field, #Eprobe, at tgate ¼ t0 as a function of tpp
in sample Awith !pump=!! ¼ 0:57 for various pump inten-

sities. After a fast rise within 2 ps which we will discuss
later, an oscillatory behavior is clearly identified. As the
pump intensity increases, the oscillation amplitude
increases and the frequency decreases, and the oscillation
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FIG. 1 (color online). (a) A schematic picture of the phase and
amplitude modes represented by the arrows in azimuthal and
radial directions, respectively, on the effective potential in the
plane of complex order parameter ". (b) Schematic configura-
tion of the TPTP spectroscopy. WGP: a wire grid polarizer.
(c) Temperature dependence of the real-part optical conductivity
spectra in sample C without the pump. The solid curves are
calculated by the Mattis-Bardeen model. (d) Temperature de-
pendences of the BCS gap energies for samples A, B, and C.
(e) The waveforms of the probe THz E field Eprobe as a function

of the gate delay time tgate at various temperatures without the

pump. (f) The temperature dependence of the BCS gap 2! in
equilibrium and Eprobe at the fixed delay time of tgate¼2:1psð¼
t0Þ indicated by the vertical line in (e) for sample A.
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Higgs Amplitude Mode in the BCS Superconductors Nb1-xTixN Induced
by Terahertz Pulse Excitation
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Ultrafast responses of BCS superconductor Nb1-xTixN films in a nonadiabatic excitation regime were

investigated by using terahertz (THz) pump-THz probe spectroscopy. After an instantaneous excitation

with the monocycle THz pump pulse, a transient oscillation emerges in the electromagnetic response

in the BCS gap energy region. The oscillation frequency coincides with the asymptotic value of the BCS

gap energy, indicating the appearance of the theoretically anticipated collective amplitude mode of the

order parameter, namely the Higgs amplitude mode. Our result opens a new pathway to the ultrafast

manipulation of the superconducting order parameter by optical means.

DOI: 10.1103/PhysRevLett.111.057002 PACS numbers: 74.40.Gh, 74.25.Gz, 78.47.J!

With spontaneous breaking of continuous symmetry,
two types of collective excitations associated with the
order parameter emerge. One is the gapless phase mode
called as the Nambu-Goldstone mode, and the other is the
gapped amplitude mode also referred to as the Higgs mode
from the analogy to the Higgs boson in particle physics
[1,2], as schematically shown in Fig. 1(a). Recently, the
Higgs amplitude mode has been observed in strongly
interacting superfluid phases of bosonic ultracold atoms
in optical lattices by means of Bragg spectroscopy [3] and
lattice modulation [4]. The studies of the Higgs mode
realized on tabletop experiments would provide substantial
platforms for exploring the nature of symmetry-broken
states in quantum many-body physics. In condensed matter
systems, the amplitude mode has been widely observed in
charged density wave (CDW) systems by Raman or pump-
probe spectroscopy [5–8] and in an antiferromagnet by
neutron spectroscopy [9]. However, the observation of the
amplitude mode in fermionic condensates has been limited
to the specific cases of superconducting CDW compound
NbSe2 [10,11] andp-wave superfluid

3He [12,13]. Then, we
can pose a question as to whether the Higgs mode in a pure
metallic BCS superconductor (SC), which does not couple
to the radiation field, can be observed experimentally.

The amplitude mode in the BCS order parameter has
been anticipated to appear in a response to a fast perturba-
tion in nonadiabatic regime [14–23]. Depending on the
perturbation strength, the nonequilibrium dynamics would
exhibit a persistent oscillation, a transient oscillation
obeying a power-law decay, or a quantum quench of the
order parameter which cannot be described by the time-
dependent Ginzburg-Landau theory or the Boltzmann
equation [16,17]. A sudden switching of the pairing inter-
action by using Feshbach resonance in ultracold atoms [24]
is one promising way to realize such a nonequilibrium

state, while it still remains experimentally challenging.
An alternative way to induce the transient oscillation of
the order parameter has been proposed in conventional
metallic BCS SCs [19]. When a BCS ground state is non-
adiabatically excited by a short laser pulse, the coherence
between different quasiparticle (QP) states leads to the
oscillation of the order parameter. Such a nonadiabatic
excitation for BCS superconductivity requires a short
pump pulse with the duration !pump small enough com-
pared to the response time of the BCS state characterized
by the BCS gap ! as !! ¼ "=!!1. Here a near-visible
femtosecond optical pulse is not applicable, because the
huge excess energies of photoexcited hot electrons in the
order of electronvolts are transferred to the generation
of large amounts of high-frequency phonons (@!> 2!),
which in turn induce the Cooper pair breaking. This pro-
cess destroys the nonadiabatic excitation condition even
if one uses the laser pulse much shorter than !! [25,26].
Therefore, to ensure the nonadiabatic excitation, it is nec-
essary to use a short pump pulse with its photon energy
resonant to the BCS gap which is typically located in
terahertz (THz) frequency range [19]. With the recent
development of THz technology, such an intense and
monocyclelike THz pulse has become available [27], mak-
ing it possible to investigate the THz nonlinear response
in a variety of materials [28–32]. In an s-wave SC of NbN
film, the ultrafast pair breaking and the following QP
dynamics have been investigated by the intense THz
pump-THz probe (TPTP) spectroscopy [26]. Nonlinear
THz transmission experiments in NbN have also been
reported recently [33,34].
In this Letter, we investigated the coherent transient

dynamics of superconducting Nb1-xTixN films after the
THz pulse excitation in the nonadiabatic excitation regime.
The time-domain oscillation of the order parameter was

PRL 111, 057002 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

2 AUGUST 2013

0031-9007=13=111(5)=057002(5) 057002-1 ! 2013 American Physical Society



Plan of the talk

• Consider an s-wave superconducting state during irradiation of an ac 
electric field.

• Analytically solve the equation of motion within BCS theory. 

• Reveal a phenomenon, “Anderson pseudospin resonance”.

• Discuss effects of electron-electron scattering (nonequilibrium DMFT)
   and impurity scattering (Abrikosov-Gor’kov theory).

Tsuji, Aoki, arXiv:1404.2711; in prep.
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Dynamics of superconductors

• Time-dependent Ginzburg-Landau equation

• Microscopically justified
   - near the critical point (Ginzburg condition: |T-Tc|>TG)
   - when (time scale of order parameter) >> (quasiparticle relaxation time)
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Anderson pseudospin

normal state BCS state
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Light-pseudospin coupling

• Let x be the polarization direction of the electric field.

• When all the directions are equivalent, one can symmetrize
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• The      term has a contribution of order               .

• The first term (potential shift) can be gauged out.
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Anderson pseudospin resonance

2

where τ = (τx, τy, τz) are the Pauli matrices. It satis-
fies the usual commutation relations for angular momentum,
[σi

k,σ
j
k] = iεi jkσk

k. With this, the pairing Hamiltonian is writ-
ten as

Hpair = 2
∑

k

bk · σk, (5)

which can be seen as a spin system under the effective mag-
netic field,

bk =
(
−∆′,−∆′′, ϵk−eA(t) + ϵk+eA(t)

2

)
. (6)

Note that bk is an even function of A(t) provided that the
system is parity symmetric (ϵ−k = ϵk), so that the linear re-
sponse vanishes, and the leading effect of the electric field
is in the second order O(A(t)2). The self-consistency condi-
tion (3) reads ∆ = U

∑
k(σx

k + iσy
k) in the pseudospin nota-

tion. The time evolution is determined by the BdG equation,
i∂tΨk(t) = HBdG(t)Ψk(t), or equivalently, by Bloch equation
that describes Anderson’s pseudospin precession,

∂tσk = i[Hpair,σk] = 2bk × σk. (7)

We solve Eq. (7) up to the leading second order in A(t) rig-
orously. To this end, we linearize Eq. (7) by separating time-
independent and time-dependent parts, σk(t) = σk(0)+δσk(t)
and ∆(t) = ∆+ δ∆(t). We assume that the initial state is super-
conducting at zero temperature. Without loss of generality, the
initial ∆ is taken to be real positive. Thus the initial condition
is σx

k(0) = ∆/ωk and σz
k(0) = −ϵk/ωk with ωk = 2

√
ϵ2k + ∆

2.
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FIG. 1: (color online). The integral contour (solid closed curve) that
we take in the complex plane to evaluate the Bromwich integral (13).
The cross marks and wavy lines represent the poles and the branch
cut, respectively.
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FIG. 2: The universal functions for the amplitude A = A (2Ω/2∆)
and the phase shift ϕ = ϕ(2Ω/2∆) of the 2Ω oscillation of the super-
conducting order parameter δ∆(t)/α1e2A2∆.

The linearized equations of motion are

∂tδσ
x
k(t) = −2ϵkδσ

y
k(t), (8)

∂tδσ
y
k(t) = 2ϵk δσx

k(t) + 2∆ δσz
k(t)

+
1
ωk

(
∆e2

∑

i j

∂ki∂k jϵkAi(t)Aj(t) − 2ϵkδ∆(t)
)
, (9)

∂tδσ
z
k(t) = −2∆ δσy

k(t). (10)

Note that ∂t(∆δσx
k − ϵkδσz

k) = 0. From this as well as the
initial condition (δσk(0) = 0), it turns out that the relation
∆δσx

k = ϵkδσ
z
k holds for all the time, which helps to reduce

the number of the equations.
We solve these equations by Laplace transformation,

L[δ∆(t)](s) =: δ∆(s), etc. Let us suppose that the elec-
tric field is polarized to one direction, say x. Then we have∑

i j ∂ki∂k jϵkAiAj = ∂2
kx
ϵkA2. When all the directions are

equivalent, we can symmetrize it as ∂2
kx
ϵk → d−1∇2

kϵk with
d the spatial dimension. If the band structure is isotropic, i.e.,
ϵk = ϵ(|k|), we expand ϵk around the Fermi wavenumber kF ,
ϵk =

∑∞
n=1 cn(|k| − kF)n. With this, we can define a series

expansion, d−1∇2
kϵk = α0 + α1ϵk + α2ϵ2k + · · · [where α0 =

c2d−1 + c1(1 − d−1)k−1
F ,α1 = 6c3d−1 + (1 − d−1)(2c2k−1

F −
c1k−2

F ), . . . ]. Since the odd-order terms of ϵk in the momen-
tum integral vanish, the α1 term gives the leading contribu-
tion near the Fermi surface. For anisotropic band structures,
the same expansion is still sometimes possible. For instance,
the d dimensional cubic lattice (ϵk = −2

∑
i cos ki − µ) has
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where τ = (τx, τy, τz) are the Pauli matrices. It satis-
fies the usual commutation relations for angular momentum,
[σi

k,σ
j
k] = iεi jkσk

k. With this, the pairing Hamiltonian is writ-
ten as

Hpair = 2
∑

k

bk · σk, (5)

which can be seen as a spin system under the effective mag-
netic field,

bk =
(
−∆′,−∆′′, ϵk−eA(t) + ϵk+eA(t)

2

)
. (6)

Note that bk is an even function of A(t) provided that the
system is parity symmetric (ϵ−k = ϵk), so that the linear re-
sponse vanishes, and the leading effect of the electric field
is in the second order O(A(t)2). The self-consistency condi-
tion (3) reads ∆ = U

∑
k(σx

k + iσy
k) in the pseudospin nota-

tion. The time evolution is determined by the BdG equation,
i∂tΨk(t) = HBdG(t)Ψk(t), or equivalently, by Bloch equation
that describes Anderson’s pseudospin precession,

∂tσk = i[Hpair,σk] = 2bk × σk. (7)

We solve Eq. (7) up to the leading second order in A(t) rig-
orously. To this end, we linearize Eq. (7) by separating time-
independent and time-dependent parts, σk(t) = σk(0)+δσk(t)
and ∆(t) = ∆+ δ∆(t). We assume that the initial state is super-
conducting at zero temperature. Without loss of generality, the
initial ∆ is taken to be real positive. Thus the initial condition
is σx

k(0) = ∆/ωk and σz
k(0) = −ϵk/ωk with ωk = 2

√
ϵ2k + ∆
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we take in the complex plane to evaluate the Bromwich integral (13).
The cross marks and wavy lines represent the poles and the branch
cut, respectively.
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FIG. 2: The universal functions for the amplitude A = A (2Ω/2∆)
and the phase shift ϕ = ϕ(2Ω/2∆) of the 2Ω oscillation of the super-
conducting order parameter δ∆(t)/α1e2A2∆.

The linearized equations of motion are

∂tδσ
x
k(t) = −2ϵkδσ

y
k(t), (8)

∂tδσ
y
k(t) = 2ϵk δσx

k(t) + 2∆ δσz
k(t)

+
1
ωk

(
∆e2

∑

i j

∂ki∂k jϵkAi(t)Aj(t) − 2ϵkδ∆(t)
)
, (9)

∂tδσ
z
k(t) = −2∆ δσy

k(t). (10)

Note that ∂t(∆δσx
k − ϵkδσz

k) = 0. From this as well as the
initial condition (δσk(0) = 0), it turns out that the relation
∆δσx

k = ϵkδσ
z
k holds for all the time, which helps to reduce

the number of the equations.
We solve these equations by Laplace transformation,

L[δ∆(t)](s) =: δ∆(s), etc. Let us suppose that the elec-
tric field is polarized to one direction, say x. Then we have∑

i j ∂ki∂k jϵkAiAj = ∂2
kx
ϵkA2. When all the directions are

equivalent, we can symmetrize it as ∂2
kx
ϵk → d−1∇2

kϵk with
d the spatial dimension. If the band structure is isotropic, i.e.,
ϵk = ϵ(|k|), we expand ϵk around the Fermi wavenumber kF ,
ϵk =

∑∞
n=1 cn(|k| − kF)n. With this, we can define a series

expansion, d−1∇2
kϵk = α0 + α1ϵk + α2ϵ2k + · · · [where α0 =

c2d−1 + c1(1 − d−1)k−1
F ,α1 = 6c3d−1 + (1 − d−1)(2c2k−1

F −
c1k−2

F ), . . . ]. Since the odd-order terms of ϵk in the momen-
tum integral vanish, the α1 term gives the leading contribu-
tion near the Fermi surface. For anisotropic band structures,
the same expansion is still sometimes possible. For instance,
the d dimensional cubic lattice (ϵk = −2

∑
i cos ki − µ) has

• 2Ω oscillation of the order parameter:



Off resonance

U=2, W=4, flat DOS
T=0, half filling
E=0.15, Ω=0.8Δ



On resonance

U=2, W=4, flat DOS
T=0, half filling
E=0.15, Ω=Δ
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FIG. 3: (color online). Temporal evolution of the superconducting
order parameter calculated by the nonequilibrium DMFT for the at-
tractive Hubbard model at half filling driven by the ac field with
U = 3.5, A = 0.15, and Ω = 2π/25. Each curve corresponds to dif-
ferent temperatures (β−1) for the initial states. The sinusoidal curve
represents E(t)2 ∝ cos2 Ωt. Dashed lines are guide for eye.

relation effects. Thus let us go over to the static mean field
by considering the attractive Hubbard model driven by the ac
field,

HHubbard =
∑

kσ

ϵk−eA(t)c
†
kσckσ − U

∑

i

c†i↑ci↑c†i↓ci↓, (16)

where i labels the lattice sites. We take, as an example, a
simple dispersion ϵk = −2 cos k with the bandwidth W = 4
and α1 = −1. We calculate the time evolution by means
of the nonequilibrium dynamical mean-field theory (DMFT)
[16, 17], which is extended here to the Nambu formalism for
treating superconductors. For an impurity solver, we employ
the third-order perturbation theory [18], which is supposed to
be reliable in the region U < W. The system is set at half fill-
ing with U = 3.5, which belongs to a strong coupling regime
(2∆T=0/Tc ≈ 5.0 well above the BCS value).

The time evolution of the local superconducting order pa-
rameter, Φ(t) = ⟨c†↑c†↓⟩, for various initial temperatures (β−1)
is shown in Fig. 3. With increased total energy due to the
continuous excitation, the overall value of the order parameter
gradually decreases. On top of that, the coherent oscillation of
the order parameter with frequency 2Ω is generated (compare
it to E(t)2, displayed in Fig. 3). The oscillation is particularly
enhanced around β = 6.5, and becomes invisible for β = 9.0.
The phase-shift anomaly is not clearly observed in this inter-
action regime. We evaluate the energy gap 2∆ in equilibrium
from the single-particle spectral function A(ω), which is cal-
culated by Fourier transformation of the real-time simulation.
If we measure the amplitude of the 2Ω oscillation of the order
parameter, δΦ, at the third cycle, we can clearly see in the in-
set of Fig. 4 that a resonance peak indeed emerges at 2Ω = 2∆

fit
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FIG. 4: (color online). Temporal evolution of the order parameter
Φ(t) after a quench U → U − δU at t = 0 with U = 3.5 and δU =
0.01 in the attractive Hubbard model at β = 6.4. Thick (red) curve is
a fit (see text). Inset: The amplitude of the 2Ω oscillating component
of the order parameter δΦ for the attractive Hubbard model driven by
an ac field with U = 3.5, Ω = 2π/25, and various ∆. The bar shows
the width estimated from the lifetime of the Higgs mode.

(the error bars are due to inaccuracy in measuring ∆). The
peak position corresponds to β ≈ 6.4. The result indicates
that APR indeed exists beyond the static mean-field level.

However, we notice a deviation from the BCS result, i.e.,
the resonance has a finite width (the inset of Fig. 4). There are
several factors that determine the resonance width. Besides
extrinsic experimental factors such as the limited measure-
ment time scale or energy dissipation to external environment
(which is absent in our calculations), one intrinsic factor is the
finite lifetime τ of the Higgs amplitude mode, which can de-
cay into individual excitations [note that Higgs does not decay
into the Nambu-Goldstone (NG) mode in charged supercon-
ductors, since the energy of NG mode is lifted to the plasma
frequency, at least away from the critical regime near T = Tc].
If the Higgs mode decays exponentially, the poles s = ±2i∆
acquire a real part on the complex plane (Fig. 1), and are thus
prevented from meeting the branching points ±2iΩ, result-
ing in broadening of the resonance peak. We can numeri-
cally evaluate the decay rate by generating the Higgs mode at
β = 6.4 with a small perturbation (here we use an interaction
quench [19]), where Φ(t) is fitted with Φ0e−t/τ cos(2∆t+θ) on
top of a linear drift (Fig. 4). A rapid oscillation in the curve
comes from a band-edge effect, and is irrelevant to the Higgs
mode. From the derived τ, we estimate the resonance width
as indicated by the bar in the inset of Fig. 4, which roughly
coincides with the peak width of APR with the background
subtracted (Fig. 4).

To summarize, we theoretically propose a phenomenon that
may be called Anderson pseudospin resonance (APR) for a su-
perconductor driven by an ac electric field, which is confirmed
by solving the equation of motion analytically within the BCS
approximation, and by solving the attractive Hubbard model
via the nonequilibrium DMFT. APR provides not only a new
pathway of controlling the pseudospins but also a viewpoint
in the study of a superconductor in that it offers information
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FIG. 3: (color online). Temporal evolution of the superconducting
order parameter calculated by the nonequilibrium DMFT for the at-
tractive Hubbard model at half filling driven by the ac field with
U = 3.5, A = 0.15, and Ω = 2π/25. Each curve corresponds to dif-
ferent temperatures (β−1) for the initial states. The sinusoidal curve
represents E(t)2 ∝ cos2 Ωt. Dashed lines are guide for eye.

relation effects. Thus let us go over to the static mean field
by considering the attractive Hubbard model driven by the ac
field,

HHubbard =
∑

kσ

ϵk−eA(t)c
†
kσckσ − U

∑

i

c†i↑ci↑c†i↓ci↓, (16)

where i labels the lattice sites. We take, as an example, a
simple dispersion ϵk = −2 cos k with the bandwidth W = 4
and α1 = −1. We calculate the time evolution by means
of the nonequilibrium dynamical mean-field theory (DMFT)
[16, 17], which is extended here to the Nambu formalism for
treating superconductors. For an impurity solver, we employ
the third-order perturbation theory [18], which is supposed to
be reliable in the region U < W. The system is set at half fill-
ing with U = 3.5, which belongs to a strong coupling regime
(2∆T=0/Tc ≈ 5.0 well above the BCS value).

The time evolution of the local superconducting order pa-
rameter, Φ(t) = ⟨c†↑c†↓⟩, for various initial temperatures (β−1)
is shown in Fig. 3. With increased total energy due to the
continuous excitation, the overall value of the order parameter
gradually decreases. On top of that, the coherent oscillation of
the order parameter with frequency 2Ω is generated (compare
it to E(t)2, displayed in Fig. 3). The oscillation is particularly
enhanced around β = 6.5, and becomes invisible for β = 9.0.
The phase-shift anomaly is not clearly observed in this inter-
action regime. We evaluate the energy gap 2∆ in equilibrium
from the single-particle spectral function A(ω), which is cal-
culated by Fourier transformation of the real-time simulation.
If we measure the amplitude of the 2Ω oscillation of the order
parameter, δΦ, at the third cycle, we can clearly see in the in-
set of Fig. 4 that a resonance peak indeed emerges at 2Ω = 2∆
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FIG. 4: (color online). Temporal evolution of the order parameter
Φ(t) after a quench U → U − δU at t = 0 with U = 3.5 and δU =
0.01 in the attractive Hubbard model at β = 6.4. Thick (red) curve is
a fit (see text). Inset: The amplitude of the 2Ω oscillating component
of the order parameter δΦ for the attractive Hubbard model driven by
an ac field with U = 3.5, Ω = 2π/25, and various ∆. The bar shows
the width estimated from the lifetime of the Higgs mode.

(the error bars are due to inaccuracy in measuring ∆). The
peak position corresponds to β ≈ 6.4. The result indicates
that APR indeed exists beyond the static mean-field level.

However, we notice a deviation from the BCS result, i.e.,
the resonance has a finite width (the inset of Fig. 4). There are
several factors that determine the resonance width. Besides
extrinsic experimental factors such as the limited measure-
ment time scale or energy dissipation to external environment
(which is absent in our calculations), one intrinsic factor is the
finite lifetime τ of the Higgs amplitude mode, which can de-
cay into individual excitations [note that Higgs does not decay
into the Nambu-Goldstone (NG) mode in charged supercon-
ductors, since the energy of NG mode is lifted to the plasma
frequency, at least away from the critical regime near T = Tc].
If the Higgs mode decays exponentially, the poles s = ±2i∆
acquire a real part on the complex plane (Fig. 1), and are thus
prevented from meeting the branching points ±2iΩ, result-
ing in broadening of the resonance peak. We can numeri-
cally evaluate the decay rate by generating the Higgs mode at
β = 6.4 with a small perturbation (here we use an interaction
quench [19]), where Φ(t) is fitted with Φ0e−t/τ cos(2∆t+θ) on
top of a linear drift (Fig. 4). A rapid oscillation in the curve
comes from a band-edge effect, and is irrelevant to the Higgs
mode. From the derived τ, we estimate the resonance width
as indicated by the bar in the inset of Fig. 4, which roughly
coincides with the peak width of APR with the background
subtracted (Fig. 4).

To summarize, we theoretically propose a phenomenon that
may be called Anderson pseudospin resonance (APR) for a su-
perconductor driven by an ac electric field, which is confirmed
by solving the equation of motion analytically within the BCS
approximation, and by solving the attractive Hubbard model
via the nonequilibrium DMFT. APR provides not only a new
pathway of controlling the pseudospins but also a viewpoint
in the study of a superconductor in that it offers information

U=3.5, A=0.15, Ω=2π/25

U=3.5, Ω=2π/25

• Nonequilibrium DMFT calculation (Aoki, Tsuji et al., Rev. Mod. Phys. in press)
   of the attractive Hubbard model.
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• Non-magnetic impurities → 2Δ does not change (Anderson’s theorem)

• Calculation based on Abrikosov-Gor’kov theory (λ→0, T=0):
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Future directions

• Can one further pursue an analogy between pseudospin and spin?
   ー e.g. NMR, ESR, spintronics, ... 

• Can one control xy pseudomagnetic fields in addition to z?

• Nonlinear pseudospin dynamics beyond perturbative regime (A2, A4, ...)

• What is the dominant pseudospin relaxation process?
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