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® Brief summary of Hydrodynamics and
Non-equilibrium stat-phys.
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®(Fluctuating) Hydrodynamics

® Generalized Fluctuating Hydrodynamics
® Crush Course of Mode-Coupling Theory
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® Brief Summary of Hydrodynamics and
Non-equilibrium stat-phys.

Macroscopic non-equilibrium phenomena is described by
various phenomenological (hydrodynamic) equations

Navier-Stokes equation

( Opm
o V- (pmv)
< 8p7n’0 2 1
T + V- (pmvv) =—-Vp+nV v+(§+§n> VV .o
\

Pm : Mass density P : Pressure 1) : Shear viscosity  ( : Bulk viscosity
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® Brief Summary of Hydrodynamics and
Non-equilibrium stat-phys.

Diffusion equation

",
_p — szp
ot L : cocentration D diffusion constant
Fourier law
ol 5
E — ZV T T : Temperature J . thermal coductivity T2
Ohm’s law

j — ot J : electric current & conductivity
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® Brief Summary of Hydrodynamics and
Non-equilibrium stat-phys.

Viscosity, diffusion constant, thermal conductivity,

condutivity, etc... are called Transport coefficients

All microscopic information is packed there.

ag?v =—V-pmVV—Vp+nV2V+(g+§n)VVoV
ap 2

P _pv

o p

CLI Ve,

ot

j=oE
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Fluctuation-Dissipation Theorem:
Transport coefficients written by equilibrium fluctuations!

Diffusion equation (Brownian motion)

9

_'0 — DVZIO

ot L : cocentration D diffusion constant
Equation of motion for a small diffusing particle /
Langevin equation do |

dt

f(t) - Random force
(F@) =0 (fi(t)f; (') = Adyo(t — 1) N

Whatis A?
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Fluctuation-Dissipation Theorem:
Transport coefficients written by equilibrium fluctuations!

t

'U(t) = / dt" e_’?’(t_t’)f(t*‘) V= C/—m,

m J_

e

A kpT
My kB
<L ! (0)> 2m2y

A =2m~ykpT = 2CkpT
(fi(t) f; (') = 2CkpT0;50(t — ')

Fluctuation-Dissipation Theorem

T
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Fluctuation-Dissipation Theorem:

Transport coefficients written by equilibrium fluctuations!
Velocity correlation function

Cij (1) = (ui(t);(0)) = ——e s,

t
Using R(t) = /dt" v(t)
0

i t t 2
(IR(t)|*) = 3filflfd12 (vi(t1)vi(ta)) =3ftlf1/df-z Cii(t1 —t2)
0 0 o Jo

~ 6t f dr Cy (1)
0

From the definition of diffusion coefficient {|R(t)[*) = 6Dt

D :/ dt (v;(t)vi(0)) and | D= B?
0

Einstein relation
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Fluctuation-Dissipation Theorem:
Transport coefficients written by equilibrium fluctuations!

Diffusion coefficient

D= / dt (vi(t)v;(0))

Viscosity

1 (8 9
n = VA?BT/G dt (04, (t)oz5(0))

Conductivity

1 oo
o= T | dt (J.(t).J-(0))

Fluctuation-Dissipation Theorem
Green-Kubo formulae
Linear Response Theory
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® History to evaluate transport coefficient

- MCT with
v/ Long time tail g , ¥ [l OMeNtum mode
: (Alder et al) ;‘ (Cohen, Resibois, et al)
Boltzmann
equation : MCT with
Failure of : »
density expansion d(_ansny _mode_ (van Beijeren,
(Sengers) Kirkpatrick, Sjogren et al.)
[
Dilute Gases Dense Gases Liquids Glasses

Ring collision
(Kawasaki, Sengers et al)

MCT for _I\/ICT IS
critical dynamics now encoded in
(Kawasaki) -

thermodynamics of
MCT for Glass glasses?
(Gotze, Leutheusser) (unfinshed)...

DIA for 2
turbulence
(Kraichinan)
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® Brief Introduction of MCT

“Only” first principles theory of the glass transition

2 e
F&D _ DX Ekib)- [[ dtM (K t - pyoE )
ot S (k) ................. —— ot'

..IIT-II‘

Structure factor

Memory function (taking care of multibody collisions)

-------
..............
. e

.

M (K, t) = jqu<q<—q)F<q t)F(k—q,t)

A function of
structure factor
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® Brief Introduction of MCT

MCT can Predict 2-step relaxation using S(k) as a
only input.

Simulation
0.8 . 0.8
0.6 1~ 06 |\ -
= é H' H"\

X 0.4F 04} A I. ". \ | |
“ | HighT Low T High T—— \ — > Low|T
021 \\\\\ :& 02 \\, \\ oL _

'l.l\ L\ \‘.\ \ \"., \
ok o L_ .K\.\\\.\\\.

l() lO lO 10° 10 10° 10° 10" 10’ 10-4 10-2 100 102 104 106

t
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® Brief Introduction of MCT

Macroscopic Hydrodynamics Diffusive and Congested motion at
Navier-Stokes equation molecular length scale (Cage effect).
Only relevant length scale is the molecular
size (0)
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® Brief Introduction of MCT

From macroscopic hydrodynamics to microscopic molecular kinetics

From dense liquid to very dense glassy liquid

Newton equation «Our approach

Langevin equation

Navier-Stokes equation
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® (Fluctuating) Hydrodynamics

4 . . . . )
Navier-Stokes equation with fluctuations
( Opm
YR —V - (pmv)
< ap?nv 2 1
5 + V- (pmov) = =Vp+nV7v + (C+§n) VV-v + f
\ _
Pm : Mass density P : Pressure 1) : Shear viscosity (' : Bulk viscosity)
\§
( {f(r t)> =0

(filr, ) (' 1)) = kBOaOpLai g0 (r — 7)o (t — ')

2 .
= (':1:!8{ f‘iTBT 1 5&-"51'.8 + 6&;5'6-1" — —(Sai'ér il T+ C_:'{jaifgﬁ' dr — T‘f ot — f’-'r
B 7% p%j 3 Bij Bj

L

Landau-Lifshitz fluctuating hydrodynamics (see old edition of
“Fluid Mechanics’)
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® (Fluctuating) Hydrodynamics

/Linearized Navier-Stokes equation with fluctuations A
p(r,t) = p, +9p(r,1), pu(r,t) = pu, +J(r,1)
( Jop
===V J
) % B (g—i) Vop+vViJ+TIVV-J+ f
— V5p+v\72J+i(Q+1n>VV J+f
\ mpox Pm
(= (‘3‘ ) _ 1 (?) . Compressibility v =1/pm :Kinematic viscosity
p po \Ip/)r
In the reciprocal space
( Dopx _ (1)
o —ik.Jy,
o (D)
g &fk = — L ikdpy — Tk%J (E} + f‘(”“r
Ot mpgxX )
5700 . I'=(C+4n/3)/pm
- 01; = — k2 £l . Sound attenuation coefficient /
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® (Fluctuating) Hydrodynamics

/Equation for the density correlation function )
O*F(k.t) 2P () — Hg@F(ﬁ t) Equation of damping
2 - ‘ Ot oscillator
¢ = ! . Sound velocity
PoX
Eigen-modes 7= i\/(-?}ﬂ n %mé - %m?
In the hydrodynamic limit; k <<1 In the overdamped limit; k >>1
21,2 2
» &~ +ick — ll_‘,f,-t? z~—Ck/Tk
) 2P, — e é‘i 2
2 -9
Crossover takes place when ck ~Tk®> =» A =T/c~10"m

\_ Molecular size! -/
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® Generalized Fluctuating Hydrodynamics

We need to extend hydrodynamics to the molecular length scales.

Mori-Zwanzig projection operator method, Generalized Enskog
Theory, etc...
4 )

c’k® — c?(k)k?
'k* - T(k)k?

PE(t) 5oy LOF (k1)
) = (k) - TR
RE(kt) OF(k, 1)
- S = —A(R)RAF(k, t) — T()
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® Generalized Fluctuating Hydrodynamics
4 )

c’k® — c?(k)k?

Compressibility in ¢°=1/p,y  can be written in terms of the macroscopic

Number fluctuations as (see Landau-Lifshitz. SP Sec12)
1
< (AN?) = pokpTx

Using the local density; AN = [dr dp(r)

pokBTX:/dr/dr’ %(5,0(7')5/)(1"'))

Or in its reciprocal space representation

Static structure factor
(equal time density correlator)

Thus
! 1 kg1

L ~ pox(k) — S(k) p

1 o
pokT'X = 111_{% ~ (0pKop—x) = 1112% S(k)
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0 Generalized Fluctuating Hydrodynamlcs

sz —)F(k)kz o2 \ Tm--8 pS

N
)
a4

Guess from the generalized Boltzman-Enskog
Theory (Cohen, Kirkpatrick, etc. 1980s).

This takes the effect of the size of the particle o, 100 :
the change of the phase exp(iko), and the collision
frequency g(o) into account in the Boltzmann
equation.

Im|[z]

I"(k)k? is almost constant around k =1/ o

6
Ko
Generalized modes evaluated for dense hard sphere using the
\ generalized B-E equation (from de Montfrooij (2008)) /




TR FNHFEGHE T. T—Fa G ZEmEAFT

® Generalized Fluctuating Hydrodynamics
( At large k’s, we have
;%/f) — 2R (k. t) - (k)2 é‘i 2
\CQ(@ _ fml \F(k)kQ =(

~

— S(k)
OF (k. t) kpTk? DK
m) o = ~esgn F k) =~ 5oy F k.0

Diffusion Equation

Drastic slow down at molecular length scale
(de Genne narrowing).

But not slow enough to explain the decades of
Increase of the relaxation time near the glass

\transmon point. k j

2m/o

S(k)
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® Crush Course of Mode-Coupling Theory

Free energy (as a functional of density
Flp| ~ kgT {/dr p(r){lnp(r)—1} — /dfrl /dr?f (rq — rg)ﬁp(rl)(ﬁp(rg)}

c(r) : Direct correlation function (a function of S(k))

4 )
OF (k. t) kpTk? DFk?
= — F(k,t) = ———F(k,t)
ot CS(k) S(k)
What is missing is the non-linear feedback mechanism of the cage
diffusion. “The tight cages would decelerate the diffusion, which in turn
would make the cage tighter.”
oJ 1 _o0F Gibbs-Duhem Vdp = Nd
=~V vV +TVV - J a H
ot op
_oF
po= 5p

J
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® Crush Course of Mode-Coupling Theory

(Thus the pressure term is \
! OF kel {V0,0(T') /dfr' c(r —rop(r') —dp(r)V /dfr'"c(fr' — T’)ép(r’)}

m 0p m

(O0px _ ()
= —ik.J
Ot k
| 24 _ Wl Bl /d ik - qe(k — q)0pi_qdpq — Tek2 I
\ 6t - 'TT?.-S(JIC) IOk m q gc q )Ok_q pq k “k
The nonlinear term in the density fluctuations
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® Crush Course of Mode-Coupling Theory

O easy steps to renormalize the nonlinear dynamic equation
(MSR field theory)

( Ppe _ O )
ot
) 00 ikkT . kpT /d e~ ek — @)precdpe — Tk 7
Lot mS(k) Pl m q1R-qc q4)0Pk—q%Pq k)

The nonlinear term in the density fluctuations

Step O0: Let’'s simplify the equation

X(t) = —y X(t) + A X (t) +77(t)

with

(nOn(t')) = 2kgys(t - t')




TR FNHFEGHE T. T—Fa G ZEmEAFT

® Crush Course of Mode-Coupling Theory

Step 1. Multiply x(0) from the right, and then take the average over ensemble

or G, (1) = (x(1)x(0))

P =—y C, (1) + AC, (1)

where C2,1 (t)= <X2 (t)X(O)>
Step 2. From the reversibility of time

C,.(t) = C,,(t) = (x(t)x*(0))

Step 3: Take the time derivative of C,,(t) = <x(t)x2(0)>

oC, , (1)
gi =7 C1,2 (t) + ﬂCz,z (t)

\ where Cz’z(t) — <X2(t)X2(O)> /
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® Crush Course of Mode-Coupling Theory

/Step 4: Solving the equation formally for C, ,(t)

C,,(1) = A dt'exp[- y(t—1')]C, ,(t')

Step 5: Plug this back to equation for C, (t)

0C,(1) _
ot

Step 6: Gaussian approximation for C, , (t)

C,, (1) = (x*()x*(0)) = 2(x(t)x(0))" = 2C; (t)

\_

~

=~y C, (1) + 2[ dt'exp[- y(t—1)]C, ()

J
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® Crush Course of Mode-Coupling Theory

/Step 7. Also the simple relaxation can be approximated as

exp[— /4 t] ~ C, (1)

Step 8: Now arrived at equation closed in terms of C,(t)!

oC, (1) 2 (o o i OC, (1)
: =—y C,(t)—24 jodt C2(t—t) 2
Step 9: Translate back to the original variables. Voila!!
2
oF (k,t) _ DK F (k1) — jdt M (K.t — t)aF(kt)
ot S(k) ot’

\_

~
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® \What MCT can and cannot do

Check List

1. 2ERIEHET
FET L= X/t TE 7L (FERIFF(E]) DIEX
5|EUELSINI=FEH BT R
Stokes-Einstein A/ #g#
ZAFSORDIr—1)>0"
ZPFI I — 1%

N o o s~ W DN
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® \What MCT can and cannot do

MCT can Predict 2-step relaxation

Simulation

0.8+ = 0.8

0.6_ — ,::;\ 0-6 |
= | Late -
<04 § = 04

High T

i Low T A MR\ —> Low|T
1 \\\\ i\@ 2 \\ \\ \"x \*~ \"‘x \ ? |
0k . OO

lO 10 lO 10° 10 10° 10> 10° 10° 10-4 10-2 100 102 104 106
t
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® \What MCT can and cannot do

MCT can Predict 2-step relaxation

Simulation
1 —rrrrmn— Q AL I \ 1
0.8 N 0.8
0.6 — ~ 06|
= - >
< 04 Late B | = o4l 4 ‘ |
LL | II". Il"., H”-.I \ H\\ i\ \‘\
0.2F ] 02t \\ \\-. \ \ '
I - \x VALY
?031021(;11(;0 161 105 3 10 "'1”*05 0 |-4 |-2l \ 0\ - 2\ \4 I6
t 10 10 10 10 10 10
t

Algebraic 3 relaxation (von Schweldler law)

For a hard sphere colloidal glass Experiment:; a=0.328, b=0.646
MCT. a=0.312, b=0.583
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® \What MCT can and cannot do

MCT can Predict 2-step relaxation
:: ::: 6 i Beta scaling regime IE
fo: * o, —
. LIT N ' i
| |
P
<l
R T N

T I I I I I T
10" 10° 10" 10° 10° 10* 10°

[

1 (Gleim and Kob '00)

Algebraic 3 relaxation (von Schweldler law)

For a hard sphere colloidal glass Experiment: 2 =0.328, b=0.646
(van Megen 1995) MCT: a = 0.312’ b=0.583
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® \What MCT can and cannot do

MCT can predict power law of a relaxation time
and viscosity

10° 1
10° —y
4 ] (X: —_
105 Lo ‘T TMCT‘
10° 1
10?4 e
oC —
S 105 17|l =Tyer
10° ®ee
.1 ® Kob-Anderson LJ, MD (1995) ] _ 1 1
10 7 @ Kob-Anderson LJ, BD (Szamel, 2005)" @ 1 with y=——+—
1072 ] Power law fit with T_=0.43 and y=2.31 ¢ o Za 2b
. Power law fit with T_=0.435 and y=2.45 E
10° 107 10™ 10° 10"
T T MCT predicts ¥ = 2.46
— 'MCT

(for LJ binary system
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® \What MCT can and cannot do

MCT can’t go beyond Tyt (> Ty)

Predict a spurious non-Ergodic transition at Ty,

T=Tyer |
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® \What MCT can and cannot do

MCT can’t go beyond Tyt (> Ty)

1012
® OTP (T,=243K)
A CKN (T,=333K) ] .
—— OTP, MCT fit with T =200, y=2.7 Vogel-Fulcher fit
. — CKN, MCT fit with T =378, =2.7
10 n=Aexp[B/(T -T,)]

n (poise)

MCT fit
10° 4
) = ‘T — Tyier
10 4
0.0
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® \What MCT can and cannot do

MCT can't explain Stokes-Einstein Law D oc %

11 1 —@— 4D (present)
—a&— 3D (polydisperse)

E o) —%— 3D (binary mixture)
- ==== 4D - MCT
[ 7 - ==== 3D - MCT
Q
e’
=~
S 9]
SHEER
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® \What MCT can and cannot do

MCT can’t give a quantitatve prediction for T

10°7 I —7
10°1 ( flt)
oc [T —
103 TOC T TmCt
103%
10° 1
e o
ot IR ** { For binary Lennard-Jones system
e 2 ey (fit) T (theoy) — 0,9515
10_3 — Power law fit with TZ=0.435 and y=2.45 Tmct - 0'435 mct - .
w0 10° 1c|)‘2 1c|) 1|o° 10"
T —Tyer For binary hard-sphere system
: (theory) __
gﬂr(nfcltt) = 058 gomct - 052

Discuss about It later
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® \What MCT can and cannot do

Check List
VI 1. cemeEm
2. FEFL =D RBYGERETEGFH (FEFIFFE]) DIEX
3. 5IEFEIFSIN/-IEHEH AT
Stokes-Einstein /MDA
BALFIORDIr—1>0
BRI E— 1%

il

N o O Bs



