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1. Introduction
格子QCDで何が計算できるか？



Quarks
Atom

10�8 cm

Nucleus

10�12 cm

Proton

1 fm = 10�13 cm

quark

Hadrons are made of  more fundamental objects, named “quarks”.



1973: Kobayashi and Maskawa predicted existences of 6 types(“flavor”) of quarks.

Kobayashi Maskawa, 
7th director of YITP

quark

up

down

charm top

strange bottom

charge 2e/3

charge -e/3

2008 Nobel prize



QCD (Quantum ChromoDynamics)
QCD: theory for dynamics of quarks cf. QED (Quantum Electrodynamics)

L = q̄(x)�µ{�µ + igAµ(x)}q(x) +
1
4
{F a

µ�(x)}2

quarkgluon

q̄Aµq = q̄A T a
ABAa

µ qB

a = 1 � 8

A,B = 1, 2, 3 (color)

quarks-gluon interaction

(electrons-photon in QED)

F a
µ� = �µAa

� � ��Aµ � gfabcAb
µAc

�

quark

quark

gluong

gluon field strength 

self-interaction(F a
µ�)2

(absent in QED)
g g2

g : unique coupling constant in QCD
universal for all flavors



Some Properties of QCD
Asymptotic freedom forces becomes weaker at shorter distances

Gross Politzer Wilczek

2004 Nobel prize

Quark confinement forces becomes stronger at longer distances

no isolated quark can be observed

gluon

quark

quark confinement

structure of nucleon



Difficulties of QCD

“Free” proton = 3 quarks interacting with each others by exchanging a lot of 
gluons, so that they move coherently. 

Clearly, perturbation theory does not work !

We need a non-perturbative method.

Lattice QCD
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d̄u, ūd π± ρ±
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1-1. Hadron masses



Iso-spin breaking effects mu �= md and QEDFigure 2:
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Figure 2: Mass splittings in channels that are stable under the strong and electromagnetic interactions. Both
these interactions are fully unquenched in our 1+1+1+1 flavor calculation. The horizontal lines are the experi-
mental values and the grey shaded regions represent the experimental error [29]. Our results are shown by red
dots with their uncertainties. The error bars are the squared sums of the statistical and systematic errors. The
results for the �M

N

, �M⌃ and �M
D

mass splittings are post-dictions, in the sense that their values are known
experimentally with higher precision than from our calculation. On the other hand, our calculations yields
�M⌅, �M⌅cc splittings and the Coleman-Glashow difference �CG which have either not been measured in
experiment or are measured with less precision than obtained here. This feature is represented by a blue shaded
region around the label.
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Borsanyi et al.
arXiv:1406.4088[hep-lat]
1+1+1+1 flavor QCD

Table 1:

mass splitting [MeV] QCD [MeV] QED [MeV]
�N = n� p 1.51(16)(23) 2.52(17)(24) -1.00(07)(14)

�⌃ = ⌃

� � ⌃

+ 8.09(16)(11) 8.09(16)(11) 0
�⌅ = ⌅

� � ⌅

0 6.66(11)(09) 5.53(17)(17) 1.14(16)(09)
�D = D± �D0 4.68(10)(13) 2.54(08)(10) 2.14(11)(07)
�⌅

cc

= ⌅

++
cc

� ⌅

+
cc

2.16(11)(17) -2.53(11)(06) 4.69(10)(17)
�CG = �N ��⌃+�⌅ 0.00(11)(06) -0.00(13)(05) 0.00(06)(02)

Table 1: Summary of our results for the isospin mass splittings of light and charm hadrons. Also shown are
the individual contributions to these splittings from the mass difference (m

d

� m
u

) (QCD) and from electro-
magnetism (QED). Note that this separation requires fixing a convention, which is described in [15]. The last
line is the violation of the Coleman-Glashow relation [28], which is the most accurate of our predictions.
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1-2. Weak Matrix Elements
Meson decay constants
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Table 7 Our estimates for the masses of the two lightest quarks and related, strong isospin-breaking ratios. Again, the masses refer to the MS
scheme at running scale µ = 2 GeV for Nf = 3 and the numerical values are given in MeV. In the results presented here, the first error is the one
that comes from lattice computations while the second for Nf = 2 + 1 is associated with the phenomenological estimate of e.m. contributions, as
discussed after (23). The second error on the Nf = 2 results for R and Q is also an estimate of the e.m. uncertainty, this time associated with the
lattice computation of [45], as explained after (27). We present these results in a separate table, because they are less firmly established than those
in Table 6. For Nf = 2 + 1 they still include information coming from phenomenology, in particular on e.m. corrections, and for Nf = 2 the e.m.
contributions are computed neglecting the feedback of sea-quarks on the photon field

Nf mu md mu/md R Q

2 + 1 2.16 (11) 4.68 (14) (7) 0.46 (2) (2) 35.8 (1.9) (1.8) 22.6 (7) (6)

2 2.40 (23) 4.80 (23) 0.50 (4) 40.7 (3.7) (2.2) 24.3 (1.4) (0.6)

|Vus | f+(0) = 0.2163(5),

∣∣∣∣
Vus

Vud

∣∣∣∣
fK ±

fπ±
= 0.2758(5). (32)1995

Here and in the following fK ± and fπ± are the isospin-1996

broken decay constants, respectively, in QCD (the electro-1997

magnetic effects have already been subtracted in the exper-1998

imental analysis using chiral perturbation theory). We will1999

refer to the decay constants in the SU(2) isospin-symmetric2000

limit as fK and fπ . |Vud | and |Vus | are elements of the2001

Cabibbo–Kobayashi–Maskawa matrix and f+(t) represents2002

one of the form factors relevant for the semileptonic decay2003

K 0 → π−ℓ ν, which depends on the momentum transfer t2004

between the two mesons. What matters here is the value at2005

t = 0: f+(0) ≡ f K 0π−
+ (t) t→0. The pion and kaon decay2006

constants are defined by9
2007

⟨0| d̄γµγ5u|π+(p)⟩ = i pµ fπ+ , ⟨0| s̄γµγ5u|K +(p)⟩ = i pµ fK + .2008

In this normalisation, fπ± ≃ 130 MeV, fK ± ≃ 155 MeV.2009

The measurement of |Vud | based on superallowed nuclear2010

β transitions has now become remarkably precise. The result2011

of the update of Hardy and Towner [115], which is based on2012

20 different superallowed transitions, reads10
2013

|Vud | = 0.97425(22). (33)2014

The matrix element |Vus | can be determined from semiin-2015

clusive τ decays [122–125]. Separating the inclusive decay2016

τ → hadrons + ν into nonstrange and strange final states,2017

e.g. HFAG 12 [126] obtain2018

|Vus | = 0.2173(22). (34)2019

9 The pion decay constant represents a QCD matrixelement—in the
full Standard Model, the one-pion state is not a meaningful notion: the
correlation function of the charged axial current does not have a pole at
p2 = M2

π+ , but a branch cut extending from M2
π+ to ∞. The analytic

properties of the correlation function and the problems encountered in
the determination of fπ are thoroughly discussed in [113]. The “exper-
imental” value of fπ depends on the convention used when splitting
the sum LQCD + LQED into two parts (compare Sect. 3.1). The lattice
determinations of fπ do not yet reach the accuracy where this is of sig-
nificance, but at the precision claimed by the Particle Data Group [114],
the numerical value does depend on the convention used [27–29,113].
10 It is not a trivial matter to perform the data analysis at this precision.
In particular, isospin-breaking effects need to be properly accounted for
[116–120]. For a review of recent work on this issue, we refer to [121].

Maltman et al. [124,127,128] and Gamiz et al. [129,130] 2020

arrive at very similar values. 2021

In principle, τ decay offers a clean measurement of |Vus |, 2022

but a number of open issues yet remain to be clarified. In 2023

particular, the value of |Vus | as determined from inclusive 2024

τ decays differs from the result one obtains from assum- 2025

ing three-flavour SM-unitarity by more than three standard 2026

deviations [126]. It is important to understand this appar- 2027

ent tension better. The most interesting possibility is that 2028

τ decay involves new physics, but more work both on the 2029

theoretical (see e.g. [131–134]) and experimental side is 2030

required. 2031

The experimental results in Eq. (32) are for the semilep- 2032

tonic decay of a neutral kaon into a negatively charged pion 2033

and the charged pion and kaon leptonic decays, respectively, 2034

in QCD. In the case of the semileptonic decays the cor- 2035

rections for strong and electromagnetic isospin breaking in 2036

chiral perturbation theory at NLO have allowed for aver- 2037

aging the different experimentally measured isospin chan- 2038

nels [112]. This is quite a convenient procedure as long 2039

as lattice QCD does not include strong or QED isospin- 2040

breaking effects. Lattice results for fK / fπ are typically 2041

quoted for QCD with (squared) pion and kaon masses of 2042

M2
π = M2

π0 and M2
K = 1

2 (M2
K ± + M2

K 0 − M2
π± + M2

π0) for 2043

which the leading strong and electromagnetic isospin vio- 2044

lations cancel. While progress is being made for including 2045

strong and electromagnetic isospin breaking in the simula- 2046

tions (e.g. [19,86,105,135–137]), for now contact to exper- 2047

imental results is made by correcting leading SU(2) isospin 2048

breaking guided by chiral perturbation theory. 2049

In the following we will start by presenting the lattice 2050

results for isospin-symmetric QCD. For any Standard Model 2051

analysis based on these results we then utilise chiral per- 2052

turbation theory to correct for the leading isospin-breaking 2053

effects. 2054

4.2 Lattice results for f+(0) and fK / fπ 2055

The traditional way of determining |Vus | relies on using the- 2056

ory for the value of f+(0), invoking the Ademollo–Gatto the- 2057

orem [150]. Since this theorem only holds to leading order 2058

123
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Charged Pion Decay

π+ decay by annihilation of the ud̄ into a W+ boson

π− decay by annihilation of the dū into a W− boson:

W

d̄

u

νµ(p4)

µ+(p3)

fπ

The dominant decay mode is to a muon and a neutrino

π+ → µ+νµ π− → µ−ν̄µ

Why not to an electron and a neutrino?

2

axial-vector current
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[74]

Fig. 7 Values of fπ and fK . The black squares and grey bands indicate
our estimates (43) and (44). The blue dots represent the experimental
values quoted by the PDG (45)

coefficients of the polynomial terms (in mq or M2
π ) in differ-2696

ent observables. If one expands around the SU(2) chiral limit,2697

in the Chiral Effective Lagrangian there appear two LECs at2698

order p2
2699

F ≡ Fπ

∣∣∣
mu ,md→0

, B ≡
"

F2
where2700

" ≡ −⟨ūu⟩
∣∣∣

mu ,md→0
, (46)2701

and seven at order p4, indicated by ℓ̄i with i = 1, . . . , 7. In2702

the analysis of the SU(3) chiral limit there are also just two2703

LECs at order p2
2704

F0 ≡ Fπ

∣∣∣
mu ,md ,ms→0

, B0 ≡
"0

F2
0

2705

where "0 ≡ −⟨ūu⟩
∣∣∣
mu ,md ,ms→0

, (47)2706

but ten at order p4, indicated by the capital letter Li (µ)2707

with i = 1, . . . , 10. These constants are independent of the2708

quark masses14, but they become scale dependent after renor-2709

malisation (sometimes a superscript r is added). The SU(2)2710

constants ℓ̄i are scale independent, since they are defined at2711

µ = Mπ (as indicated by the bar). For the precise definition2712

of these constants and their scale dependence we refer the2713

reader to [56,58].2714

14 More precisely, they are independent of the two or three light quark
masses which are explicitly considered in the respective framework.
However, all low-energy constants depend on the masses of the remain-
ing quarks s, c, b, t or c, b, t in the SU(2) and SU(3) framework, respec-
tively.

First of all, lattice calculations can be used to test if chi- 2715

ral symmetry is indeed broken as SU(Nf)L×SU(Nf)R → 2716

SU(Nf)L+R by measuring nonzero chiral condensates and 2717

by verifying the validity of the GMOR relation M2
π ∝ m 2718

close to the chiral limit. If the chiral extrapolation of quan- 2719

tities calculated on the lattice is made with the help of χPT, 2720

apart from determining the observable at the physical value 2721

of the quark masses one also obtains the relevant LECs. This 2722

is a very important by-product for two reasons: 2723

1. All LECs up to order p4 (with the exception of B and B0, 2724

since only the product of these times the quark masses 2725

can be estimated from phenomenology) have either been 2726

determined by comparison to experiment or estimated 2727

theoretically. A lattice determination of the better known 2728

ones thus provides a test of the χPT approach. 2729

2. The less well-known LECs are those which describe the 2730

quark-mass dependence of observables—these cannot be 2731

determined from experiment, and therefore the lattice 2732

provides unique quantitative information. This informa- 2733

tion is essential for improving phenomenological χPT 2734

predictions in which these LECs play a role. 2735

We stress that this program is based on the nonobvious 2736

assumption that χPT is valid in the region of masses used 2737

in the lattice simulations under consideration. 2738

The fact that, at large volume, the finite-size effects, which 2739

occur if a system undergoes spontaneous symmetry break- 2740

down, are controlled by the Nambu–Goldstone modes, was 2741

first noted in solid-state physics, in connection with magnetic 2742

systems [187,188]. As pointed out in [189] in the context of 2743

QCD, the thermal properties of such systems can be studied 2744

in a systematic and model-independent manner by means of 2745

the corresponding effective field theory, provided the temper- 2746

ature is low enough. While finite volumes are not of physical 2747

interest in particle physics, lattice simulations are necessar- 2748

ily carried out in a finite box. As shown in [190–192], the 2749

ensuing finite-size effects can also be studied on the basis of 2750

the effective theory—χPT in the case of QCD—provided the 2751

simulation is close enough to the continuum limit, the volume 2752

is sufficiently large and the explicit breaking of chiral sym- 2753

metry generated by the quark masses is sufficiently small. 2754

Indeed, χPT represents also a useful tool for the analysis of 2755

the finite-size effects in lattice simulations. 2756

In the following two subsections we summarise the lat- 2757

tice results for the SU(2) and SU(3) LECs, respectively. In 2758

either case we first discuss the O(p2) constants and then 2759

proceed to their O(p4) counterparts. The O(p2) LECs are 2760

determined from the chiral extrapolation of masses and decay 2761

constants or, alternatively, from a finite-size study of correla- 2762

tors in the ϵ-regime. At order p4 some LECs affect two-point 2763

functions while other appear only in three- or four-point func- 2764

tions; the latter need to be determined from form factors or 2765

123
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Table 11 The upper half of the table shows our final results for |Vus |, |Vud |, f+(0) and fK ±/ fπ± , which are obtained by analysing the lattice data
within the Standard Model. For comparison, the lower half lists the values that follow if the lattice results are replaced by the experimental results
on nuclear β decay and τ decay, respectively

Ref. |Vus | |Vud | f+(0) fK ±/ fπ±

Nf = 2 + 1 + 1 0.2251 (10) 0.97434 (22) 0.9611 (47) 1.194 (5)

Nf = 2 + 1 0.2247 (7) 0.97447 (18) 0.9634 (32) 1.197 (4)

Nf = 2 0.2253 (21) 0.97427 (49) 0.9595 (90) 1.192 (12)

β decay [115] 0.22544 (95) 0.97425 (22) 0.9595 (46) 1.1919 (57)

τ decay [129] 0.2165 (26) 0.9763 (6) 0.999 (12) 1.244 (16)

τ decay [128] 0.2208 (39) 0.9753 (9) 0.980 (18) 1.218 (23)

The case of the decay constant fπ is somehow differ-2631

ent, since the experimental value of this quantity is often2632

used for setting the scale in lattice QCD (see Appendix A.2).2633

However, the physical scale can be set in different ways,2634

namely by using as input the mass of the $-baryon (m$)2635

or the ϒ-meson spectrum (&Mϒ ), which are less sensitive2636

to the uncertainties of the chiral extrapolation in the light-2637

quark mass with respect to fπ . In such cases the value of2638

the decay constant fπ becomes a direct prediction of the lat-2639

tice QCD simulations. It is therefore interesting to provide2640

also the average of the decay constant fπ , obtained when2641

the physical scale is set through another hadron observable,2642

in order to check the consistency of different scale-setting2643

procedures.2644

Our compilation of the values of fπ and fK with the cor-2645

responding colour code is presented in Table 12. With respect2646

to the case of fK / fπ we have added two columns indicat-2647

ing which quantity is used to set the physical scale and the2648

possible use of a renormalisation constant for the axial cur-2649

rent. Indeed, for several lattice formulations the use of the2650

non-singlet axial-vector Ward identity allows one to avoid2651

the use of any renormalisation constant.2652

One can see that the determinations of fπ and fK suffer2653

from larger uncertainties with respect to the ones of the ratio2654

fK / fπ , which is less sensitive to various systematic effects2655

(including the uncertainty of a possible renormalisation con-2656

stant) and, moreover, is not so exposed to the uncertainties2657

of the procedure used to set the physical scale.2658

According to the FLAG rules three data sets can form2659

the average of fπ and fK for Nf = 2 + 1: RBC/UKQCD2660

12 [25] (update of RBC/UKQCD 10A), HPQCD/UKQCD2661

07 [165] and MILC 10 [159], which is the latest update of2662

the MILC program.13 We consider HPQCD/UKQCD 07 and2663

13 Since the MILC result is obtained for a charged kaon, we remove
the isospin-breaking effect according to the formula fK = fK + (1 −
δSU(2)/2), valid at NLO in ChPT, with δSU (2) for MILC 10 computed
using Eq. (37).

MILC 10 as statistically correlated and use the prescription 2664

of Sect. 2.3 to form an average. For Nf = 2 the average 2665

cannot be formed for fπ , and only one data set (ETM 09) 2666

satisfies the FLAG rules in the case of fK . Following the 2667

discussion around the Nf = 2 + 1 + 1 result for fK ±/ fπ± 2668

we refrain from providing a FLAG-average for fK for this 2669

case. 2670

Thus, our estimates (in the isospin-symmetric limit of 2671

QCD) read 2672

fπ = 130.2 (1.4) MeV (Nf = 2 + 1), (43) 2673

fK = 156.3 (0.9) MeV (Nf = 2 + 1), 2674

fK = 158.1 (2.5) MeV (Nf = 2). (44) 2675

The lattice results of Table 12 and our estimates (43–44) 2676

are reported in Fig. 7. The latter ones compare positively 2677

within the errors with the latest experimental determinations 2678

of fπ and fK from the PDG: 2679

f (PDG)
π = 130.41 (0.20) MeV, 2680

f
(P DG)
K = 156.1 (0.8) MeV, (45) 2681

which, we recall, do not correspond, however, to pure QCD 2682

results in the isospin-symmetric limit. Moreover, the val- 2683

ues of fπ and fK quoted by the PDG are obtained assum- 2684

ing Eq. (32) for the value of |Vud | and adopting the RBC- 2685

UKQCD 07 result for f+(0). 2686

5 Low-energy constants 2687

In the study of the quark-mass dependence of QCD observ- 2688

ables calculated on the lattice it is common practice to invoke 2689

Chiral Perturbation Theory (χPT). For a given quantity this 2690

framework predicts the nonanalytic quark-mass dependence 2691

and it provides symmetry relations among different observ- 2692

ables. These relations are best expressed with the help of 2693

a set of linearly independent and universal (i.e. process- 2694

independent) low-energy constants (LECs), which appear as 2695
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Table 11 The upper half of the table shows our final results for |Vus |, |Vud |, f+(0) and fK ±/ fπ± , which are obtained by analysing the lattice data
within the Standard Model. For comparison, the lower half lists the values that follow if the lattice results are replaced by the experimental results
on nuclear β decay and τ decay, respectively

Ref. |Vus | |Vud | f+(0) fK ±/ fπ±

Nf = 2 + 1 + 1 0.2251 (10) 0.97434 (22) 0.9611 (47) 1.194 (5)

Nf = 2 + 1 0.2247 (7) 0.97447 (18) 0.9634 (32) 1.197 (4)

Nf = 2 0.2253 (21) 0.97427 (49) 0.9595 (90) 1.192 (12)

β decay [115] 0.22544 (95) 0.97425 (22) 0.9595 (46) 1.1919 (57)

τ decay [129] 0.2165 (26) 0.9763 (6) 0.999 (12) 1.244 (16)

τ decay [128] 0.2208 (39) 0.9753 (9) 0.980 (18) 1.218 (23)

The case of the decay constant fπ is somehow differ-2631

ent, since the experimental value of this quantity is often2632

used for setting the scale in lattice QCD (see Appendix A.2).2633

However, the physical scale can be set in different ways,2634

namely by using as input the mass of the $-baryon (m$)2635

or the ϒ-meson spectrum (&Mϒ ), which are less sensitive2636

to the uncertainties of the chiral extrapolation in the light-2637

quark mass with respect to fπ . In such cases the value of2638

the decay constant fπ becomes a direct prediction of the lat-2639

tice QCD simulations. It is therefore interesting to provide2640

also the average of the decay constant fπ , obtained when2641

the physical scale is set through another hadron observable,2642

in order to check the consistency of different scale-setting2643

procedures.2644

Our compilation of the values of fπ and fK with the cor-2645

responding colour code is presented in Table 12. With respect2646

to the case of fK / fπ we have added two columns indicat-2647

ing which quantity is used to set the physical scale and the2648

possible use of a renormalisation constant for the axial cur-2649

rent. Indeed, for several lattice formulations the use of the2650

non-singlet axial-vector Ward identity allows one to avoid2651

the use of any renormalisation constant.2652

One can see that the determinations of fπ and fK suffer2653

from larger uncertainties with respect to the ones of the ratio2654

fK / fπ , which is less sensitive to various systematic effects2655

(including the uncertainty of a possible renormalisation con-2656

stant) and, moreover, is not so exposed to the uncertainties2657

of the procedure used to set the physical scale.2658

According to the FLAG rules three data sets can form2659

the average of fπ and fK for Nf = 2 + 1: RBC/UKQCD2660

12 [25] (update of RBC/UKQCD 10A), HPQCD/UKQCD2661

07 [165] and MILC 10 [159], which is the latest update of2662

the MILC program.13 We consider HPQCD/UKQCD 07 and2663

13 Since the MILC result is obtained for a charged kaon, we remove
the isospin-breaking effect according to the formula fK = fK + (1 −
δSU(2)/2), valid at NLO in ChPT, with δSU (2) for MILC 10 computed
using Eq. (37).

MILC 10 as statistically correlated and use the prescription 2664

of Sect. 2.3 to form an average. For Nf = 2 the average 2665

cannot be formed for fπ , and only one data set (ETM 09) 2666

satisfies the FLAG rules in the case of fK . Following the 2667

discussion around the Nf = 2 + 1 + 1 result for fK ±/ fπ± 2668

we refrain from providing a FLAG-average for fK for this 2669

case. 2670

Thus, our estimates (in the isospin-symmetric limit of 2671

QCD) read 2672

fπ = 130.2 (1.4) MeV (Nf = 2 + 1), (43) 2673

fK = 156.3 (0.9) MeV (Nf = 2 + 1), 2674

fK = 158.1 (2.5) MeV (Nf = 2). (44) 2675

The lattice results of Table 12 and our estimates (43–44) 2676

are reported in Fig. 7. The latter ones compare positively 2677

within the errors with the latest experimental determinations 2678

of fπ and fK from the PDG: 2679

f (PDG)
π = 130.41 (0.20) MeV, 2680

f
(P DG)
K = 156.1 (0.8) MeV, (45) 2681

which, we recall, do not correspond, however, to pure QCD 2682

results in the isospin-symmetric limit. Moreover, the val- 2683

ues of fπ and fK quoted by the PDG are obtained assum- 2684

ing Eq. (32) for the value of |Vud | and adopting the RBC- 2685

UKQCD 07 result for f+(0). 2686

5 Low-energy constants 2687

In the study of the quark-mass dependence of QCD observ- 2688

ables calculated on the lattice it is common practice to invoke 2689

Chiral Perturbation Theory (χPT). For a given quantity this 2690

framework predicts the nonanalytic quark-mass dependence 2691

and it provides symmetry relations among different observ- 2692

ables. These relations are best expressed with the help of 2693

a set of linearly independent and universal (i.e. process- 2694

independent) low-energy constants (LECs), which appear as 2695
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is a dimension-six, four-fermion operator. The function F0
3578

is given by3579

F0 = λ2
c S0(xc) + λ2

t S0(xt ) + 2λcλt S0(xc, xt ), (77)3580

where λa = V ∗
as Vad , and a = c, t denotes a flavour3581

index. The quantities S0(xc), S0(xt ) and S0(xc, xt ) with3582

xc = m2
c/M2

W , xt = m2
t /M2

W are the Inami–Lim functions3583

[294], which express the basic electroweak loop contribu-3584

tions without QCD corrections. The contribution of the up3585

quark, which is taken to be massless in this approach, has3586

been taken into account by imposing the unitarity constraint3587

λu + λc + λt = 0. For future reference we note that the3588

dominant contribution comes from the term λ2
t S0(xt ). This3589

factor is proportional to |Vcb|4 if one enforces the unitarity of3590

the CKM matrix. The dependence on a high power of Vcb is3591

important from a phenomenological point of view, because3592

it implies that uncertainties in Vcb are magnified when con-3593

sidering ϵK .3594

When strong interactions are included,#S = 2 transitions3595

can no longer be discussed at the quark level. Instead, the3596

effective Hamiltonian must be considered between mesonic3597

initial and final states. Since the strong coupling constant is3598

large at typical hadronic scales, the resulting weak matrix ele-3599

ment cannot be calculated in perturbation theory. The opera-3600

tor product expansion (OPE) does, however, factorise long-3601

and short-distance effects. For energy scales below the charm3602

threshold, the K 0 − K̄ 0 transition amplitude of the effective3603

Hamiltonian can be expressed as3604

⟨K̄ 0|H#S=2
eff |K 0⟩ =

G2
F M2

W

16π2

[
λ2

c S0(xc)η1 + λ2
t S0(xt )η23605

+ 2λcλt S0(xc, xt )η3

]
3606

×
(

ḡ(µ)2

4π

)−γ0/(2β0)

exp

⎧
⎪⎨

⎪⎩

ḡ(µ)∫

0

dg

(
γ (g)

β(g)
+
γ0

β0g

)
⎫
⎪⎬

⎪⎭
3607

×⟨K̄ 0|Q#S=2
R (µ)|K 0⟩ + h.c., (78)3608

where ḡ(µ) and Q#S=2
R (µ) are the renormalised gauge cou-3609

pling and four-fermion operator in some renormalisation3610

scheme. The factors η1, η2 and η3 depend on the renor-3611

malised coupling ḡ, evaluated at the various flavour thresh-3612

olds mt , mb, mc and MW , as required by the OPE and RG-3613

running procedure that separates high- and low-energy con-3614

tributions. Explicit expressions can be found in [292] and3615

references therein, except that η1 and η3 have been recently3616

calculated to NNLO in Refs. [295] and [296], respectively.3617

We follow the same conventions for the RG-equations as3618

in Ref. [292]. Thus the Callan–Symanzik function and the3619

anomalous dimension γ (ḡ) of Q#S=2 are defined by3620

dḡ

d ln µ
= β(ḡ),

dQ#S=2
R

d ln µ
= −γ (ḡ) Q#S=2

R , (79)3621

with perturbative expansions 3622

β(g) = −β0
g3

(4π)2
− β1

g5

(4π)4
− · · · (80) 3623

γ (g) = γ0
g2

(4π)2
+ γ1

g4

(4π)4
+ · · · . 3624

We stress that β0,β1 and γ0 are universal, i.e. scheme- 3625

independent. K 0 − K̄ 0 mixing is usually considered in the 3626

naive dimensional regularisation (NDR) scheme of MS, and 3627

below we specify the perturbative coefficient γ1 in that 3628

scheme: 3629

β0 =
{

11

3
Nc −

2

3
Nf

}
, 3630

β1 =
{

34

3
N 2

c − Nf

(
13

3
Nc −

1

Nc

)}
, 3631

γ0 =
6(Nc − 1)

Nc
, 3632

γ1 =
Nc − 1

2Nc

{
−21 +

57

Nc
−

19

3
Nc +

4

3
Nf

}
. (81) 3633

Note that for QCD the above expressions must be eval- 3634

uated for Nc = 3 colours, while Nf denotes the number of 3635

active quark flavours. As already stated, Eq. (78) is valid at 3636

scales below the charm threshold, after all heavier flavours 3637

have been integrated out, i.e. Nf = 3. 3638

In Eq. (78), the terms proportional to η1, η2 and η3, mul- 3639

tiplied by the contributions containing ḡ(µ)2, correspond to 3640

the Wilson coefficient of the OPE, computed in perturba- 3641

tion theory. Its dependence on the renormalisation scheme 3642

and scale µ is cancelled by that of the weak matrix element 3643

⟨K̄ 0|Q#S=2
R (µ)|K 0⟩. The latter corresponds to the long- 3644

distance effects of the effective Hamiltonian and must be 3645

computed non-perturbatively. For historical, as well as tech- 3646

nical reasons, it is convenient to express it in terms of the 3647

B-parameter BK , defined as 3648

BK (µ) =
〈
K̄ 0

∣∣Q#S=2
R (µ)

∣∣ K 0
〉

8
3 f 2

K m2
K

. (82) 3649

The four-quark operator Q#S=2(µ) is renormalised at scale 3650

µ in some regularisation scheme, for instance, NDR-MS. 3651

Assuming that BK (µ) and the anomalous dimension γ (g) 3652

are both known in that scheme, the renormalisation group 3653

invariant (RGI) B-parameter B̂K is related to BK (µ) by the 3654

exact formula 3655

B̂K =
(

ḡ(µ)2

4π

)−γ0/(2β0)

3656

× exp

⎧
⎪⎨

⎪⎩

ḡ(µ)∫

0

dg

(
γ (g)

β(g)
+
γ0

β0g

)
⎫
⎪⎬

⎪⎭
BK (µ). (83) 3657
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Table 18 Low-energy constants that enter the effective SU(3) Lagrangian at NLO (running scale µ = 770 MeV—the values in [15,37,56,156,159]
are evolved accordingly). The MILC 10 entry for L6 is obtained from their results for 2L6 − L4 and L4 (and similarly for other entries in slanted
fonts). The JLQCD 08A result [which is for ℓ5(770 MeV) despite the paper saying L10(770 MeV)] has been converted to L10 with the standard

one-loop formula, assuming that the difference between ℓ̄5(ms = m
phys
s ) [needed in the formula] and ℓ̄5(ms = ∞) [computed by JLQCD] can be

ignored

Ref. Nf Publication

status

Chiral

extrapolation

Continuum

extrapolation

Finite

volume

103 L4 103 L6 103(2L6 − L4)

HPQCD 13A [156] 2 + 1 + 1 A ⋆ ⋆ ⋆ 0.09 (34) 0.16 (20) 0.22 (17)

JLQCD/TWQCD 10A [252] 3 A " " " 0.03 (7) (17)

MILC 10 [159] 2 + 1 C ◦ ⋆ ⋆ −0.08 (22)
(+57
−33

)
−0.02 (16)

(+33
−21

)
0.03 (24)

(+32
−27

)

MILC 09A [37] 2 + 1 C ◦ ⋆ ⋆ 0.04 (13) (4) 0.07 (10) (3) 0.10 (12) (2)

MILC 09 [15] 2 + 1 A ◦ ⋆ ⋆ 0.1 (3)
(+3
−1

)
0.2 (2)

(+2
−1

)
0.3 (1)

(+2
−3

)

PACS-CS 08 [19] 2 + 1 A ⋆ " " −0.06 (10) (–) 0.02 (5) (–) 0.10 (2) (–)

RBC/UKQCD 08 [79] 2 + 1 A ◦ " ⋆ 0.14 (8) (–) 0.07 (6) (–) 0.00 (4) (–)

Bijnens 11 [284] 0.75 (75) 0.29 (85) −0.17 (1.86)

Gasser 85 [56] −0.3 (5) −0.2 (3) −0.1 (8)

Ref. Nf Publication

status

Chiral

extrapolation

Continuum

extrapolation

Finite

volume

103 L5 103 L8 103(2L8 − L5)

HPQCD 13A [156] 2 + 1 + 1 A ⋆ ⋆ ⋆ 1.19 (25) 0.55 (15) −0.10 (20)

MILC 10 [159] 2 + 1 C ◦ ⋆ ⋆ 0.98 (16)
(+28
−41

)
0.42 (10)

(+27
−23

)
−0.15 (11)

(+45
−19

)

MILC 09A [37] 2 + 1 C ◦ ⋆ ⋆ 0.84 (12) (36) 0.36 (5) (7) −0.12 (8) (21)

MILC 09 [15] 2 + 1 A ◦ ⋆ ⋆ 1.4 (2)
(+2
−1

)
0.8 (1) (1) 0.3 (1) (1)

PACS-CS 08 [19] 2 + 1 A ⋆ " " 1.45 (7) (–) 0.62 (4) (–) −0.21 (3) (–)

RBC/UKQCD 08 [79] 2 + 1 A ◦ " ⋆ 0.87 (10) (–) 0.56 (4) (–) 0.24 (4) (–)

Bijnens 11 [284] 0.58 (13) 0.18 (18) −0.22 (38)

Gasser 85 [56] 1.4 (5) 0.9 (3) 0.4 (8)

Ref. Nf Publication

status

Chiral

extrapolation

Continuum

extrapolation

Finite

volume

103 L5 103 L9 103 L10

RBC/UKQCD 09 [287] 2 + 1 A ◦ " ◦ −5.7 (11) (07)

RBC/UKQCD 08A [253] 2 + 1 A ◦ " ⋆ 3.08 (23) (51)

NPLQCD 06 [166] 2 + 1 A ◦ " " 1.42 (2)
(+18
−54

)

JLQCD 08A [286] 2 A ◦ " " −5.2 (2)
(+5
−3

)

Bijnens 11 [284] 0.58 (13)

Bijnens 02 [288] 5.93 (43)

Davier 98 [289] −5.13 (19)

Gasser 85 [56] 1.4 (5) 6.9 (7) −5.5 (7)

which probe the physics of indirect CP-violation. We collect3555

here the basic formulae; for extended reviews on the subject3556

see, among others, Refs. [291–293]. Indirect CP-violation3557

arises in KL → ππ transitions through the decay of the3558

CP = +1 component of KL into two pions (which are also3559

in a CP = +1 state). Its measure is defined as3560

ϵK =
A[KL → (ππ)I=0]
A[KS → (ππ)I=0]

, (74)3561

with the final state having total isospin zero. The parameter3562

ϵK may also be expressed in terms of K 0 − K̄ 0 oscillations.3563

In particular, to lowest order in the electroweak theory, the3564

contribution to these oscillations arises from so-called box3565

diagrams, in which two W -bosons and two “up-type” quarks3566

(i.e. up, charm, top) are exchanged between the constituent3567

down and strange quarks of the K -mesons. The loop integra- 3568

tion of the box diagrams can be performed exactly. In the limit 3569

of vanishing external momenta and external quark masses, 3570

the result can be identified with an effective four-fermion 3571

interaction, expressed in terms of the “effective Hamiltonian” 3572

H$S=2
eff =

G2
F M2

W

16π2
F0 Q$S=2 + h.c.. (75) 3573

In this expression, GF is the Fermi coupling, MW the W - 3574

boson mass, and 3575

Q$S=2 =
[
s̄γµ(1 − γ5)d

] [
s̄γµ(1 − γ5)d

]
3576

≡ OVV+AA − OVA+AV (76) 3577
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Fig. 12 Lattice results for the renormalisation group invariant B-
parameter (compare Table 19). The black squares and grey bands indi-
cate our global averages (88) and (90). Our Nf = 2 estimate coincides
with the ETM 10A result. The significance of the colours is explained
in Sect. 2

by evaluating the proportionality factor in Eq. (84) at µ =3787

2 GeV, using the following procedure: For Nf = 2 + 1 we3788

use the value αs(MZ ) = 0.1184 from the PDG [74] and3789

run it across the quark thresholds at mb = 4.19 GeV and3790

mc = 1.27 GeV, and then run up in the three-flavour theory3791

to µ = 2 GeV. All running is done using the four-loop RG3792

β-function. The resulting value of αs(2 GeV) is then used3793

to evaluate B̂K /BK in one-loop perturbation theory, which3794

gives B̂K /BK = 1.369 in the three-flavour theory.3795

In two-flavour QCD one can insert the updated non-3796

perturbative estimate for the #-parameter by the ALPHA3797

Collaboration [59], i.e.#(2) = 310(20) MeV, into the NLO3798

expressions for αs. The resulting value of the perturbative3799

conversion factor B̂K /BK for Nf = 2 is then equal to 1.386.3800

However, since the running coupling in the MS scheme enters3801

at several stages in the entire matching and running proce-3802

dure, it is difficult to use this estimate of αs consistently with-3803

out a partial reanalysis of the data in Refs. [313,314]. We have3804

therefore chosen to apply the conversion factor of 1.369 not3805

only to results obtained for Nf = 2 + 1 flavours but also to3806

the two-flavour theory (in cases where only one of B̂K and3807

BK are quoted). This is a change from the convention used in3808

the previous edition of the FLAG review [1]. We note that the3809

difference between 1.386 and 1.369 will produce an ambi-3810

guity of the order of 1 %, which is well below the overall3811

uncertainties in Refs. [313,314]. We have indicated explic-3812

itly in Table 19 in which way the conversion factor 1.369 has3813

been applied to the results of Refs. [25,77,313,314].3814

Note that in this section the colour code for chiral extrap-3815

olations is interpreted differently. We recall that the criteria3816

are:3817

Chiral extrapolation: 3818

⋆ Mπ,min < 200 MeV 3819

◦ 200 MeV ≤ Mπ,min ≤ 400 MeV 3820

! Mπ,min > 400 MeV 3821

Many calculations of BK employ partially quenched χPT, 3822

and in this case it is the mass of the valence pion which enters 3823

in chiral logarithms and leads to the most significant depen- 3824

dence on quark masses. Therefore, whenever a specific cal- 3825

culation employs partially quenched pions, the above colour 3826

code is applied with respect to the minimum valence pion 3827

mass.27
3828

As before, it is assumed that the chiral extrapolation is 3829

done with at least a three-point analysis—otherwise this will 3830

be explicitly mentioned in a footnote. In case of nondegen- 3831

eracies among the different pion states Mπ,min stands for a 3832

root-mean-square (RMS) pion mass. 3833

Since the first publication of the FLAG review [1] several 3834

new or updated results for the Kaon B-parameter have been 3835

reported for Nf = 2 + 1, i.e. BMW 11 [301], SWME 11A 3836

[300], SWME 13 [316], Laiho 11 [77], and RBC/UKQCD 12 3837

[25]. No new results for two-flavour QCD have appeared 3838

recently. There is a first, preliminary calculation with Nf = 3839

2+1+1 [322] from the ETM collaboration. We do not include 3840

this result in the following discussion, however, because the 3841

interpretation of BK with active charm involves several sub- 3842

tleties that have yet to be addressed.28
3843

We briefly discuss the main features of the most recent 3844

calculations below. 3845

The BMW Collaboration has produced a new result for 3846

BK [301], using their ensembles of HEX-smeared, tree-level 3847

O(a) improved Wilson fermions [23]. To this end the four 3848

finest lattice spacings, with a ranging from 0.054 to 0.099 fm, 3849

are employed. Simulations are performed close to the phys- 3850

ical pion mass, or even below that value (for the two largest 3851

lattice spacings). The smearing of the link variables results 3852

in a significant suppression of the effects of chiral symmetry 3853

breaking, since the coefficients multiplying the dimension- 3854

six operators of different chirality are found to be very small, 3855

in some cases even compatible with zero. The quoted value 3856

for B̂K is obtained from a combined chiral and continuum 3857

extrapolation. In order to investigate the systematics asso- 3858

ciated with the chiral behaviour, several different cuts on 3859

the maximum pion mass are performed. Another important 3860

27 This approach is supported by the results of the calculations using
partial quenching (see in particular Refs. [77] and [315]), which find
that the dependence on sea-quark masses is weaker than that on the
valence-quark masses (which itself is very mild).
28 For example, the master formula Eq. (85) no longer holds as writ-
ten because contributions containing two insertions of &S = 1 weak
Hamiltonians connected by dynamical charm quarks no longer lead to
a short-distance &S = 2 matrix element.
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At NLO in perturbation theory the above reduces to3658

B̂K =
(

ḡ(µ)2

4π

)−γ0/(2β0)

3659

×
{

1 +
ḡ(µ)2

(4π)2

[
β1γ0 − β0γ1

2β2
0

]}

BK (µ). (84)3660

To this order, this is the scale-independent product of all3661

µ-dependent quantities in Eq. (78).3662

Lattice QCD calculations provide results for BK (µ).3663

These results, however, are usually obtained in intermediate3664

schemes other than the continuum MS scheme used to cal-3665

culate the Wilson coefficients appearing in Eq. (78). Exam-3666

ples of intermediate schemes are the RI/MOM scheme [297]3667

(also dubbed the “Rome–Southampton method”) and the3668

Schrödinger functional (SF) scheme [87], which both allow3669

for a non-perturbative renormalisation of the four-fermion3670

operator, using an auxiliary lattice simulation. In this way3671

BK (µ) can be calculated with percent-level accuracy, as3672

described below.3673

In order to make contact with phenomenology, however,3674

and in particular to use the results presented above, one must3675

convert from the intermediate scheme to the MS scheme3676

or to the RGI quantity B̂K . This conversion relies on one-3677

or two-loop perturbative matching calculations, the trunca-3678

tion errors in which are, for many recent calculations, the3679

dominant source of error in B̂K [25,77,298–300]. While3680

this scheme-conversion error is not, strictly speaking, an3681

error of the lattice calculation itself, it must be included3682

in results for the quantities of phenomenological interest,3683

namely BK (MS, 2 GeV) and B̂K . We note that this error can3684

be minimised by matching between the intermediate scheme3685

and MS at as large a scale µ as possible (so that the cou-3686

pling constant which determines the rate of convergence is3687

minimised). Recent calculations have pushed the matching3688

µ up to the range 3–3.5 GeV. This is possible because of3689

the use of non-perturbative RG running determined on the3690

lattice [25,301]. The Schrödinger functional offers the pos-3691

sibility to run non-perturbatively to scales µ ∼ MW where3692

the truncation error can be safely neglected. However, so3693

far this has been applied only for two flavours of Wilson3694

quarks [302].3695

Perturbative truncation errors in Eq. (78) also affect the3696

Wilson coefficients η1, η2 and η3. It turns out that the largest3697

uncertainty comes from that in η1 [295]. Although it is now3698

calculated at NNLO, the series shows poor convergence. The3699

net effect is that the uncertainty in η1 is larger than that in3700

present lattice calculations of BK .3701

The “master formula” for ϵK , which connects the exper-3702

imentally observable quantity ϵK to the matrix element of3703

H&S=2
eff , is [293,303–305]3704

ϵK = exp(iφϵ) sin(φϵ)

[
Im[⟨K̄ 0|H&S=2

eff |K 0⟩]
&mK

3705

+ ρ
Im(A0)

Re(A0)

]

, (85) 3706

for λu real and positive; the phase of ϵK is given by 3707

φϵ = arctan
&mK

&*K /2
. (86) 3708

The quantities &mK ≡ mKL − mKS and &*K ≡ *KS − 3709

*KL are the mass- and decay width-differences between long- 3710

and short-lived neutral Kaons, while A0 is the amplitude 3711

of the Kaon decay into a two-pion state with isospin zero. 3712

The experimentally measured values of the above quantities 3713

are [74]: 3714

|ϵK | = 2.228(11) × 10−3, 3715

φϵ = 43.52(5)◦, 3716

&mK = 3.4839(59) × 10−12 MeV, 3717

&*K = 7.3382(33) × 10−12 MeV. (87) 3718

The second term in the square brackets of Eq. (85), has 3719

been discussed and estimated, e.g., in Refs. [305,306]. It can 3720

best be thought of as ξ+(ρ−1)ξ , with ξ = Im(A0)/Re(A0). 3721

The ξ term is the contribution of direct CP violation to ϵK . 3722

Using the estimate of ξ from Ref. [306] (obtained from the 3723

experimental value of ϵ′/ϵ) this gives a ∼ −6.0(1.5) % cor- 3724

rection.26
3725

The (ρ−1)ξ term arises from long-distance contributions 3726

to the imaginary part of K 0− K̄ 0 mixing [305] [contributions 3727

which are neglected in Eq. (78)]. Using the estimate ρ = 3728

0.6 ± 0.3 [305], this gives a contribution of about +2 % 3729

with large errors. Overall these corrections combine to give 3730

a (4 ± 2) % reduction in the prediction for ϵK . Although this 3731

is a small correction, we note that its contribution to the error 3732

of ϵK is larger than that arising from the value of BK reported 3733

below. 3734

6.2 Lattice computation of BK 3735

Lattice calculations of BK are affected by the same sys- 3736

tematic effects discussed in previous sections. However, the 3737

issue of renormalisation merits special attention. The rea- 3738

son is that the multiplicative renormalisability of the rele- 3739

vant operator Q&S=2 is lost once the regularised QCD action 3740

ceases to be invariant under chiral transformations. For Wil- 3741

son fermions, Q&S=2 mixes with four additional dimension- 3742

26 A very recent lattice calculation of Im(A2) by the RBC/UKQCD
collaboration opens up the possibility of a more accurate determination
of ξ using the measured value of ϵ′ [307,308]. This lattice calculation
uses only a single lattice spacing, so we do not quote the resulting value
here, but note that it is consistent with that obtained in Ref. [306], with
errors estimated to be significantly smaller.
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tors is not available. Reference [77], Laiho 11 has appeared3967

only as conference proceedings, but since it extends the study3968

of Ref. [298] it will be included in our average.3969

Thus, for Nf = 2 + 1 our global average is based on the3970

results of BMW 11 [301], SWME 13 [316], Laiho 11 [77]3971

and RBC/UKQCD 12 [25]. Our procedure is as follows: in3972

a first step statistical and systematic errors of each indi-3973

vidual result for the RGI B-parameter, B̂K , are combined3974

in quadrature. Next, a weighted average is computed from3975

the set of results. For the final error estimate we take cor-3976

relations between different collaborations into account. To3977

this end we note that we consider the statistical and finite-3978

volume errors of SWME 13 and Laiho 11 to be correlated,3979

since both groups use the Asqtad ensembles generated by the3980

MILC Collaboration. Laiho 11 and RBC/UKQCD 12A both3981

use domain-wall quarks in the valence sector and also employ3982

similar procedures for the non-perturbative determination of3983

matching factors. Hence, we treat the quoted renormalisation3984

and matching uncertainties by the two groups as correlated.3985

After constructing the global covariance matrix according to3986

Schmelling [16], we arrive at3987

Nf = 2 + 1 : B̂K = 0.7661(99), (88)3988

with a reduced χ2-value of 0.387. The error is dominated by3989

systematic uncertainties.29
3990

By applying the NLO conversion factor B̂K /BMS
K3991

(2 GeV) = 1.369, this translates into3992

Nf = 2 + 1 : BMS
K (2 GeV) = 0.5596(72). (89)3993

Thus, the accuracy of the current global estimate stands at3994

an impressive 1.3 %, which represents a significant improve-3995

ment over the 2.7 % uncertainty quoted in the previous edition3996

of the FLAG review (B̂K = 0.738(20)). The two results are,3997

however, completely consistent.3998

Passing over to describing the results computed for Nf = 23999

flavours, we note that the situation is unchanged since the4000

publication of the previous edition of the FLAG review [1].4001

In particular, the result of ETM 10A [314] is the only one4002

which allows for an extensive investigation of systematic4003

uncertainties. In fact, it is the only published Nf = 2 calcu-4004

lation involving data computed at three values of the lattice4005

29 We can approximately quantify this as follows. A weighted aver-
age of BMW 11, Laiho 11 and RBC/UKQCD 12A using only statistical
errors gives B̂K = 0.7640(33). Taking 0.0033 as the total statistical
error, a total systematic error of 0.0093 is needed to obtain the com-
bined total error of 0.0099 quoted in the text. (We exclude the SWME 13
result from this calculation as it is only consistent with the other results
when its relatively large systematic error is included.) We note that this
estimate of the total systematic error is larger than the smallest individ-
ual systematic error (0.0084 from BMW 11).

spacing. Being the only result without red tags, it can there- 4006

fore be identified with the currently best global estimate for 4007

two-flavour QCD, i.e. 4008

Nf = 2 : B̂K = 0.729(25)(17), 4009

BMS
K (2 GeV) = 0.533(18)(12). (90) 4010

The result in the MS scheme has been obtained by apply- 4011

ing the same conversion factor of 1.369 as in the three-flavour 4012

theory. 4013

The grey bands in Fig. 12 represent the global estimates for 4014

Nf = 2 and Nf = 2 + 1. It appears that BK may be slightly 4015

smaller in two-flavour QCD, but in view of the relatively 4016

large uncertainty of the Nf = 2 result, the difference is hardly 4017

significant. 4018

7 D-meson decay constants and form factors 4019

Leptonic and semileptonic decays of charmed D- and Ds- 4020

mesons occur via charged W -boson exchange, and they are 4021

sensitive probes of c → d and c → s quark flavour-changing 4022

transitions. Given experimental measurements of the branch- 4023

ing fractions combined with sufficiently precise theoretical 4024

calculations of the hadronic matrix elements, they enable the 4025

determination of the CKM matrix elements |Vcd | and |Vcs | 4026

(within the Standard Model) and a precise test of the uni- 4027

tarity of the second row of the CKM matrix. Here we sum- 4028

marise the status of lattice-QCD calculations of the charmed 4029

leptonic decay constants and semileptonic form factors. Sig- 4030

nificant progress has been made in computing fD(s) and the 4031

D → π(K )ℓν form factors in the last few years, largely 4032

due to the introduction of highly improved lattice-fermion 4033

actions that enable the simulation of c-quarks with the same 4034

action as for the u, d and s-quarks. 4035

The charm-quark methods discussed in this review have 4036

been validated in a number of ways. Because several groups 4037

use the same action for charm and bottom quarks, tests of 4038

charm-quark methods are also relevant for the B-physics 4039

results discussed in Sect. 8, and they are therefore sum- 4040

marised in the introduction of that section. Finally, we note 4041

that we limit our review to results based on modern simu- 4042

lations with reasonably light pion masses (below approxi- 4043

mately 500 MeV). This excludes results obtained from the 4044

earliest unquenched simulations, which typically had two 4045

flavours in the sea, and which were limited to heavier pion 4046

masses because of the constraints imposed by the computa- 4047

tional resources and methods available at that time. 4048

Following our review of lattice-QCD calculations of D(s)- 4049

meson leptonic decay constants and semileptonic form fac- 4050

tors, we then interpret our results within the context of the 4051

Standard Model. We combine our best-determined values of 4052

the hadronic matrix elements with the most recent experi- 4053
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similar procedures for the non-perturbative determination of3983
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an impressive 1.3 %, which represents a significant improve-3995

ment over the 2.7 % uncertainty quoted in the previous edition3996

of the FLAG review (B̂K = 0.738(20)). The two results are,3997

however, completely consistent.3998

Passing over to describing the results computed for Nf = 23999

flavours, we note that the situation is unchanged since the4000

publication of the previous edition of the FLAG review [1].4001

In particular, the result of ETM 10A [314] is the only one4002

which allows for an extensive investigation of systematic4003

uncertainties. In fact, it is the only published Nf = 2 calcu-4004

lation involving data computed at three values of the lattice4005

29 We can approximately quantify this as follows. A weighted aver-
age of BMW 11, Laiho 11 and RBC/UKQCD 12A using only statistical
errors gives B̂K = 0.7640(33). Taking 0.0033 as the total statistical
error, a total systematic error of 0.0093 is needed to obtain the com-
bined total error of 0.0099 quoted in the text. (We exclude the SWME 13
result from this calculation as it is only consistent with the other results
when its relatively large systematic error is included.) We note that this
estimate of the total systematic error is larger than the smallest individ-
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marise the status of lattice-QCD calculations of the charmed 4029
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actions that enable the simulation of c-quarks with the same 4034
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We describe the computation of the amplitude A2 for a kaon to decay into two pions with isospin

I ¼ 2. The results presented in [T. Blum et al., Phys. Rev. Lett. 108, 141601 (2012)] from an analysis of

63 gluon configurations are updated to 146 configurations giving ReA2 ¼ 1:381ð46Þstatð258Þsyst10$8 GeV
and ImA2 ¼ $6:54ð46Þstatð120Þsyst10$13 GeV. ReA2 is in good agreement with the experimental result,

whereas the value of ImA2 was hitherto unknown. We are also working toward a direct computation

of the K ! ð!!ÞI¼0 amplitude A0 but, within the Standard Model, our result for ImA2 can be combined

with the experimental results for ReA0, ReA2 and "0=" to give ImA0=ReA0 ¼ $1:61ð28Þ % 10$4. Our

result for ImA2 implies that the electroweak penguin (EWP) contribution to "0=" is Reð"0="ÞEWP ¼
$ð6:25& 0:44stat & 1:19systÞ % 10$4.

DOI: 10.1103/PhysRevD.86.074513 PACS numbers: 11.15.Ha, 11.30.Rd, 12.15.Ff, 12.38.Gc

I. INTRODUCTION

It was in K ! !! decays that both indirect [1] and
direct [2–5] CP violation was first discovered and a quan-
titative understanding of the origin of CP violation, both
within and beyond the Standard Model, remains one of the
principal goals of particle physics research. Lattice QCD
provides the opportunity of computing the nonperturbative
QCD effects in general and in hadronic CP-violating
processes, in particular. The evaluation of these effects in
K ! !! decays is an important element in the research
programme of the RBC-UKQCD Collaboration and in this
paper we report on the evaluation of the (complex) decay
amplitude A2, corresponding to the decay in which the two-
pion final state has isospin 2. This is the first realistic
ab initio calculation of a weak hadronic decay. Our final
result can be found in Eq. (25), which we reproduce here
for the reader’s convenience:

ReA2 ¼ 1:381ð46Þstatð258Þsyst10$8 GeV;

ImA2 ¼ $6:54ð46Þstatð120Þsyst10$13 GeV:
(1)

This is an update of the result presented recently in
Ref. [6] with greater statistics (146 configurations com-
pared to 63 in [6]). More importantly, in this paper we
present the details of the calculation and the analysis which
could not be presented in the original letter [6]. For ReA2

we find good agreement with the known experimental

value [1:479ð4Þ % 10$8 GeV obtained from Kþ decays],
whereas the value of ImA2 was previously unknown.
This is the first quantitative calculation of an amplitude

for a realistic hadronic weak decay and hence extends the
framework of lattice simulations into the important domain
of nonleptonic weak decays. To reach this point has re-
quired very significant theoretical developments and tech-
nical progress. These are discussed in the following
sections and include:
(1) the control of !! rescattering effects and finite-

volume corrections when two hadrons are present
in the final state;

(2) the use of carefully devised boundary conditions to
tune the volume so that the decay can be simulated
at physical kinematics;

(3) the development of techniques for nonperturbative
renormalization which has made it possible to cal-
culate the matrix elements of the four-quark opera-
tors in the effective Hamiltonian with good
precision and without the use of lattice perturbation
theory;

(4) the improvement of algorithms and teraflops-scale
computing which has made it possible to perform
simulations at physical quark masses.

It has therefore required a major endeavor to control all the
ingredients of the calculation to arrive at the final result.

PHYSICAL REVIEW D 86, 074513 (2012)

1550-7998=2012=86(7)=074513(26) 074513-1 ! 2012 American Physical Society

ReA2 = 1.479(4)� 10�8GeV

Lattice Experiment

K+ decays

a�1 = 1.364 GeV, m� = 142 MeV, mK = 506 MeV

W2� = 486 MeV

P. Boyle et al.,  PRL110(2013)152001�I = 1/2 rule

operator are contracted (i) with fields from the same cur-
rent in ð!sdÞLð!sdÞL and (ii) with one field from each of the
two currents. Color counting and the vacuum insertion
hypothesis suggest that the two contributions come in the
ratio 1:1=3, whereas we find that in QCD they have the
opposite sign. This had been noticed earlier; see e.g., [16]
and references therein.

We postpone a discussion of the implications of these
results to the "I ¼ 1=2 rule until the next section, but we
believe that the partial cancelation observed in the evalu-
ation of A2 is a significant component.

Evaluation of ReA0.—The evaluation of A0 at physical
kinematics has not yet been completed. The results pre-
sented here are obtained at threshold, with the two pions in
their zero-momentum ground state with each pion at rest
up to finite-volume effects. Even at threshold, we have had
to overcome many theoretical and technical problems,
including the evaluation of the 48 contractions contributing
to the correlation functions, the renormalization of the
operators in the effective Hamiltonian, the subtraction of
power divergences, and the evaluation of the finite-volume
corrections. The threshold calculations do not require,
however, the isolation of an excited state. The pions in a
physical decay each have a nonzero momentum in the
center-of-mass frame, which corresponds to an excited
state in lattice calculations. Given the poor statistical
signals after the subtraction of power divergences and the
evaluation of disconnected diagrams, the evaluation of
A0 at physical kinematics is currently impracticable with
standard techniques and is the main motivation for our
development of G-parity boundary conditions [6–9].

With the two pions at threshold, we find [3,10]

ReA0

ReA2
¼

!9:1ð2:1Þ for mK ¼ 878 MeV; m! ¼ 422 MeV

12:0ð1:7Þ for mK ¼ 662 MeV; m! ¼ 329 MeV:

(5)

While these results differ significantly from the observed
value of 22.5, because the calculations are not performed at
physical kinematics, there is nevertheless already a signifi-
cant enhancement in the ratio and it is interesting to under-
stand its origin. In Table II, we present the contributions to
ReA0 from each of the lattice operators in the 243 simula-
tion with a$1 ¼ 1:73ð3Þ GeV and from each MS-NDR
operator at a renormalization scale 2.15 GeV. In both cases,
the dominant contribution comes from the current-current
operators Q2.

Since, in a finite volume, Eð!!Þ2 ! Eð!!Þ0 , one cannot
satisfy the condition mK ¼ E!! for both isospin channels
simultaneously with the same quark masses. Here, we
quote results using the fixed meson masses quoted in
Eq. (5), which is sufficient for our current discussion. For
these masses Eð!!Þ0 ¼ 766ð29Þ MeV [629(15) MeV] and
Eð!!Þ2 ¼ 876ð15Þ MeV [668(11) MeV] for the 163 (243)

lattice. A study that interpolates in the kaon mass to make
both decays energy conserving may be found in Ref. [3].
The dominant contribution from the lattice operator Q2

to the "I ¼ 1=2 correlation function is proportional to the
contractions 2s1 $s2 and corresponds to type 1 diagrams
in the language of Ref. [3] (see Fig. 3 in Ref. [3]). In Fig. 4,
we show the total contribution of Q2 to the correlation
function, as well as the total connected contribution and
that of type 1 diagrams given by iffiffi

3
p f2s1 $s2 g. The errors

on the total contribution are dominated by the disconnected
diagrams. The observation that s1 and s2 have opposite
signs leads to an enhancement between the two terms
rather than the suppression in the factorization approxi-
mation s2 ¼ 1

3s1. Similarly, in the case of Q1, the type 1
combination iffiffi

3
p f2s2 $s1 g is dominant. In this case, both

the correlation function and the Wilson coefficient

TABLE II. Contributions from each operator to ReA0 for
mK ¼ 662 MeV and m! ¼ 329 MeV. The second column con-
tains the contributions from the seven linearly independent
lattice operators with 1=a ¼ 1:73ð3Þ GeV and the third column
those in the ten-operator basis in the MS-NDR scheme at
" ¼ 2:15 GeV. The numbers in parentheses represent the sta-
tistical errors.

i Qlat
i [GeV] QMS-NDR

i [GeV]

1 8:1ð4:6Þ % 10$8 6:6ð3:1Þ % 10$8

2 2:5ð0:6Þ % 10$7 2:6ð0:5Þ % 10$7

3 $0:6ð1:0Þ % 10$8 5:4ð6:7Þ % 10$10

4 & & & 2:3ð2:1Þ % 10$9

5 $1:2ð0:5Þ % 10$9 4:0ð2:6Þ % 10$10

6 4:7ð1:7Þ % 10$9 $7:0ð2:4Þ % 10$9

7 1:5ð0:1Þ % 10$10 6:3ð0:5Þ % 10$11

8 $4:7ð0:2Þ % 10$10 $3:9ð0:1Þ % 10$10

9 & & & 2:0ð0:6Þ % 10$14

10 & & & 1:6ð0:5Þ % 10$11

ReA0 3:2ð0:5Þ % 10$7 3:2ð0:5Þ % 10$7

FIG. 4 (color online). Contributions of Qlat
2 to ReA0 (purple

crosses). The blue squares and black circles denote the con-
nected and type 1 contractions, respectively.
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1-3. Finite temperature QCD
Phase transition at finite T

hadrons (quark confinement) quark-gluon plasma (deconfinement)

T � large

Equation of states of QCD

Continuum EoS for QCD Stefan Kriega,b

Figure 1: Left: the trace anomaly as a function of the temperature. The continuum extrapolated result with
total errors is given by the shaded band. Also shown is a cross-check point computed in the continuum limit
with a different action at T = 214 MeV, indicated by a smaller filled red point, which serves as a crosscheck
on the peak’s hight (also on r.h.s.). Right: comparison of the result with HISQ results by the hotQCD
collaboration (Lattice 2012 [25], with fK scale setting) and the related parametrization ’s95p-v1’ of [26]. A
comparison to the Hadron Resonance Gas model’s prediction and our result [15] from 2010 (“WB 2010”) is
also shown.
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Figure 2: Left: continuum extrapolated result for the pressure with Nf = 2 + 1 flavors, including the
HRG prediction and a comparison to the NNLO Hard Thermal Loop result of ref. [28] at high temperatures
(renormalization scales µ =pT , 2pT or 4pT ). Right: entropy and energy density. The insert shows the
speed of sound.

The good agreement of these results with our 2010 ones [15], with only a small variation in
the high temperature region (T>350 MeV) where we now also use Nt = 10,12 ensembles, prompts
us to use the same functional form to parametrize our data:

I(T )
T 4 = exp(�h1/t �h2/t2) ·

✓
h0 +

f0[· tanh( f1 · t + f2)+1]
1+g1 · t +g2 · t2

◆
, (3.1)

with slightly different fit parameters. Table 1 contain the parametrization of ref. [15] and the
parametrization of our present result. Note that though the two results differ only on the percent

5

Borsanyi et al.
arXiv:1312.2193[hep-lat]
2+1 flavor QCD

Entropy & energy densityPressure

speed of soundTc = 157(3)(3)Tc = 157(3)(3)



1-4. Hadron Interactions

Ex. Nuclear Force 

Meson Theory (before quarks) 1935 Hideki Yukawa (1st director of YITP)
• Nucleons interact with each other by exchanging virtual particles.

• the interaction range is proportional to the inverse of the virtual particle’s mass 

• -> the virtual particles are heavier than electrons but lighter than nucleons 

• ->(π)“meson” 

Yukawa potential

V (r) =
g2

4π

e−mπr

r

Coulomb potential

V (r) =
e2

4�

1
r

e

e

e

e

γ

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

1949 Nobel prize
(1st in Japan)



Modern nuclear forces after Yukawa
Nuclear Potential

distance between nucleons
r

One-pion exchange

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

Yukawa(1935)

Multi-pions/heavy mesons

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

Taketani et al.(1951)

Repulsive core

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

Jastrow(1951)



Nuclear forces in terms of quarks ?

Meson Theory Quark Theory

Much more difficult than masses.



1st lattice result for NN potential potential from experiments

prediction from Yukawa theory

Ishii-Aoki-Hatsuda
PRL90(2007)0022001
quenched QCD

a=0.137 fm L=4.4fm mπ ≃ 0.53 GeV

S-wave, spin-singlet



2. Lattice QCD



Lattice QCD
define QCD on a discrete space-time (lattice)

a L
lattice spacing

lattice size
x + µ̂

q̄(x)

a

q(x + µ̂)

Uµ(x) = eigaAµ(x) = 1 + igaAµ(x) +
{igaAµ(x)}2

2!
+ · · · � SU(3)

gluon (lives on link)

SU(3) matrix

infinite numbers of gluons (non-perturbative) !

Uµ(x)

x

x x + µ̂ x x + µ̂
U�µ(x + µ̂) � Uµ(x)†



q̄(x)�µ{�µ + igAµ(x)}q(x) q̄(x)�µ Uµ(x)q(x + µ̂)� U�µ(x)q(x� µ̂)
2a

a� 0
quarks(covariant derivative)

continuum QCD lattice QCD

q̄(x)Uµ(x)q(x + µ̂) = + + + + · · ·

quark interacts with many gluons in a very short distance !

gauge transformation
q(x)� �(x)q(x)

q̄(x)� q̄(x)�(x)† Uµ(x)� �(x)Uµ(x)�(x + µ̂)†

gauge invariant

quark action

SF =
�

x,µ

q̄(x)�µ Uµ(x)q(x + µ̂)� U�µ(x)q(x� µ̂)
2a

+ m
�

x

q̄(x)q(x)



trUµ(x)Uµ(x + µ̂)Uµ(x + �̂)†U�(x)†

a� 0
gluons

plaquette

x x + µ̂

x + �̂ x + µ̂ + �̂

continuum QCD lattice QCD

gauge invariantSG =
1
g2

�

x

�

µ�=�

trUµ(x)Uµ(x + µ̂)Uµ(x + �̂)†U�(x)†

gluon action

g2

2
trFµ�(x)2



Path integral 
continuum QCD

�O(Aµ, q, q̄)� =
1
Z

�
DAµDqDq̄O(Aµ, q, q̄)e�S0�Sint

=
1
Z

�
DAµDqDq̄O(Aµ, q, q̄)

��

n=0

(�Sint)n

n!
e�S0

perturbative expansion 

lattice QCD

calculate without perturbative expansion 

�
DUµ(x) Uµ(x) = 0

�O(Uµ, q, q̄)� =
1
Z

�
DUµDqDq̄O(Uµ, q, q̄)e�SF�SG

important properties �
DUµ(x) Uµ(x)Uµ(x)† = 13�3

gluon is random
�
DUµ(x) det Uµ(x) = 1



Strong coupling expansion

SG = O

�
1
g2

�
� 0 g2 �� strong coupling limit

quark path-integral

quark

Uµ(x)

by U integral= 0 quark confinement

meson

Uµ(x)

Uµ(x)†
�= 0

after U integral

baryon
Uµ(x)3

�= 0

meson and baryon can propagate !



Uµ(x)3

in terms of perturbation theory

If 1
g2 is small but non-zero

�

plaquette = O

�
1
g2

�
strong coupling expansion

3 quarks can propagate separately but still coherently, 
as a free baryon.



Monte-Carlo simulations
After integral over quarks

�O(q, q̄, U)� =
�
D qDq̄DU exp[q̄ D(U) q + SG(U)]O(q, q̄, U)

=
�
DU det D(U)eSG(U)Ô(U)

probability of U � P (U)

Importance sampling according to P(U) “Monte-Carlo simulations”

calculate complicated QCD processes by computer simulations

uses of super-computers are required. 

Yet calculations are not so easy. 
Recently hadron masses have been accurately calculated. (free hadrons)



Hadron mass calculations

creation/annihilation of quark-antiquark pair

“effect of det D(U)”

set det D(U) = 1 : quenched approximation

= C0e
�E0|x�y| + C1e

�E1|x�y| + · · · En =
�

m2
n + p2

extract the smallest value, E0, at large |x� y| hadron mass m0



Meson propagator Nucleon propagator

N+ N−

periodic boundary condition in time

pion is lighter than rho. Nucleon is lighter than its negative-
parity state.



Chiral extrapolation

It is difficult to make quark mass as small as the “experimental” value in numerical 
simulations.  Extrapolations from heavier quark masses are usually made.

Pion mass Other hadrons

2mqa =
1
K
� 1

Kc
quark mass



Continuum extrapolation
a� 0 limit should be taken.

Nucleon mass

lattice spacing

mN (a) = mN (0) + C1a

mN (a) = mN + C1a
2 + C2a

2

continuum extrapolation by fit



The state of arts for hadron masses
•

⇥

0

500

1000

1500

2000

M
[M
e
V
]

p

K

r
K* N

L
S
X

D

S*
X*
O

experiment

width

QCDinputs

input

Meson
Quarks PesudoScala(0) Vector(1)
ūu − d̄d π0 ρ0

d̄u, ūd π± ρ±

ūu + d̄d η ω
s̄d, d̄s K0, K̄0 (K∗)0, (K̄∗)0
s̄u, ūs K± (K∗)±

s̄s ηs φ

Baryon
Quarks Octet( 1

2 ) Decouplet( 3
2 )

uuu ∆++

uud p ∆+

udd n ∆−

ddd ∆0

uus Σ+ (Σ∗)+
uds Σ0, Λ0 (Σ∗)0
dds Σ− (Σ∗)−
uss Ξ0 (Ξ∗)0
dss Ξ− (Ξ∗)−
sss Ω

N �

�
�
�

��

��

�

K
K�

�

an agreement between lattice QCD 
and experiments is good.

BMW collaboration
Sciences 322(2008)1224

a → 0

�
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Almost on physical quark mass
(no chiral extrapolation)

Phys. Rev. D79 (2009) 034503

mπL = 2.3

chiral extrapolation vs. physical point

Chiral extrapolation sometimes becomes 
non-trivial due to the chiral-log, as shown 
in the figure.



Hadron interactions from lattice QCD ?



3. Hadron interactions 
from 

lattice QCD

--approaches to nuclear physics from lattice QCD--



3 strategies to nuclear physics from lattice QCD
Extreme calculate nuclei directly from lattice QCD

Ab-Initio but (almost) impossible. difficult to extract “physics” from results
difficult to apply results to other systems

� e�mAt + · · ·

nuclei propagator

� �
3A quark lines A: atomic number 

large number of contractions/very noisy

some reduction (Doi-Endres, CPC 184(2013)117)



31 

Spectroscopy on the lattice 

[K.Orginos (Wed.)] 

[T.Yamazaki (Tue.)] 
(NB: PACS-CS Nf=2+1: preliminary) 

binding energy of A=3,4 nuclei

PACS-CS, PRD81(2010)111504, PRD86 (2012) 074514.
NPLQCD, PPNP66(2011)1, arXiv:1004.2935.

signals can be obtained, though results scatter.



Standard calculate NN phase shift from lattice QCD

Ab-Initio for phase shift. Results can not be directly applied to nuclear physics.  

phase shift nuclear potential nuclear structure 

Lüsher’s finite volume method for the phase shift

two particles in the finite box (V = L3)

E = 2
�

k2 + m2energy k �= 2�

L
n (n � Z3)

due to the interaction between two particles

phase shift δl(kn)

Formula (Ex.) k cot δ0(k) =
2√
πL

Z00(1; q2) k = |k| q =
kL

2π
�= Z

generalize zeta-function Z00(s; q2) =
1√
4π

∑

n∈Z3

(n2 − q2)−s



π+π− scattering ( ρ meson width)

ETMC: Feng-Jansen-Renner, PLB684(2010)

�-meson width
ETMC NF = 2, Xu Feng, K. Jansen and D. B. Renner, PLB684 (2010), arXiv:0910.4871 & Lattice 2010

Consider ⇥+⇥� in the I = 1-channel
Estimate P-wave scattering phase shift �11(k) using finite size methods
Use Lüscher’s relation between energy in a finite box and the phase in infinite volume
Use Center of Mass frame and Moving frame

Use effective range formula: tan�11(k) =
g2
⇥��
6�

k3

E
“

m2
R�E2

” , k =
p

E2/4� m2
� ⇥ determine MR and

g⇥�� and then extract �⇥ =
g2
⇥��
6�

k3
R

m2
R

, kR =
q

m2
R/4� m2

�

m� = 309 MeV, L = 2.8 fm

0.3 0.35 0.4 0.45 0.5 0.55 0.6
aECM

0

0.5

1

sin
2 (
δ)

CMF
MF1
MF2
sin2(δ)=1=>aMR

C. Alexandrou (Univ. of Cyprus & Cyprus Institute) Nucleon structure in lattice QCD ICHEP-2010-Paris 4 / 38

0.25 0.3 0.35 0.4 0.45 0.5 0.55
aECM

0

0.5

1

sin
2 (
b)

CMF
MF1
MF2
sin2(b)=1=>aMR

m� = 290 MeV m� = 330 MeV

Resonance can be treated in this way.
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FIG. 11. P -wave ⇡⇡ elastic scattering phase-shift, �1(Ecm), as determined by describing the finite-volume spectra by resonant
parameterisations as described in the text. The barrier factor variations and the Peláez & Ynduráin fit all lie on top of each
other. Also shown as gray points are the data previously presented in Fig. 10. Energy region plotted is from ⇡⇡ threshold to
KK threshold.

we choose our usual scale setting procedure where
at = atm⌦

mphys
⌦

using the ⌦ baryon mass determined

on these lattices (atm⌦ = 0.2951) and the physical ⌦
baryon mass m

phys
⌦ = 1672MeV, then the simple Breit-

Wigner fit corresponds to mR = 863.5(19)(6)MeV and
�R = 10.1(6)(1)MeV. As expected in a calculation with
heavier than physical mass light quarks, the resonance
mass is somewhat larger than the physical ⇢ mass. The
small width is explained by the much-reduced phase-
space for decay of an 864 MeV resonance into two pions
of mass 391 MeV compared with the physical kinemat-
ics. We observe from the rather similar �

2
/Ndof that

the data do not clearly distinguish between the various
parameterisations which vary only in the tails of the res-
onance. This may be due to the very narrow nature of
the resonance with the small phase space for decay.

B. Role of higher partial-waves

From Eq. 7 and Table III it is apparent that in principle
many partial waves contribute to the determination of
the finite-volume spectrum in each irrep, in particular
when the system is in-flight. The next lowest ` that can
contribute in ⇡⇡ I = 1 scattering is ` = 3 which is leading
in e.g. irreps (~P = [001], B1) and (~P = [001], B2). For
the lattice volumes we consider, the lowest energy level
in these irreps is always above the elastic region, and
as such we cannot apply Eq. 7 without concern about
neglecting other open channels (in this case KK). If we
assume that there is zero coupling into KK and proceed

in a cavalier manner with application of Eq. 7 we obtain
points at energies only slightly above the KK threshold
that have �3 compatible with zero (roughly (�1± 1)�).

One way to obtain estimates of �3 in the elastic
regime is to consider a number of approximately de-
generate energy levels coming from di↵erent irreps. By
writing a version of Eq. 7 for each one we can ap-
proximately solve that coupled set of equations for
�1, �3 at the relevant energy. This approach was de-
scribed in some detail for ⇡⇡ I = 2 scattering in
[17]. An example set of levels is ([000], T�

1 , n = 0),
([001], E2, n = 0) and ([011], B2, n = 0) which on the 243

lattice all have an energy atEcm ⇡ 0.153(1). Solving the
coupled system of equations we find �1 = 145.7(22)� and
�3 = �0.048(55)�. The same set of levels on the 203 lat-
tice have atEcm ⇡ 0.155(1) and give �1 = 151.1(30)� and
�3 = +0.002(24)�.

We also tried parameterised fits to all data points, as
in the previous section but including a scattering length
parameterisation for the ` = 3 wave, p7cm cot �3 = 1/a3, as
well as a resonant parameterisation of �1(Ecm). The fits
were of essentially the same quality (in �

2
/Ndof) and gave

a3 = �3.4(33)(6)⇥106 ·a7t with a negligible change in the
` = 1 Breit-Wigner parameters. This parameterisation
gives �3 = �1.3(13)� at the KK threshold.

In summary, the lattice data require no non-zero value
of �3 throughout the elastic region and our analysis in
the previous section based upon �3 = 0 is justified.

These observations (at m⇡ ⇠ 400MeV) are in ac-
cord with experimental expectations (at the physical pion
mass). In the ⇡⇡ partial wave analysis of Estabrooks
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FIG. 10. P -wave ⇡⇡ elastic scattering phase-shift, �1(Ecm), determined from solution of Eq. 7 applied to the finite-volume
spectra shown in Fig. 9 under the assumption that �`>1 = 0. Energy region plotted is from ⇡⇡ threshold to KK threshold.

atmR = 0.15226(34)(11)
2

4
1 �0.14 �0.09

1 0.32
1

3

5
g = 5.06(15)(2)

R/at = 16.6(52)(17)

�

2
/Ndof =

43.6
29�3 = 1.68,

which shows a slightly improved quality of fit, although
there is clearly some correlation between the coupling g

and the range R. The range expressed in physical units
R = R

at

atm⌦

mphys
⌦

⇡ 0.6 ± 0.2 fm would seem to be reason-

able on the usual hadronic scale. The resulting energy
dependence is shown by the red curve in Fig. 11 where
it is seen to approach 180� more rapidly than the simple
Breit-Wigner.

The particular form of the damping function is a
model-dependent choice and we can explore the sensi-
tivity by trying other parameterisations. For example a
gaussian form (previously considered in a quark model
study [35]),

�gau.
`=1 (Ecm) =

g

2

6⇡

p

3
cm

E

2
cm

e

�p2
cm/6�2

e

�p2
R/6�2 . (11)

Fitting the same dataset we obtain

atmR = 0.15224(34)(14)
2

4
1 �0.18 0.16

1 �0.47
1

3

5
g = 5.08(17)(3)

at� = 0.029(7)(3)

�

2
/Ndof =

43.5
29�3 = 1.67,

indicating that the particular functional form of the
damping appears to be relatively unimportant. In phys-

ical units, � = at� · mphys
⌦

atm⌦
⇡ 160(40)MeV. The energy

dependence is shown by an orange curve in Fig. 11 that
lies almost exactly on the red curve already described.
Another parameterisation that has been used to fit ex-

perimental phase-shift data is provided by Peláez and
Ynduráin (see Ref. [36] and their subsequent papers),

cot �1(Ecm) =
Ecm

2p3cm
(m2

R � E

2
cm)

⇥
"

2m2
⇡

m

2
REcm

+B0 +B1
Ecm �p

s0 � E

2
cm

Ecm +
p

s0 � E

2
cm

#
,

which, while it appears cosmetically to be very di↵er-
ent to a Breit-Wigner, in fact has an energy depen-
dence which is rather similar, with the three parameters
mR, B0, B1 able to conspire to provide damping. The
additional parameter, s0, is not allowed to float, and fol-
lowing the proposers’ suggestion is set to 2m⇡ +m⇢, as
determined on this lattice, at

p
s0 = 0.29. Fitting yields

atmR = 0.15227(34)(12)
2

4
1 �0.06 �0.05

1 0.99
1

3

5
B0 = 2.71(77)(21)
B1 = 6.0(33)(9)

�

2
/Ndof =

43.7
29�3 = 1.68,

a reasonable description of the data. The extremely high
degree of correlation between B0 and B1 suggests that
they may not be the most natural way to parameterise
this amplitude. The energy dependence is plotted in
Fig. 11 using a green curve that lies almost exactly under
the orange and red curves already plotted.
We have presented the data and fits in units of

the inverse temporal lattice spacing thus far to avoid
ambiguities with how one sets the lattice scale. If

I = 1 �� scattering (� resonance) Dudek-Edwards-Thomas, PRD87(2013)034505

�1(Ecm)

2-flavor anisotropic clover fermion

m� � 400 MeV

as � 0.12 fm



Alternative calculate nuclear potential from lattice QCD strategy in this lecture

Ab-Initio for potential. “Physics” is clear

nuclear potential nuclear structure 

A. Interactions are much more difficult than masses.

Difficulties

more complicated diagrams, 
larger volume, 
more Monte-Carlo sampling, etc.

B. Definition of potential in quantum theories ?

classical V (x) quantum V (x) potential is an input

no classical  NN potentials QCD VNN (x) ? output from QCD



Potentials in QCD ?
What are “potentials”  in quantum field theories such as QCD ? 

“Potentials” themselves can NOT be directly measured. 
scheme dependent, Unitary transformation

experimental data of scattering phase shifts potentials, but not unique 

mid-range
attraction

mid-range
attraction

short-range 
repulsion

short-range 
repulsion

Nijmegen partial-wave analysis,
Stoks et al., Phys.Rev. C48 (1993) 792

NN interactions
critical inputs in nuclear physics

2S+1LJ

deuteronvirtual state

cf. running coupling in QCD

useful to “understand” physics
cf. asymptotic freedom

“Potentials” are useful tools to 
extract observables such as 
scattering phase shift. 

One may adopt a convenient definition 
of potentials as long as they reproduce 
correct physics of QCD.  



3-1. Our strategy



 Our strategy in lattice QCD

Consider “elastic scattering” 

NN → NN NN → NN + others (NN → NN + π, NN + N̄N, · · ·)

Elastic threshold

Quantum Field Theoretical consideration

S = e2i�

Full details: Aoki, Hatsuda & Ishii, PTP123(2010)89

energy Wk = 2
�

k2 + m2
N < Wth = 2mN + m�

Unitarity constrains S-matrix below inelastic threshold as 

�(k) =

�

���

�0(k)
�1(k)

�2(k)
· · ·

�

���

Ex. Scalar particles



Step 1 define (Equal-time) Nambu-Bethe-Salpeter (NBS) Wave function

�k(r) = �0|N(x + r, 0)N(x, 0)|NN, Wk�
QCD eigen-state

!"#$%&"'(QCD)()*+,(-

./%01%!2345+,678

-

9:23;<!" QCD;<!"

N(x) = "abcq
a
(x)q

b
(x)q

c
(x): local operator

Spin model: Balog et al., 1999/2001 

“scheme”

Asymptotic behavior of NBS wave function 

no interaction

interaction range

L

r = |r|!1

�l
k � Al

sin(kr � l�/2 + �l(k))
kr

partial wave

NBS wave 
function

scattering wave function 
in quantum mechanics

cf. Luescher’s finite volume method allowed k at L δl(kn)



Step 2

ϵk =
k2

2µ
H0 =

−∇2

2µ
non-local potential

[�k �H0] �k(x) =
�

d3y U(x,y)�k(y)

µ = mN/2
reduced mass

define non-local but energy-independent “potential” as 

We can construct a non-local but energy-independent potential easily as

(Trivial) proof of “existence”

U(x,y) =
Wk,Wk��Wth�

k,k�

[�k �H0] �k(x)��1
k,k��

†
k�(y) ��1

k,k� : inverse of �k,k� = (�k, �k�)

inner product

�
d3y U(x,y)�p(y) =

�

k,k�

[�k �H0] �k(x)��1
k,k��k�,p = [�p �H0] �p(x)

Non-relativistic approximation is NOT used. We just take the specific (equal-time) 
frame.

For �Wp < Wth

Remark



Step 3 expand the non-local potential in terms of derivative as

U(x,y) = V (x,r)�3(x� y)

V (x,∇) = V0(r) + Vσ(r)(σ1 · σ2) + VT (r)S12 + VLS(r)L · S + O(∇2)
LO LO LO NLO NNLO

tensor operator S12 =
3
r2

(σ1 · x)(σ2 · x) − (σ1 · σ2)
spins

This expansion is a part of  our “scheme” for potentials. 

We can check a size of errors of the LO in the expansion. (See later). 

Step 4 extract the local potential at LO as

VLO(x) =
[�k �H0]�k(x)

�k(x)

Step 5 solve the Schroedinger Eq. in the infinite volume with this potential.

phase shifts and binding energy below inelastic threshold



3-2. Nuclear Potential 



Extraction of NBS wave function

NBS wave function Potential

4-pt Correlation function

It is now clear that there is no unique definition for the NN potential. Ref. [18, 24, 25], however,
criticized that the NBS wave function is not ”the correct wave function for two nucleons” and that its
relation to the correct wave function is given by

ϕW (r) = ZNN(|r|)⟨0|T{N0(x + r, 0)N0(x, 0)}|2N, W, s1, s2⟩ + · · · (23)

where N0(x, t) is ”a free-field nucleon operator” and the ellipses denotes ”additional contributions from
the tower of states of the same global quantum numbers”. Thus ⟨0|T{N0(x+r, 0)N0(x, 0)}|2N,W, s1, s2⟩
is considered to be ”the correct wave function”. In this claim it is not clear what is ”a free-field nucleon
operator” in the interacting quantum field theory such as QCD. An asymptotic in or out field operator
may be a candidate. If the asymptotic field is used for N0, however, the potential defined from the
wave function identically vanishes for all r by construction. To be more fundamental, a concept of
”the correct wave function” is doubtful. If some wave function were ”correct”, the potential would be
uniquely defined from it. This clearly contradicts the fact discussed above that the potential is not an
observable and therefore is not unique. This argument shows that the criticism of Ref. [18, 24, 25] is
flawed.

3 Lattice formulation

In this section, we discuss the extraction of the NBS wave function from lattice QCD simulations. For
this purpose, we consider the correlation function on the lattice defined by

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}J (t0)|0⟩ (24)

where J (t0) is the source operator which creates two nucleon state and its explicit form will be considered
later. By inserting the complete set and considering the baryon number conservation, we have

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}
∑

n,s1,s2

|2N, Wn, s1, s2⟩⟨2N, Wn, s1, s2|J (t0)|0⟩

=
∑

n,s1,s2

An,s1,s2ϕ
Wn(r)e−Wn(t−t0), An,s1,s2 = ⟨2N,Wn, s1, s2|J (0)|0⟩. (25)

For a large time separation that (t − t0) → ∞, we have

lim
(t−t0)→∞

F (r, t − t0) = A0ϕ
W0(r)e−W0(t−t0) + O(e−Wn̸=0(t−t0)) (26)

where W0 is assumed to be the lowest energy of NN states. Since the source dependent term A0 is just
a multiplicative constant to the NBS wave function ϕW0(r), the potential defined from ϕW0(r) in our
procedure is manifestly source-independent. Therefore the statement that the potential in this scheme
is ”source-dependent” in Ref. [26] is clearly wrong.

In this extraction of the wave function, the ground state saturation for the correlation function F in
eq. (26) is important. In principle, one can achieve this by taking a large t − t0. In practice, however,
F becomes very noisy at large t − t0, so that the extraction of ϕW0 becomes difficult at large t − t0.
Therefore it is crucial to find the region of t where the ground state saturation is approximately satisfied
while the signal is still reasonably good. The choice of the source operator becomes important to have
such a good t-region.

before using the potential in nuclear physics.

9

source for NN

It is now clear that there is no unique definition for the NN potential. Ref. [18, 24, 25], however,
criticized that the NBS wave function is not ”the correct wave function for two nucleons” and that its
relation to the correct wave function is given by

ϕW (r) = ZNN(|r|)⟨0|T{N0(x + r, 0)N0(x, 0)}|2N, W, s1, s2⟩ + · · · (23)

where N0(x, t) is ”a free-field nucleon operator” and the ellipses denotes ”additional contributions from
the tower of states of the same global quantum numbers”. Thus ⟨0|T{N0(x+r, 0)N0(x, 0)}|2N,W, s1, s2⟩
is considered to be ”the correct wave function”. In this claim it is not clear what is ”a free-field nucleon
operator” in the interacting quantum field theory such as QCD. An asymptotic in or out field operator
may be a candidate. If the asymptotic field is used for N0, however, the potential defined from the
wave function identically vanishes for all r by construction. To be more fundamental, a concept of
”the correct wave function” is doubtful. If some wave function were ”correct”, the potential would be
uniquely defined from it. This clearly contradicts the fact discussed above that the potential is not an
observable and therefore is not unique. This argument shows that the criticism of Ref. [18, 24, 25] is
flawed.

3 Lattice formulation

In this section, we discuss the extraction of the NBS wave function from lattice QCD simulations. For
this purpose, we consider the correlation function on the lattice defined by

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}J (t0)|0⟩ (24)

where J (t0) is the source operator which creates two nucleon state and its explicit form will be considered
later. By inserting the complete set and considering the baryon number conservation, we have

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}
∑

n,s1,s2

|2N, Wn, s1, s2⟩⟨2N, Wn, s1, s2|J (t0)|0⟩

=
∑

n,s1,s2

An,s1,s2ϕ
Wn(r)e−Wn(t−t0), An,s1,s2 = ⟨2N,Wn, s1, s2|J (0)|0⟩. (25)

For a large time separation that (t − t0) → ∞, we have

lim
(t−t0)→∞

F (r, t − t0) = A0ϕ
W0(r)e−W0(t−t0) + O(e−Wn̸=0(t−t0)) (26)

where W0 is assumed to be the lowest energy of NN states. Since the source dependent term A0 is just
a multiplicative constant to the NBS wave function ϕW0(r), the potential defined from ϕW0(r) in our
procedure is manifestly source-independent. Therefore the statement that the potential in this scheme
is ”source-dependent” in Ref. [26] is clearly wrong.

In this extraction of the wave function, the ground state saturation for the correlation function F in
eq. (26) is important. In principle, one can achieve this by taking a large t − t0. In practice, however,
F becomes very noisy at large t − t0, so that the extraction of ϕW0 becomes difficult at large t − t0.
Therefore it is crucial to find the region of t where the ground state saturation is approximately satisfied
while the signal is still reasonably good. The choice of the source operator becomes important to have
such a good t-region.

before using the potential in nuclear physics.
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NBS wave function

This is a standard method in lattice QCD and was employed for our first calculation.

ground state saturation at large t

�k(r) = �0|N(x + r, 0)N(x, 0)|NN, Wk� [�k �H0]�k(x) =
�

d3y U(x,y)�k(y)

+ · · ·

Standard method



Improved method

normalized 4-pt function R(r, t) ≡ F (r, t)/(e−mN t)2 =
∑

n

AnϕWn(r)e−∆Wnt

∆Wn = Wn − 2mN =
k2

n

mN
− (∆Wn)2

4mN

− ∂

∂t
R(r, t) =

{
H0 + U − 1

4mN

∂2

∂t2

}
R(r, t)

potential Leading Order
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1st term
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3rd term

{
−H0 −

∂

∂t
+

1
4mN

∂2

∂t2

}
R(r, t) =

∫
d3r′ U(r, r′)R(r′, t) = VC(r)R(r, t) + · · ·

1st 2nd 3rd total

3rd term(relativistic correction) 
is negligible. 

Ground state saturation is no more required !  
(advantage over finite volume method.)

Ishii et al. (HALQCD), PLB712(2012) 437



NN potential
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2+1 flavor QCD, spin-singlet potential (PLB712(2012)437)

mπ ≃ 700 MeVa=0.09fm, L=2.9fm phenomenological potential

Qualitative features of NN potential are reproduced !

1st paper(quenched QCD): Ishii-Aoki-Hatsuda, PRL90(2007)0022001

selected as one of 21 papers in Nature Research Highlights 2007. (One from 
Physics, Two from Japan, the other is on “iPS” by Sinya Yamanaka et al. )

(1)attractions at medium and long distances 
(2)repulsion at short distance(repulsive core)

1S0



NN potential phase shift
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It has a reasonable shape. The strength is weaker due to 
the heavier quark mass.

Need calculations at physical quark mass
 on K-computer.

1S0

aexp
0 (1S0) = 23.7 fm

a0(1S0) = 1.6(1.1) fm



Convergence of velocity expansion: estimate 1

If the higher order terms are large, LO potentials determined from NBS wave 
functions at different energy become different.(cf. LOC of ChPT).

Numerical check in quenched QCD
mπ ≃ 0.53 GeV

a=0.137fm, L=4.0 fm

K. Murano, N. Ishii, S. Aoki, T. Hatsuda 

PTP 125 (2011)1225.

������PBC    (E�0 MeV)         ������������������������APBC  (E�46 MeV)�

potentials

NBS wave functions
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Higher order terms turn out to be very small at low energy in our scheme.

Need to be checked at lighter pion mass in 2+1 flavor QCD.

Note: convergence of the velocity expansion can be checked within this method. 

(in contrast to  convergence of ChPT, convergence of perturbative QCD)



Potential vs Luescher  (I=2 pi-pi scattering. Quenched QCD)

b[
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Kurth, Ishii, Doi, Aoki & Hatsuda, JHEP 1312(2013)015

both methods 
agree very well.

This establishes a validity of the potential method and shows a good convergence 
of the velocity expansion.

Convergence of velocity expansion: estimate 2

phase shifts



Tensor potential

“projection” to L=0 “projection” to L=2

mixing between         and          through the tensor force3S1
3D1

3S1
3D1

(H0 + VC(r) + VT (r)S12)ψ(r; 1+) = Eψ(r; 1+)

ψ(r; 1+) = Pψ(r; 1+) + Qψ(r; 1+)

H0[Pψ](r) + VC(r)[Pψ](r) + VT (r)[PS12ψ](r) = E[Pψ](r)
H0[Qψ](r) + VC(r)[Qψ](r) + VT (r)[QS12ψ](r) = E[Qψ](r)

J=1, S=1

More structure at LO
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Figure 4: The central potentials for the spin-singlet channel from the orbital A+
1 representation at three

different pion masses in quenched QCD. Taken from Ref. [17].
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3S13D1

0.0 0.5 1.0 1.5 2.0
r [fm]

mπ = 529 MeV

(b)

3S13D1

Figure 5: (Left) (α, β) = (2, 1) components of the orbital A+
1 and non-A+

1 wave functions from JP = T+
1

(and Jz = Sz = 0) states at mπ ≃ 529 MeV. (Right) The same wave functions but the spherical
harmonics components are removed from the non-A+

1 part. Taken from Ref. [17].

4.2 Tensor potential

In Fig. 5(Left), we show the A1 and non-A1 components of the NBS wave function obtained from the
JP = T+

1 (and Jz = Sz = 0) states at mπ ≃ 529 MeV, according to eqs. (37) and (38). The A1 wave
function is mulitvalued as a function of r due to its angular dependence. For example, (α, β) = (2, 1)
spin component of the L = 2 part of the non-A1 wave function is proportional to the spherical harmonics
Y20(θ, φ) ∝ 3 cos2 θ−1. Fig. 5(Right) shows non-A1 component divided by Y20(θ,φ). It is clear that the
multivaluedness is mostly removed, showing that the non-A1 component is dominated by the D (L = 2)
state.

Shown in Fig. 6 (Left) are the central potential VC(r)(1,0) and tensor potential VT (r) together with
effective central potential V eff

C (r)(1,0), at the leading order of the velocity expansion as given in eqs. (39),
(40) and (42), respectively.

Note that V eff
C (r) contains the effect of VT (r) implicitly as higher order effects through the process

such as 3S1 → 3D1 → 3S1. At the physical pion mass, V eff
C (r) is expected to obtain sufficient attraction

from the tensor potential, which causes an appearance of bound deuteron in the spin-triplet (and flavor-

16

divided by Y20(θ, φ)

multi-value single-value

Wave functions Quenched Aoki, Hatsuda, Ishii, PTP 123 (2010)89

L=2

L=0



• no repulsive core in the tensor 
potential.

•  the tensor potential is enhanced 
in full QCD

Potentials
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Figure 8: (Left) The spin-triplet central potential VC(r)(1,0) obtained from the orbital A+
1 −T+

2 coupled
channel in quenched QCD at mπ ≃ 529 MeV. (Right) The tensor potential VT (r) from the orbital
A+

1 − T+
2 coupled channel. For these two figures, symbols are same as in Fig. 7(Left). Taken from

Ref. [30].
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Figure 9: (Left) 2+1 flavor QCD results for the central potential and tensor potentials at mπ ≃ 701
MeV. (Right) Quenched results for the same potentials at mπ ≃ 731 MeV. Taken from Ref. [33].

4.4 Full QCD results

Needless to say, it is important to repeat calculations of NN potentials in full QCD on larger volumes
at lighter pion masses. The PACS-CS collaboration is performing 2 + 1 flavor QD simulations, which
cover the physical pion mass[31, 32]. Gauge configurations are generated with the Iwasaki gauge action
and non-perturbatively O(a)-improved Wilson quark action on a 323 × 64 lattice. The lattice spacing a
is determined from mπ, mK and mΩ as a ≃ 0.091 fm, leading to L ≃ 2.9 fm. Three ensembles of gauge
configurations are used to calculate NN potentials at (mπ,mN) ≃(701 MeV, 1583 MeV), (570 MeV,
1412 MeV) and (411 MeV,1215 MeV )[33] .

Fig. 9(Left) shows the NN local potentials obtained from the PACS-CS configurations at E ≃ 0
and mπ = 701 MeV, which is compared with the previous quenched results at comparable pion mass
mπ ≃ 731 MeV but at a ≃ 0.137 fm, given in Fig. 9(Right). Both the repulsive core at short distance
and the tensor potential become significantly enhanced in full QCD. The attraction at medium distance
tends to be shifted to outer region, while its magnitude remains almost unchanged. These differences
may be caused by dynamical quark effects. For more definite conclusion on this point, a more controlled

19

full QCD quenched QCD

a ≃ 0.091 fm a ≃ 0.137 fmL ≃ 2.9 fm L ≃ 4.4 fm



• no repulsive core in the tensor 
potential.

•  the tensor potential is enhanced 
in full QCD
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• the tensor potential increases as the pion 
mass decreases.

•manifestation of one-pion-exchange ?

• both repulsive core and attractive pocket are 
also grow as the pion mass decreases.

Quark mass dependence (full QCD)

2+1)flavor)QCD)results)of)nuclear)forces)by)“.me'dependent”)method�

!  quark(mass(dependence�
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Potentials for the negative parity sector
Extension)to)LS'force)and)poten.als)in)odd)parity)sectors�
!  Nuclear(Forces(up(to(NLO(of(deriva7ve(expansion(

(

�

���[K.Murano@LaIce(2012](
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• S=1 channel:  
– Central & tensor forces in LO 
– Spin-orbit force in NLO 

• Inject a momentum Î  
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NN potential on the lattice   
(negative parity) 

[K.Murano (Poster)] 

Superfluidity 3P2 in neutron star  
ÍÎ neutrino cooling 

Nf=2 clover (CP-PACS), L=2.5fm, mS=1.1GeV 

ÍÎ Cas A NS: cooling is being measured ! 

NLO
LO

LO

2S+1LJ



Murano et al. (HAL QCD), arXiv:1305.2293[hep-lat]
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enlargement

Potentials

LS potential 
from AV18

LS potential

tensor potential is very weak.



3-3. Hyperon Interactions 



Origin of the repulsive core ?
quarks are “fermion” two can not occupy the same position. (“Pauli principle”)

 they have 3 colors(red,blue,green),  2 spin(          ), 2 flavors(up,down)� �

!"#$%&'()*$+++$(,$(-.)%/0*/$1

1. Matter(nuclei) cannot be stable without the “repulsive core (RC)”.

2. Neutron star & supernova explosion cannot exist without the “RC”. 

3. QCD description should be essential for the “RC”.

4. SU(3) ? (NN ! YN ! YY) ! basis of hypernuclear physics @ J-PARC

23&,/()*,

1. What is the physical origin of the repulsion ?

2. The repulsive core is universal or channel dependent  ?

Note: RC is not related to Pauli principle

+
6 quark can occupy the same 
position

u u ud d u� �� � ��

p� p�

but allowed color combinations are limited + interaction among quarks

repulsive core ?

?



What happen if strange quarks are added ?
�(uds) - �(uds) interaction

u ud d ss� � �� ��

all color combinations are allowed

?
no repulsive core ?



Octet Baryon interactions 

J"PARC'(Tokai,'Japan)'

• phase shift available for YN and YY
  scattering are limited
• plenty of hyper-nucleus data will be
  soon available at J-PARC

• prediction from lattice QCD  
• difference between NN and YN ?

Λ Λ Λ



 Baryon Potentials in the flavor SU(3) limit
mu = md = ms

1. First setup to predict YN, YY interactions not accessible in exp.
2. Origin of the repulsive core (universal or not)

BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 
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BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
2. Origin of the repulsive core (universal or not) 

BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
2. Origin of the repulsive core (universal or not) 

Inoue et al. (HAL QCD Coll.), PTP124(2010)591 

3-flavor QCD a=0.12 fm

Inoue et al. (HAL QCD Coll.), NPA881(2012)28

L=2 fm

L=2-4 fm
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same as NN 8s: strong repulsive core. repulsion only.
1: attractive instead of repulsive 
core ! attraction only . H-dibaryon.

same as NN 10: strong repulsive core. weak attraction.
8a: weak repulsive core. 
strong attraction.

Flavor dependences of BB interactions become manifest in SU(3) limit !



u d s

U d s

H-dibaryon:  
a possible six quark state(uuddss) 

predicted by the model but not observed yet.

http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.106.162001

Binding baryons on the lattice
April 26, 2011

http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.106.162001
http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.106.162001


 H-dibaryon in the flavor SU(3) limit

Attractive potential 
in the flavor singlet channel  

possibility of a bound state (H-dibaryon)
ΛΛ − NΞ − ΣΣ

Inoue et al. (HAL QCD Coll.), PRL106(2011)162002 a=0.12 fm
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Solve Schroedinger equation 
in the infinite volume 

One bound state (H-dibaryon) exists.
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An H-dibaryon exists in the flavor SU(3) limit.
Binding energy = 25-50 MeV at this range of quark mass.
A mild quark mass dependence.

Real world ?
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3-4. Extensions 



 H-dibaryon with the flavor SU(3) breaking
mu = md ̸= ms

SU(3) limit

ΛΛ − NΞ − ΣΣ

H
25-50 MeV

Real world

2386 MeV
ΣΣ

NΞ

ΛΛ

2257 MeV

2232 MeV

25 MeV

129 MeV

H ?

H ?
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  S=-2 “Inelastic” scattering
mN = 939 MeV, mΛ = 1116 MeV, mΣ = 1193 MeV, mΞ= 1318 MeV

S=-2 System(I=0)

MΛΛ = 2232 MeV < MNΞ = 2257 MeV < MΣΣ= 2386 MeV

The eigen-state of QCD in the finite box is a mixture of them: 

E = 2
√

m2
Λ + p2

1 =
√

m2
Ξ + p2

2 +
√

m2
N + p2

2 = 2
√

m2
Σ + p2

3

In this situation, we can not directly extract the scattering phase shift 
in lattice QCD.

|S = −2, I = 0, E⟩L = c1(L)|ΛΛ, E⟩ + c2(L)|ΞN, E⟩ + c3(L)|ΣΣ, E⟩



  Extended method
Let us consider 2-channel problem for simplicity.
NBS wave functions for 2 channels at 2 values of energy:

ΨΞN
α (x) = ⟨0|Ξ(x)N(0)|Eα⟩

ΨΛΛ
α (x) = ⟨0|Λ(x)Λ(0)|Eα⟩

α = 1, 2

They satisfy

(∇2 + p2
α)ΨΛΛ

α (x) = 0

(∇2 + q2
α)ΨΞN

α (x) = 0 |x| → ∞



We define the “potential” from the coupled channel Schroedinger equation:

(
∇2

2µΛΛ
+

p2
α

2µΛΛ

)
ΨΛΛ

α (x) = V ΛΛ←ΛΛ(x)ΨΛΛ
α (x) + V ΛΛ←ΞN (x)ΨΞN

α (x)

(
∇2

2µΞN
+

q2
α

2µΞN

)
ΨΞN

α (x) = V ΞN←ΛΛ(x)ΨΛΛ
α (x) + V ΞN←ΞN (x)ΨΞN

α (x)

µ: reduced mass

(
(E1 − HX

0 )ΨX
1 (x)

(E2 − HX
0 )ΨX

2 (x)

)
=

(
ΨX

1 (x) ΨY
1 (x)

ΨX
2 (x) ΨY

2 (x)

) (
V X←X(x)
V X←Y (x)

)

X, Y = ΛΛ or ΞN

(
V X←X(x)
V X←Y (x)

)
=

(
ΨX

1 (x) ΨY
1 (x)

ΨX
2 (x) ΨY

2 (x)

)−1 (
(E1 − HX

0 )ΨX
1 (x)

(E2 − HX
0 )ΨX

2 (x)

)

X ̸= Y

diagonal off-diagonal

diagonaloff-diagonal

Eα =
p2

α

2µΛΛ
,

q2
α

2µΞN



Using the coupled channel potentials:
(

V ΛΛ←ΛΛ(x) V ΞN←ΛΛ(x)
V ΛΛ←ΞN (x) V ΞN←ΞN (x)

)

we solve the coupled channel Schroedinger equation in the infinite volume with 
an appropriate boundary condition.

For example, we take the incomming ΛΛ state by hand.

In this way, we can avoid the mixture of several “in”-states.

Lattice is a tool to extract the interaction kernel (“T-matrix” or “potential”).

|S = −2, I = 0, E⟩L = c1(L)|ΛΛ, E⟩ + c2(L)|ΞN, E⟩ + c3(L)|ΣΣ, E⟩



  Preliminary results from HAL QCD Collaboration

Sasaki for HAL QCD Collaboration

2+1 flavor gauge configurations by PACS-CS collaboration.

RG improved gauge action & O(a) improved clover quark action

β = 1.90, a-1 = 2.176 [GeV], 323x64 lattice, L = 2.902 [fm].

κ
s
 = 0.13640 is fixed, κ

ud
 = 0.13700, 0.13727 and 0.13754 are chosen.

Flat wall source is considered to produce S-wave B-B state.

The KEK computer system A resources are used.  

u,d quark masses lighter

π 701±1 570±2 411±2

K 789±1 713±2 635±2

m
π
/m

Κ
0.89 0.80 0.65

N 1585±5 1411±12 1215±12

Λ 1644±5 1504±10 1351±  8

Σ 1660±4 1531±11 1400±10

Ξ 1710±5 1610±  9 1503±  7

Esb 1Esb 1 Esb 2Esb 2 Esb 3Esb 3

Kenji Sasaki (University of Tsukuba) for HAL QCD collaboration
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κ
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 = 0.13640 is fixed, κ

ud
 = 0.13700, 0.13727 and 0.13754 are chosen.

Flat wall source is considered to produce S-wave B-B state.

The KEK computer system A resources are used.  
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ΛΛ, ΝΞ, ΣΣ ΛΛ, ΝΞ, ΣΣ (I=0) (I=0) 11SS
00
 channel         channel        ΛΛ, ΝΞ, ΣΣ ΛΛ, ΝΞ, ΣΣ (I=0) (I=0) 11SS

00
 channel         channel        

In this channel, our group found the “H-dibaryon” in the SU(3) limit.
Kenji Sasaki (University of Tsukuba) for HAL QCD collaboration

All channels have repulsive core

Esb1 : mπ= 701 MeV 

Esb2 : mπ= 570 MeV

Esb3 : mπ= 411 MeV

Esb1 : mπ= 701 MeV 

Esb2 : mπ= 570 MeV

Esb3 : mπ= 411 MeV

Diagonal elements

Off-diagonal elements

shallow attractive pocket Deeper attractive pocket Strongly repulsive

Relatively weaker than the others

coupled channel 3x3 potentials



Preliminary !

Bound H-dibaryon
coupled to NΞ

H as ΛΛ resonance 
H as bound NΞ

H as ΛΛ resonance
H as bound NΞ

This suggests that H-dibaryon becomes resonance at physical point. 
Below or above NΞ ? Need simulation at physical point.

  

ΛΛ ΛΛ and and ΝΞΝΞ phase shifts phase shiftsΛΛ ΛΛ and and ΝΞΝΞ phase shifts phase shifts

Esb1:
Bound H-dibaryon

Esb2:

H-dibaryon is near the ΛΛ threshold
Esb3:

The H-dibaryon resonance energy is close to ΝΞ threshold..

Kenji Sasaki (University of Tsukuba) for HAL QCD collaboration

 We can see the clear resonance shape in ΛΛ phase shifts for Esb2 and 3.

 The “binding energy” of H-dibaryon from ΝΞ threshold becomes smaller 
as decreasing of quark masses.

Esb3 : mπ= 411 MeVEsb3 : mπ= 411 MeVEsb1 : mπ= 701 MeV Esb1 : mπ= 701 MeV Esb2 : mπ= 570 MeVEsb2 : mπ= 570 MeV

Preliminary!

��

N�

Physically, it is essential that H-dibaryon is a bound state in the flavor SU(3) limit.

�� and N� phase shift



4. Summary



• Lattice QCD is a very powerful method to investigate dynamics of quarks

• not only hadron masses but also hadron interactions can be investigated from 
the 1st principle

• the potential (HALQCD) method is new but very useful to investigate not only 
the nuclear force but also general baryonic interactions in (lattice) QCD.

• the method can be easily applied also to meson-baryon and meson-meson 
interactions.

Potentials from 
lattice QCD

Nuclear Physics
with these potentials

Neutron stars
Supernova explosion

Our strategy

Nuclear Forces from Lattice QCD

Chiral  Dynamics 09,  Bern, July 7, 2009

S. Aoki, T. Doi,  T. Inoue,  K. Murano, K. Sasaki  (Univ. Tsukuba)

T. Hatsuda, Y. Ikeda, N. Ishii (Univ. Tokyo)

H. Nemura (Tohoku Univ.)

T. Hatsuda  (Univ. Tokyo)

HAL QCD Collaboration
(Hadrons to Atomic Nuclei Lattice QCD Collaboration)

NN, YN, YY, 3N

forces from LQCD

Neutron

matter

quark

Matter?

Atomic nuclei Neutron starHadrons
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 Challenge: Three nucleon force (TNF)
Nuclear Force and Neutron Star 
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sustains neutron stars 
against gravitational collapse
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 TNF from lattice QCD

Linear setup

r r
1 2

3
Triton(I = 1/2, JP = 1/2+)

S-wave only(1,2) pair 1S0, 3S1, 3D1
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Figure 24: (Left) The wave function with linear setup in the triton channel. Red, blue, brown points
correspond to ϕS, ϕM , ϕ3D1 , respectively. (Right) The scalar/isoscalar TNF in the triton channel,
plotted against the distance r = |r12/2| in the linear setup. Taken from Ref. [58].

the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
etc., this is very encouraging result. Of course, further study is necessary to confirm this result, e.g., the
study of the ground state saturation, the evaluation of the constant shift by energies, the examination
of the discretization error.

8.2 Meson-baryon interactions

The potential method can be naturally extended to the meson-baryon systems and the meson-meson
systems. In this subsection, two applications of the potential method to the meson-baryon system are
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The first application is the study of the KN interaction in the I(JP ) = 0(1/2−) and 1(1/2−)
channels in the potential method. These channels may be relevant for the possible exotic state Θ+,
whose existence is still controversial.

The KN potentials in isospin I = 0 and I = 1 channels have been calculated in 2 + 1 full
QCD simulations, employing 700 gauge configurations on a 163 × 32 lattice at a = 0.121(1) fm and
(mπ,mK ,mN) = (871(1), 912(2), 1796(7)) in unit of MeV[60].

Fig. 25 shows the NBS wave functions of the KN scatterings in the I = 0 (left) and I = 1 (right)
channels. The large r behavior of the NBS wave functions in both channels do not show a sign of bound
state, though more detailed analysis is needed with larger volumes for a definite conclusion. On the
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Figure 24: (Left) The wave function with linear setup in the triton channel. Red, blue, brown points
correspond to ϕS, ϕM , ϕ3D1 , respectively. (Right) The scalar/isoscalar TNF in the triton channel,
plotted against the distance r = |r12/2| in the linear setup. Taken from Ref. [58].

the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
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included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
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scalar/isoscalar TNF is observed at short distance.

further study is needed to confirm this result.
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