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Role of complementarity
on Entanglement detection

Ryo Namiki

Quantum optics group, Kyoto University
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*Quantum entanglement

sInseparability (entangled state)
Form of density operators
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Guhne&Toth, Phys. Rep. 474, 1 (2009)
Horodeckis, Rev. Mod. Phys. 81, 865, (2009)
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*Entanglement measure (LOCC monotone) Classical
Quantify the strength of quantum correlation ~ ©°mmunieation
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Basic concepts on Quantum mechanics
(A p)’ C:=||x, pll|/2
L (AxP@apreC

*Canonical uncertainty relation
Trade off |
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*Quantum entanglement 0

- Inseparability Pas7 Z,. DiP 4i® P
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e.g., |‘//>AB=21' a;
- Entanglement measure

M <pAB)ZM(LLOCC (0.42))



Einstein-Podolsky-Rosen (EPR) state

W) p:=]dx|x),|x) /N2

Simultaneous eigenstate of
ﬁA_I_}?AB’ xAA_xAB

Positions are correlated and
Momentums are anti-correlated

(A (Pt Pg))~0, (A2(F,—%5))~0

(A p) ; |
i - EPR paradox!

30 Uncertainty relation! 3
UV =1 o

(Ax)(Ap)y=C
U=<A2(u)€A—w€B)>/C
V=(Aup+v py))C




Entanglement detection via EPR paradox

Product criterion for entanglement

<A2(”xAA_VXAB>><A2<M]7AA+V]7AB)><C2

C:=||x, pl|/2

2 A A 2 A A 2 . .
<A (uxA—va)><A (upA—va)>>C Uncertainty relation!
V. Giovannetti et al., Phys. Rev. A67, 022320 (2003)

Stronger Correlation beyond the uncertainty limit

*Quantum entanglement

D7 Zi DiP 4i® Py <

Give a constraint on the form
Of the density operator

EPR paradox!
UV =1

u+vi=1

U=<A2(u)€A—va)>/C
V=<A2(u]5A+vﬁB)>/C




Complementary correlations for entanglement

. .\ Zlo)=lo)  xl|o)=[0)
‘Maximally entangled state (of two qubits) z1)=—1) x|1)=—1)

,)=(100)+|11))/\2 ) 5

__ _ 0)=(]0)+|1))/~2

=(00)+/1 )2 =0

Simultaneous eigenstate of product Pauli operators ]

XX, 2,2, 7o) ¢

Strong correlations on the conjugate variables f(-—[o 1)

(2,~7,)=0 (X, —X,)=0 L0

An average correlation of the Z-basis bits and X-basis bits exceeds 75%

— Z AUl e NG+ Gl e 1)) = <:> <)€AXB+ZAAZAB>>1

;{11

:> the state is entangled:
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Uncertainty relations and entanglement

2 A A 2 A A 2
Continuous—variable systems <A (MXA—VXB)><A (upA+VpB)><C
Continuous—variable entanglement

C:=||x, pl|/2

| X Xyt Z,Zy)>1
Pair of two-levels systems
Qubit-Qubit entanglement

3 il @ il + 1)l e 1)l ?’“;31
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Strength of measured correlations Uncertainty
relations?

*Fourier-based uncertainty relations
*Generalized Pauli-operators on d-level systems

R. Namiki and Y. Tokunaga, Phys. Rev. Lett. 108, 230503 (2012)



Complementary elements and Uncertainty Relations

Conjugate bases: Z-basis {[0),|1),---,|d— 1)}
on d-level system neie | d—1 ikwj
y X-basis ) = \/_ Zh o€ k)

Two Fourier distributions P(j) == {jlplj) P(]) = <I\p\§>

Trade-off

Cannot have sharp peaks P (k)
simultaneously T
ﬂﬂﬂﬂﬂﬂﬂ,wi

Never coexist on the unit circle

(At least one is inside) ;
k_/lff 1) k“ =T,
: |d—2] _ |d=2,

Z (X
Two (generalized) Pauli operators ar - _
Z:= Y eIl X=> i+ 1l
7=0 7=0
N iw i =1 iwj|5\/5
=2, P(j)e" wi=2r/d = Lis€ i)l



Complementary elements and Uncertainty Relations

Conjugate bases; Z-basis {|0).[1),---
d—1 fi kwj
== Do € |k)

on d-level system  y_} .qis 7Y =

Discrete Fourier-based
Uncertainty relations

d—1
[ S (PAG)+ PP <1+ = ]

=0

U. Laisen, J. Phys. A: Math. Gen. 23, 1041 (1990).

(Z)|cost+ |(X)]sind

< —I(Z+ Z")cosh + (X + XT)sind)|

1
2
10| := max(yuy=1 | (ul Ou) |.

S. Massar and P. Spindel, Phys. Rev. Lett. 100, 190401
(2008)
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=1 iwij|5\ /5
wi=2r/d = 20 € i)



Theorem. The state is entangled if it satisfies either of

d x d level system -t 1
> (5 Gle i) G+ [7) Gle [=5) (<)) > 1+
§=0
(ZaZh + 78 75 + XaXp + XLXL) > 20,
Q\\\IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII"], R. Namiki and Y. TOkunaga
= _Cl_(_) z )
- 2qubits (d =2 Phys. Rev. Lett. 108, 230503 (2012)
: = Z UNGl e Gl + 1)1 @ 1)) 3}—
(X X+ Z,Zy)>1 - [P0
///lllIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII\\\ E 18_
Discrete Fourier-based Uncertainty relations % 16
b2 L 2 1 s 14
> (P2()+P2(5) <1+ = 5
i=0 2 1.2
U. Larsen, J. Phys. A: Math. Gen. 23, 1041 (1990). Ol o N
. 2 345 10 20 50 100
) (X)) sin 0 A dimension d

1
< §||(Z—I—Z‘L)cost9—|— (X + XT)sind||

My = max |[(Z)o] + [(X)]?]

2
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S. Massar and P. Spindel, Phys. Rev. Lett. 100, 190401
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Theorem. The state is entangled if it satisfies either of

O <d21(.f> Gle ) Gl +[7) Gl @ [<7) <,,-|)> > 14

F=0
SN G2 4 2 2y XaXp + XL > 20,

For d= 2,3 two conditions are equivalent. R. Namiki and Y. Tokunaga,
For d = 4 there are mutually exclusive subsets. Phys. Rev. Lett. 108, 230503 (2012)

10- ¥ = p{I]D,D +(1-p)o F(dr2) . F(d/2)
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Basic concepts on Quantum mechanics
(A p)’ C:=||x, pll|/2

*Canonical uncertainty relation
Trade off |
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*Quantum entanglement 0
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e.g., |W>AB=Zi a;
- Entanglement measure

M <pAB)ZM(LLOCC (0.42))




Theorem. Multi-level coherence

RN 0?2, Pl (v,
B > (d—ﬂa+1)co:-_4;+(d+k—1) :> )
(1<k=<d) W)=, alu) @]V,
Total correlations (W) ,5c]0)]0)+|1)[1)+]2)|2)+
Cqi= E{tmm ® | )1+ 1)1 @ [=7X= . f 4
[ﬁz 0= NZ\Zh + 721 7p) + L(X, X + XIXT). ] iv /‘Z(/,

The state needs to include # of k+71 coherent superposition of the product states

The figure k is called the Schmidt number which can quantify entanglement
(entanglement monotone).
Fork=1
b:)( b,

pAB;éZi pipAi®pBi=Zi pi’ ®

@)@,

R. Namiki and Y. Tokunaga, Phys. Rev. Lett. 108, 230503 (2012)



Theorem. Multi-level coherence of Quantum Gates

E(p);éz,AipAif

l

rank (A,)<k

Input-output correlation

Description by less-than rank-k
Kraus operators is not admissible!

1 INEEE N
"= ZdZ (G E (i)l + | E (7)) dA4;s.t.,rank (A,)>k
Z-basis X-basis
p» E | »p' Trace-preserving

|deal unitary gates
Eideal<p)=Up UT

General physical maps

p'=E(p

)= ApA]

Irp'=Trp=1
U'u=1 rank (U )=d

rank (A)<k
k-1
2 AiA=1 oA w)ec2, alu),®|v),

Degrade Schmidt number Less-than k

R. Namiki and Y. Tokunaga, Phys. Rev. A 85, 010305(R) (2012).



Application for known experiments

p'=E(p #Z A. pAT
: rank (A,)<k
Input-output correlation (Average fidelity)

F=izi<< E(li)ih|u,)+( iU

A basic elements of quantum computer: CNOT gate
d=4

Entanglement
Breaking

C-Not Gate Schmidt number k F =l(F +F,) k=1
(at least) c 207 04 E = %
UC—NOT:‘i>_>|Ui> 0.89 [24]
4 .
0/[0)=[0}]0) F¥=0.875
0)[1)-10)[1) 3 0.86 [23] )
1)]o)—|1)[1) F?=0.75
1)|1)—|1)0) 2 "
0)|T)—|1)[T)
T> 6>—> T> 6> [19] S. Olmschenk et al., Science 323, 486 (2009).
- — | = 23] R. Okamoto et al., Phys. Rev. Lett. 95, 210506 (2005).
[)]1)-[0)[T) 24] X. H. Bao et al., Phys. Rev. Lett. 98, 170502 (2007).




Summary

Role of Complementary on Entanglement detection

Quantum entanglement & Uncertainty relations
Simultaneous correlations on complementary observables

— Inseparability of two-body density operators

— Strength of quantum correlations X X

—(Coherence of Quantum Gates) z A
*Two measurement settings /ﬁ - //4
*Multi-dimensional entanglement -

R. Namiki and Y. Tokunaga, Phys. Rev. Lett. 108, 230503 (2012).
(R. Namiki and Y. Tokunaga, Phys. Rev. A 85, 010305(R) (2012). )



