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• The extension shifts the identification of the mass M from being the energy U 

to being the enthalpy，to wit 

𝑀 = 𝐻 ≡ 𝑈 + 𝑃𝑉

• The first law now becomes   𝑑𝑀 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 +Φ𝑑𝑄 + Ω𝑑𝐽

• The thermodynamic volume is the conjugate of pressure

𝑉 =
𝜕𝑀

𝜕𝑃
𝑆,𝑄,𝐽

For asymptotically AdS black holes, negative cosmological constant provides positive 

pressure to the whole spacetime thus yields the definition of the pressure for 

thermodynamics as

P = −
Λ

8𝜋

1.Background: Extended Black Hole 
Thermodynamics



With pressure and volume in play alongside temperature and 

entropy, extracting mechanical useful work from heat energy 

becomes natural. 

In this engine, the input/exhaust of heat and the mechanical 

work can all be determined from the gravitational system, so the 

engine efficiency can be evaluated directly. 
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Thermodynamics and extended thermodynamics 

Phenomena in the extended thermodynamics of black hole including Van der 
Waals like phase transition, triple points and reentrant phase transition and so 
on have been investigated. The possibility of extracting mechanical useful 
work from heat energy naturally materializes.
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Thermodynamic Cycles and Heat Engines

The input of an amount of heat 

𝑄𝐻

and the exhaust of an amount 

𝑄𝐶

By the first law  𝑊 = 𝑄𝐻 − 𝑄𝐶

The efficiency of heat engine

𝜂 = 𝑊/𝑄𝐻 = 1− 𝑄𝐶/𝑄𝐻

This  is the maximum efficiency 

any heat engine can have.



In our work, we investigate a charged black hole  with k-essence, as a simple 

holographic realization of momentum dissipation. 

Consider black holes undergoing the 

Carnot cycle. The efficiency of the 

Carnot cycle does not depend on the 

equation of state and hence should 

be the same for all black hole 

systems. It is given by      

𝜂𝐶𝑎𝑟𝑛𝑜𝑡 = 1 −
𝑄𝐶

𝑄𝐻
= 1 −

𝑇𝐶

𝑇𝐻

The rectangular paths in the 𝑃 −

𝑉 𝑝𝑙𝑎𝑛𝑒. The heat flow only occurs for 

the horizontal paths which are at 

constant pressure, using the first 

law 𝛿𝑀 = 𝛿𝐻 = 𝑇δS + V𝛿𝑃 with 𝛿𝑃 =

0,we get the efficiency 

𝜂 = 1 −
𝑀3 −𝑀4

𝑀2 −𝑀1



• In systems with prefect translational symmetry, the particles cannot dissipate 

their momentum. For heat engine, the implement of momentum dissipation is 

necessary. 

• Previously in the context of holographic optical conductivity, translational 

symmetry was broken by either introducing a graviton mass term, or a lattice. 

Both methods are rather complicated.
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A simpler method to achieve this is via k-essence.

Motivation
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A Horndeski black hole model 

• The four-dimensional Horndeski gravity with the 𝑘 − essence sector:

𝑆 =
1

16𝜋
 −𝑔 (𝑅 − 2Λ −

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −σ𝑖=1
2 (Xi+𝛾𝑋𝑖

𝑘))𝑑4𝑥, Xi=
1

2
∇𝜇Φ𝑖∇𝜇Φ𝑖

• From this, we can get the following exact black hole solution

𝑑𝑠2 = −𝑓 𝑟 𝑑𝑡2 +
𝑑𝑟2

𝑓 𝑟
+ 𝑟2 𝑑𝑥1

2 + 𝑑𝑥2
2

With     𝑓 𝑟 =
𝑟2

𝑙2
−

2𝑚

𝑟
−

𝜆2

2
+ 𝛾

𝜆2𝑘

2𝑘 2𝑘−3
𝑟2 1−𝑘 +

𝑞2

4𝑟2

and the matter fields  𝜙1 = 𝜆 𝑥1, 𝜙2 = 𝜆 𝑥2,

𝐴 = 𝜇 −
𝑞

𝑟
dt

From this, we get the state equation 

𝑃 =
𝑇

2𝑟ℎ
+

𝑞2

32𝜋𝑟ℎ
4 +

𝜆2

16𝜋𝑟ℎ
2+ 

𝛾2−𝑘−3𝜆2𝑘𝑟ℎ
−2𝑘

𝜋
𝑟ℎ : black hole horizon



• The general specific heat is defined as C = 𝑇(𝜕𝑆/𝜕𝑇),

• From the expression of temperature, we can get

𝜕𝑇

𝜕𝑟ℎ
=

2𝑃 +
3𝑞2

16𝜋𝑟ℎ
4 +

𝜆2

8𝜋𝑟ℎ
2 +

𝛾2−𝑘−2 2𝑘 − 1 𝜆2𝑘𝑟ℎ
−2𝑘

𝜋

1 − 2𝑟ℎ
𝜕𝑃
𝜕𝑇

So the formula of the specific heat is  

𝐶 = 𝑇
𝜕S

𝜕𝑇
= 𝑇

𝜕𝑆
𝜕𝑟ℎ
𝜕𝑇
𝜕𝑟ℎ

= 1− 2𝑟ℎ
𝜕𝑃

𝜕𝑇

2𝜋𝑃𝑟ℎ
6 −

1
16

𝑞2𝑟ℎ
2 −

1
8
𝜆2𝑟ℎ

4 − 𝛾2−𝑘−2𝜆2𝑘𝑟ℎ
6−2𝑘

4𝜋𝑃𝑟ℎ
4 +

1
4
𝜆2𝑟ℎ

2 +
3
8
𝑞2 + 𝛾2−𝑘−1 2𝑘 − 1 𝜆2𝑘𝑟ℎ

4−2𝑘

The state equation gives us (
𝜕𝑃

𝜕𝑇
)𝑉=

1

2𝑟ℎ
. Thus, the specific heat at constant volume is 

reduced to 𝐶𝑣 = 𝑇(
𝜕𝑃

𝜕𝑇
)𝑉=0, which implies that adiabats and isochores are equivalent. 

3.Holographic heat engine in Horndeski 



Now, we are ready to define a heat engine dual 

to the black hole. we consider a rectangular 

cycle in the P - V plane. The cycle consists of 

two isobars and two isochores as shown in the 

left, where 1;2;3;4 are four corners in the thermal 

flow cycle. 

The engine efficiency is computed by

𝜂 =
𝑊

𝑄𝐻
=
(𝑉2−𝑉1)(𝑃1 − 𝑃4)


𝑇1

𝑇2𝐶𝑝 𝑃1, 𝑇 𝑑𝑇

In P – V plane, the isotherms at temperatures Th and Tl with Th > Tl give the Carnot 

efficiency ηC and for our engine, Carnot  efficiency 𝜂𝑐= 1 −
𝑇𝑙

𝑇ℎ
= 1 −

𝑇4

𝑇2



η and η/𝜂𝐶 are both suppressed by increasing the coupling parameter 𝛾 and 𝜂 is 

always lower than the Carnot efficiency. 

Table 1 list the related efficiency 

for samples of exponent k. As 

𝑘 increases, 𝜂 increases slowly, 

so does 𝜂/𝜂𝐶. 

Results

𝜂 = 1 −
𝑀3 −𝑀4

𝑀2 −𝑀1

𝜂 =
𝑊

𝑄𝐻
=
(𝑉2−𝑉1)(𝑃1 − 𝑃4)

𝑇1
𝑇2 𝐶𝑝 𝑃1, 𝑇 𝑑𝑇

𝜂𝐶 = 1 −
𝑇𝐶

𝑇𝐻

𝜂 η/𝜂𝐶

𝛾 𝛾



➢Study the efficiency with other heat flow cycles such as Rankine circle.

➢Physics of heat flow from CFT viewpoint?

The stress tensor’s properties are consistent with that of a conformally invariant fluid 

with density ρ(proportional to pressure). Both of them are set by the energy. So that 

fluid pressure is not the p of the AdS thermodynamics. Consequently, it is interested to 

figure out the meaning of p and mechanical work done over the circle in the field 

theory.

Prospects

The Rankine cycle, which is used in for example, 

steam turbines, and makes use of the liquid/gas 

phase transition. The efficiency for this cycle is 

given by

𝜂 = 1 −
𝐴𝑟𝑒𝑎(𝐴𝐷𝐸𝐹𝐴)

𝐴𝑟𝑒𝑎(𝐹𝐴𝐵𝐶𝐷𝐸𝐹)



Thank you!
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In order to study the efficiency directly from the definition. We consider the 

large temperature limit , in term of large 𝑇 ,we obtain


