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Prologue
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QG ?

Unification in physics:  consider extreme regimes…



Towards QG…
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Black holes are playing a key role in this quest...
Gauge/gravity duality substantiates this expectation
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Black holes
Black hole = region of spacetime which cannot communicate 
with the external universe

time

space

collapsing
star

event
horizon light

cones

black hole

In nature, typically occurs as endpoint of gravitational collapse

curvature singularity 

↝ GR predicts its own downfall!



Light bending
Background: ordinary starry sky;  Foreground: merging black holes

LIGO (SXS) simulation of the event 1.3 billion years ago (two black holes merged into a single one) 
which led to the first direct detection of gravitational waves in 2015



Observing black holes

No light escapes from black hole, so we cannot see it directly

And now we have entered the exciting era of gravitational wave detection

But we see the effects of the spacetime on surrounding matter :

stellar orbits stars get ripped apart accreting matter gets heated & radiates

⇒   We can learn a lot from far away…



Many guises of black holes

• Remarkably related to ‘ordinary’ systems

• Astronomical objects 
powering the most energetic processes in the universe

• May hold a key to quantum gravity

• Mathematically elegant

• Lie at heart of profound dualities



Black hole characteristics

Cf. essential characteristics of ordinary matter (e.g. fluid)
temperature
energy
entropy S

E

T

Important characteristics of a black hole:
mass
horizon area
surface gravity       
(= force exerted at infinity to keep a unit mass suspended at horizon)


A

M

A 



Important characteristics of a black hole:
mass
horizon area
surface gravity       
(= force exerted at infinity to keep a unit mass suspended at horizon)


A

M

Black hole thermodynamics

Laws of BH mechanics mimic laws of thermodynamics:
0.  is constant over horizon

for stationary BH

1. dM = (1/8⇡) dA+ ⌦H dJ

2. �A � 0 in any process

3. Impossible to achieve  = 0

by a physical process

0. T is constant over system

in thermal equilibrium

1. dE = T dS +work terms

2. �S � 0 in any process

3. Impossible to achieve T = 0

by a physical process



Black holes as thermodynamic objects

Natural question:  statistical mechanics origin of BH entropy?

SBH =
kB c3

G ~
A

4
⇒ identify

gravity quantum mechanics

relativitystatistical mechanics

Full understanding requires

TBH =
~ c
kB



2⇡
black holes radiate at temperature

           substantiated by semi-classical calculations [Hawking]: T ⇠ 
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            motivated by gedanken-experiments of matter falling into BH S ⇠ A
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[Bekenstein]



Black hole Information Paradox

This clash provides an important clue toward formulating a unified theory.

According to quantum mechanics, 
information can never be lost.

…?

According to general relativity, information which falls into a black hole is lost 
forever.

…



Entropy bound

Generalized Second Law:  combined matter + BH entropy increases
↝ Spherical entropy bound (slowly evolving systems):

Smatter 
A

4

[‘t Hooft, Susskind]

A

V

S

VS ⌧
entropy       is not extensive:⇒

Intuitive expectation:
Amount of information we can store in a region should scale 
with the volume…
… in absence of gravity. 
With gravity, sufficiently large info storage will collapse to a black hole  
⇒  can’t exceed S = A/4



Holographic Principle

Covariant entropy bound:  full spacetime construct [Bousso]

time

space

lightsheet
�
�

Entropy on any lightsheet    of a 
surface     cannot exceed the 
area of    :

L

�S(L)  A(�)

4

Concrete realization:  gauge/gravity duality

↝ physical equivalence between 2 theories living in different # of dimensions!

Holographic Principle: in a theory of gravity, the number of degrees of  
freedom describing the physics on lightsheet         cannot exceed  L(�) A(�)/4
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Gauge/gravity duality
also known as the AdS/CFT correspondence 

first derived within string theory
(but applies more generally)

[Maldacena ’97]



Gauge/gravity duality

String theory (gravity)  ⟺  gauge theory (CFT) 
“in bulk”  asymp. AdS “on boundary”

‘soup can’ diagram of AdS:

here label is everything...

Since the two descriptions live in different number of 
dimensions, we call such a correspondence holographic.

also known as the AdS/CFT correspondence 



✴ better analogy: stereogram...

...but infinitely more complicated

Gauge/gravity duality



String theory (gravity)   ⟺   field theory (no gravity) 
“in bulk” = higher dimensions “on boundary” = lower dimensions

Applications of gauge/gravity duality

describes gravitating systems, e.g. black holes

Invaluable tool to:

Study strongly interacting field theory (hard, but describes many systems)  
by working with higher-dimensional gravity on AdS (easy).

describes experimentally accessible systems

Study quantum gravity in AdS (hard, but needed to understand spacetime)  
by using the field theory (easy for certain things)



Pre-requisite:

How does bulk spacetime emerge from the CFT?
Which CFT quantities give the bulk metric?
What determines bulk dynamics (Einstein’s eq.)?
How does one recover a local bulk operator from CFT quantities?

We need to understand the AdS/CFT dictionary…

Fortuitously,  using GR technology goes a long way…

(How) does the CFT “see” inside a black hole?
Does it unitarily describe black hole formation & evaporation process?
How does it resolve curvature singularities? 

What part of bulk can we recover from a restricted CFT info?
What bulk region does a CFT state (at a given instant in time) encode?
What bulk region does a spatial subregion of CFT state encode?



OUTLINE

Motivation: path to QG

Black holes & holographic principle

Preview of gauge/gravity correspondence

Historical detour: string theory

Anti de Sitter geometry

Elements of gauge/gravity dictionary



String Theory

Compelling candidate for QG
it is a self-consistent quantum theory which contains gravity (GR)

10�33cm

This “tames” the infinities in computations, simplifies interactions:

time

space

elementary particle fundamental string

these are manifested as excitations of a fundamental string  
(cf. different notes produced by a violin string…)

Unifies all fundamental forces and particles

probability (strength 
of interaction) = gs
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Spacetime in string theory

string quantization ↝ graviton (as one of the modes of the string) 
= quantum of gravity (~ ripple in spacetime)
hence unlike ordinary QFT where gravitons are impossible, string 
theory actually requires gravity

new type of fuzziness of spacetime
in addition to QM uncertainty principle, blurriness on string scale
this bounds how precisely we can describe spacetime

2-dimensional worldsheet description:
string position described by fields on the string
spacetime geometry described by interaction strength
Einstein’s equation for gravity comes out naturally     ✔



Spacetime in string theory

Consistency requires extra dimensions (9 space + 1 time)

Supersymmetry
extends spacetime: new “fermionic” dimensions 

 in fact the internal space gives rise to matter we see.

these can however be small (“compactified”)

T-duality
equivalence between compact dimension of size R & one of size l/R
Lesson: distances are not absolute

=



Dualities in string theory

But in fact equivalent to a distinct weakly-coupled description!

Strong coupling: expect uncontrollably large fluctuations…

Often the variables used cease 
to be descriptive as we change 
a parameter (e.g. coupling)

Most “properties” look 
different on the two sides



Dualities in string theory

But in fact equivalent to a distinct weakly-coupled description!

D(irichlet)-branes carry the (RR) charges required by duality [Polchinski] 

Weak coupling:  topological defects on which open strings can end
Strong coupling:  natural ‘fundamental’ constituents of the theory

Strong coupling: expect uncontrollably large fluctuations…

Sufficiently many D-branes backreact on spacetime
↝  extremal black p-brane  
    (higher-dimensional generalization of extremal Reissner-Nordstrom BH)

Dp-branes extended in p+1 dimensions

ds2 = f(r)�1/2 ⌘µ⌫ dx
µ dx⌫ + f(r)1/2

�
dr2 + r2 d⌦2

5

�
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f(r) = 1 +
4⇡ gs N `4s

r4
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eg. for p=3:

where



closed + open string excitations 
in R10 

curved geometry:
extremal black 3-brane

}      D3-branesN

✴    Consider a stack of      coincident D3-branes in 2 regimes:N

gs N ⌧ 1 gs N � 1(perturbation theory valid)

(in IIB string theory)

Maldacena’s construction



closed strings decouple; 
we’re left with low-energy 

open string modes:

✴ take “decoupling” (low-energy) limit:

gs N ⌧ 1 gs N � 1

SU(N) gauge theory

closed string theory on 
near-horizon geometry: 

AdS5 x S5  

Asymptotic modes decouple;
we’re left with:

Maldacena’s construction



✴  but gauge theory is defined for all coupling,  
   so identify the two descriptions:

gs N ⌧ 1 gs N � 1

SU(N) gauge theory closed string theory on 
AdS5 x S5  

↝ AdS/CFT correspondence:

Maldacena’s conjecture

Four-dimensional N = 4 SU(   ) SYM gauge theory 
is fully equivalent to 

IIB string theory with AdS5 × S5 boundary conditions.

N



AdS/CFT correspondence

String theory (∋ gravity)  ⟺  gauge theory (CFT) 
“in bulk”  asymp. AdS × K “on boundary”

Specific example (previous case):

IIB string theory on AdS5 × S5:

gs ,
`

`s

string coupling

AdS size

string length

N , � ⌘ g2YM N

rank of gauge group
‘t Hooft coupling

where andgs ⇠
�

N

`

`S
⇠ �1/4

large       ⇒ small stringy corrections
large       ⇒ small quantum corrections
Hence                       ⇒ classical gravity on AdS5 × S5

�

N

N � � � 1

          SU(   ) SYM:N = 4 N



AdS5 × S5 geometry

AdS5      ×      S5

maximally symmetric 
positively curved space

maximally symmetric 
negatively curved spacetime

can obtain via embedding into 1-higher dimensional space(time)s

 SO(4, 2)⇥ SO(6)
<latexit sha1_base64="79lAqYaTKcM2DCwgYDeCJJzXUfo=">AAACCHicdVDLSgMxFM34rPU16tKFwSK0IGVmWvvYFdy4s6J9QGcomUzahmYeJBmhDF268VfcuFDErZ/gzr8x01ZQ0QOBc8+5l5t73IhRIQ3jQ1taXlldW89sZDe3tnd29b39tghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem44/PU79wSLmgY3MhJRBwfDQM6oBhJJfX1I5sR5AkZQhteX+bLp1YB2pL6RKRlpdDXc0bROquWqnWYEqtemZOSUbegWTRmyIEFmn393fZCHPskkJghIXqmEUknQVxSzMg0a8eCRAiP0ZD0FA2QWuUks0Om8EQpHhyEXL1Awpn6fSJBvhAT31WdPpIj8dtLxb+8XiwHNSehQRRLEuD5okHMoLo7TQV6lBMs2UQRhDlVf4V4hDjCUmWXVSF8XQr/J22raCp+Vc41aos4MuAQHIM8MEEVNMAFaIIWwOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t08v8Jd+</latexit><latexit sha1_base64="79lAqYaTKcM2DCwgYDeCJJzXUfo=">AAACCHicdVDLSgMxFM34rPU16tKFwSK0IGVmWvvYFdy4s6J9QGcomUzahmYeJBmhDF268VfcuFDErZ/gzr8x01ZQ0QOBc8+5l5t73IhRIQ3jQ1taXlldW89sZDe3tnd29b39tghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem44/PU79wSLmgY3MhJRBwfDQM6oBhJJfX1I5sR5AkZQhteX+bLp1YB2pL6RKRlpdDXc0bROquWqnWYEqtemZOSUbegWTRmyIEFmn393fZCHPskkJghIXqmEUknQVxSzMg0a8eCRAiP0ZD0FA2QWuUks0Om8EQpHhyEXL1Awpn6fSJBvhAT31WdPpIj8dtLxb+8XiwHNSehQRRLEuD5okHMoLo7TQV6lBMs2UQRhDlVf4V4hDjCUmWXVSF8XQr/J22raCp+Vc41aos4MuAQHIM8MEEVNMAFaIIWwOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t08v8Jd+</latexit><latexit sha1_base64="79lAqYaTKcM2DCwgYDeCJJzXUfo=">AAACCHicdVDLSgMxFM34rPU16tKFwSK0IGVmWvvYFdy4s6J9QGcomUzahmYeJBmhDF268VfcuFDErZ/gzr8x01ZQ0QOBc8+5l5t73IhRIQ3jQ1taXlldW89sZDe3tnd29b39tghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem44/PU79wSLmgY3MhJRBwfDQM6oBhJJfX1I5sR5AkZQhteX+bLp1YB2pL6RKRlpdDXc0bROquWqnWYEqtemZOSUbegWTRmyIEFmn393fZCHPskkJghIXqmEUknQVxSzMg0a8eCRAiP0ZD0FA2QWuUks0Om8EQpHhyEXL1Awpn6fSJBvhAT31WdPpIj8dtLxb+8XiwHNSehQRRLEuD5okHMoLo7TQV6lBMs2UQRhDlVf4V4hDjCUmWXVSF8XQr/J22raCp+Vc41aos4MuAQHIM8MEEVNMAFaIIWwOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t08v8Jd+</latexit><latexit sha1_base64="79lAqYaTKcM2DCwgYDeCJJzXUfo=">AAACCHicdVDLSgMxFM34rPU16tKFwSK0IGVmWvvYFdy4s6J9QGcomUzahmYeJBmhDF268VfcuFDErZ/gzr8x01ZQ0QOBc8+5l5t73IhRIQ3jQ1taXlldW89sZDe3tnd29b39tghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem44/PU79wSLmgY3MhJRBwfDQM6oBhJJfX1I5sR5AkZQhteX+bLp1YB2pL6RKRlpdDXc0bROquWqnWYEqtemZOSUbegWTRmyIEFmn393fZCHPskkJghIXqmEUknQVxSzMg0a8eCRAiP0ZD0FA2QWuUks0Om8EQpHhyEXL1Awpn6fSJBvhAT31WdPpIj8dtLxb+8XiwHNSehQRRLEuD5okHMoLo7TQV6lBMs2UQRhDlVf4V4hDjCUmWXVSF8XQr/J22raCp+Vc41aos4MuAQHIM8MEEVNMAFaIIWwOAOPIAn8Kzda4/ai/Y6b13SFjMH4Ae0t08v8Jd+</latexit>

symmetry

�X2
�1 �X2

0 +X2
1 + · · ·+X2

4 = �`2
<latexit sha1_base64="YpLC8o8+cPB1gBg9e8zyQLzi+V0="></latexit><latexit sha1_base64="YpLC8o8+cPB1gBg9e8zyQLzi+V0="></latexit><latexit sha1_base64="YpLC8o8+cPB1gBg9e8zyQLzi+V0="></latexit><latexit sha1_base64="YpLC8o8+cPB1gBg9e8zyQLzi+V0="></latexit>

ds2 = �dX2
�1 � dX2

0 + dX2
1 + · · ·+ dX2

4
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R4,2
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on         :

5D surface
X2

1 + · · ·+X2
6 = `2
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ds2 = dX2
1 + · · ·+ dX2
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on       :

5D surface

⇤ > 0
<latexit sha1_base64="AWoRDTRZl+qa7fUstKbuF3W0/DQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTte1GCm5cuKhgHzAdSiaTaUMzyZBkhDL0M9y4UMStX+POvzHTVlDRA4HDOeeSe0+QMKq0bX9YhZXVtfWN4mZpa3tnd6+8f9BVIpWYdLBgQvYDpAijnHQ01Yz0E0lQHDDSCyZXud+7J1JRwe/0NCF+jEacRhQjbSRvcGOiIYKX0B6WK3bVPa/X6k2YE7d5sSA1u+lCp2rPUQFLtIfl90EocBoTrjFDSnmOnWg/Q1JTzMisNEgVSRCeoBHxDOUoJsrP5ivP4IlRQhgJaR7XcK5+n8hQrNQ0DkwyRnqsfnu5+JfnpTpq+BnlSaoJx4uPopRBLWB+PwypJFizqSEIS2p2hXiMJMLatFQyJXxdCv8nXbfqGH57Vmk1lnUUwRE4BqfAAXXQAtegDToAAwEewBN4trT1aL1Yr4towVrOHIIfsN4+AS3fkIA=</latexit><latexit sha1_base64="AWoRDTRZl+qa7fUstKbuF3W0/DQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTte1GCm5cuKhgHzAdSiaTaUMzyZBkhDL0M9y4UMStX+POvzHTVlDRA4HDOeeSe0+QMKq0bX9YhZXVtfWN4mZpa3tnd6+8f9BVIpWYdLBgQvYDpAijnHQ01Yz0E0lQHDDSCyZXud+7J1JRwe/0NCF+jEacRhQjbSRvcGOiIYKX0B6WK3bVPa/X6k2YE7d5sSA1u+lCp2rPUQFLtIfl90EocBoTrjFDSnmOnWg/Q1JTzMisNEgVSRCeoBHxDOUoJsrP5ivP4IlRQhgJaR7XcK5+n8hQrNQ0DkwyRnqsfnu5+JfnpTpq+BnlSaoJx4uPopRBLWB+PwypJFizqSEIS2p2hXiMJMLatFQyJXxdCv8nXbfqGH57Vmk1lnUUwRE4BqfAAXXQAtegDToAAwEewBN4trT1aL1Yr4towVrOHIIfsN4+AS3fkIA=</latexit><latexit sha1_base64="AWoRDTRZl+qa7fUstKbuF3W0/DQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTte1GCm5cuKhgHzAdSiaTaUMzyZBkhDL0M9y4UMStX+POvzHTVlDRA4HDOeeSe0+QMKq0bX9YhZXVtfWN4mZpa3tnd6+8f9BVIpWYdLBgQvYDpAijnHQ01Yz0E0lQHDDSCyZXud+7J1JRwe/0NCF+jEacRhQjbSRvcGOiIYKX0B6WK3bVPa/X6k2YE7d5sSA1u+lCp2rPUQFLtIfl90EocBoTrjFDSnmOnWg/Q1JTzMisNEgVSRCeoBHxDOUoJsrP5ivP4IlRQhgJaR7XcK5+n8hQrNQ0DkwyRnqsfnu5+JfnpTpq+BnlSaoJx4uPopRBLWB+PwypJFizqSEIS2p2hXiMJMLatFQyJXxdCv8nXbfqGH57Vmk1lnUUwRE4BqfAAXXQAtegDToAAwEewBN4trT1aL1Yr4towVrOHIIfsN4+AS3fkIA=</latexit><latexit sha1_base64="AWoRDTRZl+qa7fUstKbuF3W0/DQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTte1GCm5cuKhgHzAdSiaTaUMzyZBkhDL0M9y4UMStX+POvzHTVlDRA4HDOeeSe0+QMKq0bX9YhZXVtfWN4mZpa3tnd6+8f9BVIpWYdLBgQvYDpAijnHQ01Yz0E0lQHDDSCyZXud+7J1JRwe/0NCF+jEacRhQjbSRvcGOiIYKX0B6WK3bVPa/X6k2YE7d5sSA1u+lCp2rPUQFLtIfl90EocBoTrjFDSnmOnWg/Q1JTzMisNEgVSRCeoBHxDOUoJsrP5ivP4IlRQhgJaR7XcK5+n8hQrNQ0DkwyRnqsfnu5+JfnpTpq+BnlSaoJx4uPopRBLWB+PwypJFizqSEIS2p2hXiMJMLatFQyJXxdCv8nXbfqGH57Vmk1lnUUwRE4BqfAAXXQAtegDToAAwEewBN4trT1aL1Yr4towVrOHIIfsN4+AS3fkIA=</latexit>

⇤ < 0
<latexit sha1_base64="kURbJDTLP4JO5deLHX4j2BSRDxo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtS24KLhx4aKCfcB0KJlMpg3NJEOSEcrQz3DjQhG3fo07/8ZMW0FFDwQO55xL7j1BwqjStv1hFVZW19Y3ipulre2d3b3y/kFXiVRi0sGCCdkPkCKMctLRVDPSTyRBccBIL5hc5X7vnkhFBb/T04T4MRpxGlGMtJG8wY2JhgheQntYrthV97xeqzdhTtzmxYLU7KYLnao9RwUs0R6W3wehwGlMuMYMKeU5dqL9DElNMSOz0iBVJEF4gkbEM5SjmCg/m688gydGCWEkpHlcw7n6fSJDsVLTODDJGOmx+u3l4l+el+qo4WeUJ6kmHC8+ilIGtYD5/TCkkmDNpoYgLKnZFeIxkghr01LJlPB1KfyfdN2qY/jtWaXVWNZRBEfgGJwCB9RBC1yDNugADAR4AE/g2dLWo/VivS6iBWs5cwh+wHr7BCrTkH4=</latexit><latexit sha1_base64="kURbJDTLP4JO5deLHX4j2BSRDxo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtS24KLhx4aKCfcB0KJlMpg3NJEOSEcrQz3DjQhG3fo07/8ZMW0FFDwQO55xL7j1BwqjStv1hFVZW19Y3ipulre2d3b3y/kFXiVRi0sGCCdkPkCKMctLRVDPSTyRBccBIL5hc5X7vnkhFBb/T04T4MRpxGlGMtJG8wY2JhgheQntYrthV97xeqzdhTtzmxYLU7KYLnao9RwUs0R6W3wehwGlMuMYMKeU5dqL9DElNMSOz0iBVJEF4gkbEM5SjmCg/m688gydGCWEkpHlcw7n6fSJDsVLTODDJGOmx+u3l4l+el+qo4WeUJ6kmHC8+ilIGtYD5/TCkkmDNpoYgLKnZFeIxkghr01LJlPB1KfyfdN2qY/jtWaXVWNZRBEfgGJwCB9RBC1yDNugADAR4AE/g2dLWo/VivS6iBWs5cwh+wHr7BCrTkH4=</latexit><latexit sha1_base64="kURbJDTLP4JO5deLHX4j2BSRDxo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtS24KLhx4aKCfcB0KJlMpg3NJEOSEcrQz3DjQhG3fo07/8ZMW0FFDwQO55xL7j1BwqjStv1hFVZW19Y3ipulre2d3b3y/kFXiVRi0sGCCdkPkCKMctLRVDPSTyRBccBIL5hc5X7vnkhFBb/T04T4MRpxGlGMtJG8wY2JhgheQntYrthV97xeqzdhTtzmxYLU7KYLnao9RwUs0R6W3wehwGlMuMYMKeU5dqL9DElNMSOz0iBVJEF4gkbEM5SjmCg/m688gydGCWEkpHlcw7n6fSJDsVLTODDJGOmx+u3l4l+el+qo4WeUJ6kmHC8+ilIGtYD5/TCkkmDNpoYgLKnZFeIxkghr01LJlPB1KfyfdN2qY/jtWaXVWNZRBEfgGJwCB9RBC1yDNugADAR4AE/g2dLWo/VivS6iBWs5cwh+wHr7BCrTkH4=</latexit><latexit sha1_base64="kURbJDTLP4JO5deLHX4j2BSRDxo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtS24KLhx4aKCfcB0KJlMpg3NJEOSEcrQz3DjQhG3fo07/8ZMW0FFDwQO55xL7j1BwqjStv1hFVZW19Y3ipulre2d3b3y/kFXiVRi0sGCCdkPkCKMctLRVDPSTyRBccBIL5hc5X7vnkhFBb/T04T4MRpxGlGMtJG8wY2JhgheQntYrthV97xeqzdhTtzmxYLU7KYLnao9RwUs0R6W3wehwGlMuMYMKeU5dqL9DElNMSOz0iBVJEF4gkbEM5SjmCg/m688gydGCWEkpHlcw7n6fSJDsVLTODDJGOmx+u3l4l+el+qo4WeUJ6kmHC8+ilIGtYD5/TCkkmDNpoYgLKnZFeIxkghr01LJlPB1KfyfdN2qY/jtWaXVWNZRBEfgGJwCB9RBC1yDNugADAR4AE/g2dLWo/VivS6iBWs5cwh+wHr7BCrTkH4=</latexit>

full solution (          ) supported by 5-form field strength⇤ = 0
<latexit sha1_base64="1cpPEgb+4MZSzx0GJkrZvudpY+c=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtXahFNy4cFHBPmA6lEwm04ZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc84l954gYVRp2/6wCkvLK6trxfXSxubW9k55d6+jRCoxaWPBhOwFSBFGOWlrqhnpJZKgOGCkG4yvcr97T6Sigt/pSUL8GA05jShG2khe/8ZEQwQvoD0oV+yqe1qv1RswJ27jbE5qdsOFTtWeoQIWaA3K7/1Q4DQmXGOGlPIcO9F+hqSmmJFpqZ8qkiA8RkPiGcpRTJSfzVaewiOjhDAS0jyu4Uz9PpGhWKlJHJhkjPRI/fZy8S/PS3V07meUJ6kmHM8/ilIGtYD5/TCkkmDNJoYgLKnZFeIRkghr01LJlPB1KfyfdNyqY/jtSaV5uaijCA7AITgGDqiDJrgGLdAGGAjwAJ7As6WtR+vFep1HC9ZiZh/8gPX2CS4nkIU=</latexit><latexit sha1_base64="1cpPEgb+4MZSzx0GJkrZvudpY+c=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtXahFNy4cFHBPmA6lEwm04ZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc84l954gYVRp2/6wCkvLK6trxfXSxubW9k55d6+jRCoxaWPBhOwFSBFGOWlrqhnpJZKgOGCkG4yvcr97T6Sigt/pSUL8GA05jShG2khe/8ZEQwQvoD0oV+yqe1qv1RswJ27jbE5qdsOFTtWeoQIWaA3K7/1Q4DQmXGOGlPIcO9F+hqSmmJFpqZ8qkiA8RkPiGcpRTJSfzVaewiOjhDAS0jyu4Uz9PpGhWKlJHJhkjPRI/fZy8S/PS3V07meUJ6kmHM8/ilIGtYD5/TCkkmDNJoYgLKnZFeIRkghr01LJlPB1KfyfdNyqY/jtSaV5uaijCA7AITgGDqiDJrgGLdAGGAjwAJ7As6WtR+vFep1HC9ZiZh/8gPX2CS4nkIU=</latexit><latexit sha1_base64="1cpPEgb+4MZSzx0GJkrZvudpY+c=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtXahFNy4cFHBPmA6lEwm04ZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc84l954gYVRp2/6wCkvLK6trxfXSxubW9k55d6+jRCoxaWPBhOwFSBFGOWlrqhnpJZKgOGCkG4yvcr97T6Sigt/pSUL8GA05jShG2khe/8ZEQwQvoD0oV+yqe1qv1RswJ27jbE5qdsOFTtWeoQIWaA3K7/1Q4DQmXGOGlPIcO9F+hqSmmJFpqZ8qkiA8RkPiGcpRTJSfzVaewiOjhDAS0jyu4Uz9PpGhWKlJHJhkjPRI/fZy8S/PS3V07meUJ6kmHM8/ilIGtYD5/TCkkmDNJoYgLKnZFeIRkghr01LJlPB1KfyfdNyqY/jtSaV5uaijCA7AITgGDqiDJrgGLdAGGAjwAJ7As6WtR+vFep1HC9ZiZh/8gPX2CS4nkIU=</latexit><latexit sha1_base64="1cpPEgb+4MZSzx0GJkrZvudpY+c=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjNTtXahFNy4cFHBPmA6lEwm04ZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc84l954gYVRp2/6wCkvLK6trxfXSxubW9k55d6+jRCoxaWPBhOwFSBFGOWlrqhnpJZKgOGCkG4yvcr97T6Sigt/pSUL8GA05jShG2khe/8ZEQwQvoD0oV+yqe1qv1RswJ27jbE5qdsOFTtWeoQIWaA3K7/1Q4DQmXGOGlPIcO9F+hqSmmJFpqZ8qkiA8RkPiGcpRTJSfzVaewiOjhDAS0jyu4Uz9PpGhWKlJHJhkjPRI/fZy8S/PS3V07meUJ6kmHM8/ilIGtYD5/TCkkmDNJoYgLKnZFeIRkghr01LJlPB1KfyfdNyqY/jtSaV5uaijCA7AITgGDqiDJrgGLdAGGAjwAJ7As6WtR+vFep1HC9ZiZh/8gPX2CS4nkIU=</latexit>



OUTLINE

Motivation: path to QG

Black holes & holographic principle

Preview of gauge/gravity correspondence

Historical detour: string theory

Anti de Sitter geometry

Elements of gauge/gravity dictionary

Lecture 1

Lecture 2



AdS/CFT correspondence

String theory (∋ gravity)  ⟺  gauge theory (CFT) 
“in bulk”  asymp. AdS “on boundary”

Key aspects:

Invaluable tool to:

Study strongly coupled field theory (hard, but describes many systems)  
by working with higher-dimensional gravity on AdS (easy).
Study quantum gravity in AdS (hard, but needed to understand spacetime)  
by using the field theory (easy for certain things)

Pre-requisite: Understand the AdS/CFT ‘dictionary’...

✴ Holographic:  gauge theory lives in fewer dimensions.
✴ Strong/weak coupling duality. 
✴ Gravitational theory maps to non-gravitational one!



Recall:  AdS5 × S5 geometry

In Maldacena’s construction, arose as near-horizon geometry of extremal 
black 3-brane (= backreaction of stack of coincident D3-branes)

ds2 = f(r)�1/2 ⌘µ⌫ dx
µ dx⌫ + f(r)1/2

�
dr2 + r2 d⌦2

5

�
<latexit sha1_base64="mbNVKiGtlx2iCgJVV2Iko0bAvwA="></latexit><latexit sha1_base64="mbNVKiGtlx2iCgJVV2Iko0bAvwA="></latexit><latexit sha1_base64="mbNVKiGtlx2iCgJVV2Iko0bAvwA="></latexit><latexit sha1_base64="mbNVKiGtlx2iCgJVV2Iko0bAvwA="></latexit>

f(r) = 1 +
4⇡ gs N `4s

r4
<latexit sha1_base64="sUiBQG2qL7TgypWWuYDDLmlzmw8=">AAACHHicbVBNS8MwGE7n15xfVY9egkOYKKPVgbsIAy+eZIL7gLWWNEu3sDQtSSqMsh/ixb/ixYMiXjwI/hvTrQfdfCBvHp7nfUnex48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj64yv/NAhKQRv1PjmLghGnAaUIyUljzzPKiIY3gJbXgCnUAgnNacmELnFA48mV03WXEIY568r01SoYtnlq2qNQVcJHZOyiBH0zM/nX6Ek5BwhRmSsmdbsXJTJBTFjExKTiJJjPAIDUhPU45CIt10utwEHmmlD4NI6MMVnKq/J1IUSjkOfd0ZIjWU814m/uf1EhXU3ZTyOFGE49lDQcKgimCWFOxTQbBiY00QFlT/FeIh0hEpnWdJh2DPr7xI2mdVW/PbWrlRz+MoggNwCCrABhegAa5BE7QABo/gGbyCN+PJeDHejY9Za8HIZ/bBHxhfP7kFnhI=</latexit><latexit sha1_base64="sUiBQG2qL7TgypWWuYDDLmlzmw8=">AAACHHicbVBNS8MwGE7n15xfVY9egkOYKKPVgbsIAy+eZIL7gLWWNEu3sDQtSSqMsh/ixb/ixYMiXjwI/hvTrQfdfCBvHp7nfUnex48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj64yv/NAhKQRv1PjmLghGnAaUIyUljzzPKiIY3gJbXgCnUAgnNacmELnFA48mV03WXEIY568r01SoYtnlq2qNQVcJHZOyiBH0zM/nX6Ek5BwhRmSsmdbsXJTJBTFjExKTiJJjPAIDUhPU45CIt10utwEHmmlD4NI6MMVnKq/J1IUSjkOfd0ZIjWU814m/uf1EhXU3ZTyOFGE49lDQcKgimCWFOxTQbBiY00QFlT/FeIh0hEpnWdJh2DPr7xI2mdVW/PbWrlRz+MoggNwCCrABhegAa5BE7QABo/gGbyCN+PJeDHejY9Za8HIZ/bBHxhfP7kFnhI=</latexit><latexit sha1_base64="sUiBQG2qL7TgypWWuYDDLmlzmw8=">AAACHHicbVBNS8MwGE7n15xfVY9egkOYKKPVgbsIAy+eZIL7gLWWNEu3sDQtSSqMsh/ixb/ixYMiXjwI/hvTrQfdfCBvHp7nfUnex48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj64yv/NAhKQRv1PjmLghGnAaUIyUljzzPKiIY3gJbXgCnUAgnNacmELnFA48mV03WXEIY568r01SoYtnlq2qNQVcJHZOyiBH0zM/nX6Ek5BwhRmSsmdbsXJTJBTFjExKTiJJjPAIDUhPU45CIt10utwEHmmlD4NI6MMVnKq/J1IUSjkOfd0ZIjWU814m/uf1EhXU3ZTyOFGE49lDQcKgimCWFOxTQbBiY00QFlT/FeIh0hEpnWdJh2DPr7xI2mdVW/PbWrlRz+MoggNwCCrABhegAa5BE7QABo/gGbyCN+PJeDHejY9Za8HIZ/bBHxhfP7kFnhI=</latexit><latexit sha1_base64="sUiBQG2qL7TgypWWuYDDLmlzmw8=">AAACHHicbVBNS8MwGE7n15xfVY9egkOYKKPVgbsIAy+eZIL7gLWWNEu3sDQtSSqMsh/ixb/ixYMiXjwI/hvTrQfdfCBvHp7nfUnex48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj64yv/NAhKQRv1PjmLghGnAaUIyUljzzPKiIY3gJbXgCnUAgnNacmELnFA48mV03WXEIY568r01SoYtnlq2qNQVcJHZOyiBH0zM/nX6Ek5BwhRmSsmdbsXJTJBTFjExKTiJJjPAIDUhPU45CIt10utwEHmmlD4NI6MMVnKq/J1IUSjkOfd0ZIjWU814m/uf1EhXU3ZTyOFGE49lDQcKgimCWFOxTQbBiY00QFlT/FeIh0hEpnWdJh2DPr7xI2mdVW/PbWrlRz+MoggNwCCrABhegAa5BE7QABo/gGbyCN+PJeDHejY9Za8HIZ/bBHxhfP7kFnhI=</latexit>

where

Event horizon is at r = 0
<latexit sha1_base64="dUGH+trAOEdcw9T2P3ibeA0dua4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPagbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfUuq+79VaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/K941v</latexit>

⌘ 1 +
`4

r4
<latexit sha1_base64="EH/uEus5Zha5cpdblCeX6/9TlMM=">AAACBXicbVDLSgMxFM3UV62vUZe6CBZBEMqMFuyy4MZlBfuAzlgy6Z02NJMZk0yhDN248VfcuFDErf/gzr8xfSy09cC9HM65l+SeIOFMacf5tnIrq2vrG/nNwtb2zu6evX/QUHEqKdRpzGPZCogCzgTUNdMcWokEEgUcmsHgeuI3hyAVi8WdHiXgR6QnWMgo0Ubq2McePKRsiN1z7IWS0MwDzu/L40ya1rGLTsmZAi8Td06KaI5ax/7yujFNIxCacqJU23US7WdEakY5jAteqiAhdEB60DZUkAiUn02vGONTo3RxGEtTQuOp+nsjI5FSoygwkxHRfbXoTcT/vHaqw4qfMZGkGgSdPRSmHOsYTyLBXSaBaj4yhFDJzF8x7RMThjbBFUwI7uLJy6RxUXIvS85tuVitzOPIoyN0gs6Qi65QFd2gGqojih7RM3pFb9aT9WK9Wx+z0Zw13zlEf2B9/gCT1Jf0</latexit>

Near horizon geometry: ds2 =
r2

`2
⌘µ⌫ dx

µ dx⌫ +
`2

r2
dr2 + `2 d⌦2
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<latexit sha1_base64="W1JKbJbhPkssbGlMPBuIulVXw40="></latexit>
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Geometry of AdS5

ds2 =
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Global AdS   

static spherically symmetric4-d Poincare symmetry
scaling symmetry



Geometry of AdS3

ds2 =
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z2
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�dt2 + dxi dx
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�
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Global AdS3   
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<latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit><latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit><latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit><latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit>

d'2
<latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit><latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit><latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit><latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit>

view as embedded in R4 �X2
�1 �X2

0 +X2
1 +X2

2 = �`2
<latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit><latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit><latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit><latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit>

X�1
<latexit sha1_base64="/xLmi4z75LyGfXn2807rjXvb4Jg=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuLHM1IG2u4IblxXsBdqhZNK0jc0kQ5IRytB3cONCEbe+jzvfxkxbQUV/CHz85xxyzh/GnGnjuh9Obm19Y3Mrv13Y2d3bPygeHrW1TBShLSK5VN0Qa8qZoC3DDKfdWFEchZx2wulVVu/cU6WZFLdmFtMgwmPBRoxgY612d5BeePNBseSWvZrv+h7K4LJeqS6hVneRV3YXKsFKzUHxvT+UJImoMIRjrXueG5sgxcowwum80E80jTGZ4jHtWRQ4ojpIF9vO0Zl1hmgklX3CoIX7fSLFkdazKLSdETYT/buWmX/VeokZ1YKUiTgxVJDlR6OEIyNRdjoaMkWJ4TMLmChmd0VkghUmxgZUsCF8XYr+h3al7Fm+8UsNfxVHHk7gFM7Bgyo04Bqa0AICd/AAT/DsSOfReXFel605ZzVzDD/kvH0CdNiPAg==</latexit><latexit sha1_base64="/xLmi4z75LyGfXn2807rjXvb4Jg=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuLHM1IG2u4IblxXsBdqhZNK0jc0kQ5IRytB3cONCEbe+jzvfxkxbQUV/CHz85xxyzh/GnGnjuh9Obm19Y3Mrv13Y2d3bPygeHrW1TBShLSK5VN0Qa8qZoC3DDKfdWFEchZx2wulVVu/cU6WZFLdmFtMgwmPBRoxgY612d5BeePNBseSWvZrv+h7K4LJeqS6hVneRV3YXKsFKzUHxvT+UJImoMIRjrXueG5sgxcowwum80E80jTGZ4jHtWRQ4ojpIF9vO0Zl1hmgklX3CoIX7fSLFkdazKLSdETYT/buWmX/VeokZ1YKUiTgxVJDlR6OEIyNRdjoaMkWJ4TMLmChmd0VkghUmxgZUsCF8XYr+h3al7Fm+8UsNfxVHHk7gFM7Bgyo04Bqa0AICd/AAT/DsSOfReXFel605ZzVzDD/kvH0CdNiPAg==</latexit><latexit sha1_base64="/xLmi4z75LyGfXn2807rjXvb4Jg=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuLHM1IG2u4IblxXsBdqhZNK0jc0kQ5IRytB3cONCEbe+jzvfxkxbQUV/CHz85xxyzh/GnGnjuh9Obm19Y3Mrv13Y2d3bPygeHrW1TBShLSK5VN0Qa8qZoC3DDKfdWFEchZx2wulVVu/cU6WZFLdmFtMgwmPBRoxgY612d5BeePNBseSWvZrv+h7K4LJeqS6hVneRV3YXKsFKzUHxvT+UJImoMIRjrXueG5sgxcowwum80E80jTGZ4jHtWRQ4ojpIF9vO0Zl1hmgklX3CoIX7fSLFkdazKLSdETYT/buWmX/VeokZ1YKUiTgxVJDlR6OEIyNRdjoaMkWJ4TMLmChmd0VkghUmxgZUsCF8XYr+h3al7Fm+8UsNfxVHHk7gFM7Bgyo04Bqa0AICd/AAT/DsSOfReXFel605ZzVzDD/kvH0CdNiPAg==</latexit><latexit sha1_base64="/xLmi4z75LyGfXn2807rjXvb4Jg=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuLHM1IG2u4IblxXsBdqhZNK0jc0kQ5IRytB3cONCEbe+jzvfxkxbQUV/CHz85xxyzh/GnGnjuh9Obm19Y3Mrv13Y2d3bPygeHrW1TBShLSK5VN0Qa8qZoC3DDKfdWFEchZx2wulVVu/cU6WZFLdmFtMgwmPBRoxgY612d5BeePNBseSWvZrv+h7K4LJeqS6hVneRV3YXKsFKzUHxvT+UJImoMIRjrXueG5sgxcowwum80E80jTGZ4jHtWRQ4ojpIF9vO0Zl1hmgklX3CoIX7fSLFkdazKLSdETYT/buWmX/VeokZ1YKUiTgxVJDlR6OEIyNRdjoaMkWJ4TMLmChmd0VkghUmxgZUsCF8XYr+h3al7Fm+8UsNfxVHHk7gFM7Bgyo04Bqa0AICd/AAT/DsSOfReXFel605ZzVzDD/kvH0CdNiPAg==</latexit>

X1
<latexit sha1_base64="JLhF4HTkf6hMWDhC72idmQ3dYEY=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbgaL4KokNdB0V3DjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6QO58GydtBRU9MPBx7r3MvSdMOVPatj+s0sbm1vZOebeyt39weFQ9PumqJJOE+iThieyHWFHOBPU105z2U0lxHHLaC2fXRb13T6ViibjT85QGMZ4IFjGCtbH8/ih3FqNqza47nmu7DirgqtVorsBr2cip20vVYK3OqPo+HCcki6nQhGOlBo6d6iDHUjPC6aIyzBRNMZnhCR0YFDimKsiXyy7QhXHGKEqkeUKjpft9IsexUvM4NJ0x1lP1u1aYf9UGmY68IGcizTQVZPVRlHGkE1RcjsZMUqL53AAmkpldEZliiYk2+VRMCF+Xov+h26g7hm/dWttdx1GGMziHS3CgCW24gQ74QIDBAzzBsyWsR+vFel21lqz1zCn8kPX2CQosjss=</latexit><latexit sha1_base64="JLhF4HTkf6hMWDhC72idmQ3dYEY=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbgaL4KokNdB0V3DjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6QO58GydtBRU9MPBx7r3MvSdMOVPatj+s0sbm1vZOebeyt39weFQ9PumqJJOE+iThieyHWFHOBPU105z2U0lxHHLaC2fXRb13T6ViibjT85QGMZ4IFjGCtbH8/ih3FqNqza47nmu7DirgqtVorsBr2cip20vVYK3OqPo+HCcki6nQhGOlBo6d6iDHUjPC6aIyzBRNMZnhCR0YFDimKsiXyy7QhXHGKEqkeUKjpft9IsexUvM4NJ0x1lP1u1aYf9UGmY68IGcizTQVZPVRlHGkE1RcjsZMUqL53AAmkpldEZliiYk2+VRMCF+Xov+h26g7hm/dWttdx1GGMziHS3CgCW24gQ74QIDBAzzBsyWsR+vFel21lqz1zCn8kPX2CQosjss=</latexit><latexit sha1_base64="JLhF4HTkf6hMWDhC72idmQ3dYEY=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbgaL4KokNdB0V3DjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6QO58GydtBRU9MPBx7r3MvSdMOVPatj+s0sbm1vZOebeyt39weFQ9PumqJJOE+iThieyHWFHOBPU105z2U0lxHHLaC2fXRb13T6ViibjT85QGMZ4IFjGCtbH8/ih3FqNqza47nmu7DirgqtVorsBr2cip20vVYK3OqPo+HCcki6nQhGOlBo6d6iDHUjPC6aIyzBRNMZnhCR0YFDimKsiXyy7QhXHGKEqkeUKjpft9IsexUvM4NJ0x1lP1u1aYf9UGmY68IGcizTQVZPVRlHGkE1RcjsZMUqL53AAmkpldEZliiYk2+VRMCF+Xov+h26g7hm/dWttdx1GGMziHS3CgCW24gQ74QIDBAzzBsyWsR+vFel21lqz1zCn8kPX2CQosjss=</latexit><latexit sha1_base64="JLhF4HTkf6hMWDhC72idmQ3dYEY=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbgaL4KokNdB0V3DjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6QO58GydtBRU9MPBx7r3MvSdMOVPatj+s0sbm1vZOebeyt39weFQ9PumqJJOE+iThieyHWFHOBPU105z2U0lxHHLaC2fXRb13T6ViibjT85QGMZ4IFjGCtbH8/ih3FqNqza47nmu7DirgqtVorsBr2cip20vVYK3OqPo+HCcki6nQhGOlBo6d6iDHUjPC6aIyzBRNMZnhCR0YFDimKsiXyy7QhXHGKEqkeUKjpft9IsexUvM4NJ0x1lP1u1aYf9UGmY68IGcizTQVZPVRlHGkE1RcjsZMUqL53AAmkpldEZliiYk2+VRMCF+Xov+h26g7hm/dWttdx1GGMziHS3CgCW24gQ74QIDBAzzBsyWsR+vFel21lqz1zCn8kPX2CQosjss=</latexit>
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<latexit sha1_base64="NB/iutTdX07KbGHeHL/Ykx38GMg=">AAAB7HicdZDLSgMxFIbP1Futt6pLN8EiuCqZOtB2V3DjsoLTFtqhZNJMG5rJDElGKEOfwY0LRdz6QO58G9OLoKI/BD7+cw455w9TwbXB+MMpbGxube8Ud0t7+weHR+Xjk45OMkWZTxORqF5INBNcMt9wI1gvVYzEoWDdcHq9qHfvmdI8kXdmlrIgJmPJI06JsZbfG+Z4PixXcNVteNhz0QKumrX6ChpNjNwqXqoCa7WH5ffBKKFZzKShgmjdd3Fqgpwow6lg89Ig0ywldErGrG9RkpjpIF8uO0cX1hmhKFH2SYOW7veJnMRaz+LQdsbETPTv2sL8q9bPTNQIci7TzDBJVx9FmUAmQYvL0YgrRo2YWSBUcbsrohOiCDU2n5IN4etS9D90alXX8q1XaXnrOIpwBudwCS7UoQU30AYfKHB4gCd4dqTz6Lw4r6vWgrOeOYUfct4+AQinjso=</latexit><latexit sha1_base64="NB/iutTdX07KbGHeHL/Ykx38GMg=">AAAB7HicdZDLSgMxFIbP1Futt6pLN8EiuCqZOtB2V3DjsoLTFtqhZNJMG5rJDElGKEOfwY0LRdz6QO58G9OLoKI/BD7+cw455w9TwbXB+MMpbGxube8Ud0t7+weHR+Xjk45OMkWZTxORqF5INBNcMt9wI1gvVYzEoWDdcHq9qHfvmdI8kXdmlrIgJmPJI06JsZbfG+Z4PixXcNVteNhz0QKumrX6ChpNjNwqXqoCa7WH5ffBKKFZzKShgmjdd3Fqgpwow6lg89Ig0ywldErGrG9RkpjpIF8uO0cX1hmhKFH2SYOW7veJnMRaz+LQdsbETPTv2sL8q9bPTNQIci7TzDBJVx9FmUAmQYvL0YgrRo2YWSBUcbsrohOiCDU2n5IN4etS9D90alXX8q1XaXnrOIpwBudwCS7UoQU30AYfKHB4gCd4dqTz6Lw4r6vWgrOeOYUfct4+AQinjso=</latexit><latexit sha1_base64="NB/iutTdX07KbGHeHL/Ykx38GMg=">AAAB7HicdZDLSgMxFIbP1Futt6pLN8EiuCqZOtB2V3DjsoLTFtqhZNJMG5rJDElGKEOfwY0LRdz6QO58G9OLoKI/BD7+cw455w9TwbXB+MMpbGxube8Ud0t7+weHR+Xjk45OMkWZTxORqF5INBNcMt9wI1gvVYzEoWDdcHq9qHfvmdI8kXdmlrIgJmPJI06JsZbfG+Z4PixXcNVteNhz0QKumrX6ChpNjNwqXqoCa7WH5ffBKKFZzKShgmjdd3Fqgpwow6lg89Ig0ywldErGrG9RkpjpIF8uO0cX1hmhKFH2SYOW7veJnMRaz+LQdsbETPTv2sL8q9bPTNQIci7TzDBJVx9FmUAmQYvL0YgrRo2YWSBUcbsrohOiCDU2n5IN4etS9D90alXX8q1XaXnrOIpwBudwCS7UoQU30AYfKHB4gCd4dqTz6Lw4r6vWgrOeOYUfct4+AQinjso=</latexit><latexit sha1_base64="NB/iutTdX07KbGHeHL/Ykx38GMg=">AAAB7HicdZDLSgMxFIbP1Futt6pLN8EiuCqZOtB2V3DjsoLTFtqhZNJMG5rJDElGKEOfwY0LRdz6QO58G9OLoKI/BD7+cw455w9TwbXB+MMpbGxube8Ud0t7+weHR+Xjk45OMkWZTxORqF5INBNcMt9wI1gvVYzEoWDdcHq9qHfvmdI8kXdmlrIgJmPJI06JsZbfG+Z4PixXcNVteNhz0QKumrX6ChpNjNwqXqoCa7WH5ffBKKFZzKShgmjdd3Fqgpwow6lg89Ig0ywldErGrG9RkpjpIF8uO0cX1hmhKFH2SYOW7veJnMRaz+LQdsbETPTv2sL8q9bPTNQIci7TzDBJVx9FmUAmQYvL0YgrRo2YWSBUcbsrohOiCDU2n5IN4etS9D90alXX8q1XaXnrOIpwBudwCS7UoQU30AYfKHB4gCd4dqTz6Lw4r6vWgrOeOYUfct4+AQinjso=</latexit>

, X2
<latexit sha1_base64="HRmK/bJKzBkwYdmjeyurifwYT+k=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUwfa7gpuXFawF2iHkknTNjaTDElGKEPfwY0LRdz6Pu58GzNtBRX9IfDxn3PIOX8Yc6aN6344ubX1jc2t/HZhZ3dv/6B4eNTWMlGEtojkUnVDrClngrYMM5x2Y0VxFHLaCadXWb1zT5VmUtyaWUyDCI8FGzGCjbXaF91BWpkPiiW37NV81/dQBpf1SnUJtbqLvLK7UAlWag6K7/2hJElEhSEca93z3NgEKVaGEU7nhX6iaYzJFI9pz6LAEdVButh2js6sM0QjqewTBi3c7xMpjrSeRaHtjLCZ6N+1zPyr1kvMqBakTMSJoYIsPxolHBmJstPRkClKDJ9ZwEQxuysiE6wwMTaggg3h61L0P7QrZc/yjV9q+Ks48nACp3AOHlShAdfQhBYQuIMHeIJnRzqPzovzumzNOauZY/gh5+0TdCmPAg==</latexit><latexit sha1_base64="HRmK/bJKzBkwYdmjeyurifwYT+k=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUwfa7gpuXFawF2iHkknTNjaTDElGKEPfwY0LRdz6Pu58GzNtBRX9IfDxn3PIOX8Yc6aN6344ubX1jc2t/HZhZ3dv/6B4eNTWMlGEtojkUnVDrClngrYMM5x2Y0VxFHLaCadXWb1zT5VmUtyaWUyDCI8FGzGCjbXaF91BWpkPiiW37NV81/dQBpf1SnUJtbqLvLK7UAlWag6K7/2hJElEhSEca93z3NgEKVaGEU7nhX6iaYzJFI9pz6LAEdVButh2js6sM0QjqewTBi3c7xMpjrSeRaHtjLCZ6N+1zPyr1kvMqBakTMSJoYIsPxolHBmJstPRkClKDJ9ZwEQxuysiE6wwMTaggg3h61L0P7QrZc/yjV9q+Ks48nACp3AOHlShAdfQhBYQuIMHeIJnRzqPzovzumzNOauZY/gh5+0TdCmPAg==</latexit><latexit sha1_base64="HRmK/bJKzBkwYdmjeyurifwYT+k=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUwfa7gpuXFawF2iHkknTNjaTDElGKEPfwY0LRdz6Pu58GzNtBRX9IfDxn3PIOX8Yc6aN6344ubX1jc2t/HZhZ3dv/6B4eNTWMlGEtojkUnVDrClngrYMM5x2Y0VxFHLaCadXWb1zT5VmUtyaWUyDCI8FGzGCjbXaF91BWpkPiiW37NV81/dQBpf1SnUJtbqLvLK7UAlWag6K7/2hJElEhSEca93z3NgEKVaGEU7nhX6iaYzJFI9pz6LAEdVButh2js6sM0QjqewTBi3c7xMpjrSeRaHtjLCZ6N+1zPyr1kvMqBakTMSJoYIsPxolHBmJstPRkClKDJ9ZwEQxuysiE6wwMTaggg3h61L0P7QrZc/yjV9q+Ks48nACp3AOHlShAdfQhBYQuIMHeIJnRzqPzovzumzNOauZY/gh5+0TdCmPAg==</latexit><latexit sha1_base64="HRmK/bJKzBkwYdmjeyurifwYT+k=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUwfa7gpuXFawF2iHkknTNjaTDElGKEPfwY0LRdz6Pu58GzNtBRX9IfDxn3PIOX8Yc6aN6344ubX1jc2t/HZhZ3dv/6B4eNTWMlGEtojkUnVDrClngrYMM5x2Y0VxFHLaCadXWb1zT5VmUtyaWUyDCI8FGzGCjbXaF91BWpkPiiW37NV81/dQBpf1SnUJtbqLvLK7UAlWag6K7/2hJElEhSEca93z3NgEKVaGEU7nhX6iaYzJFI9pz6LAEdVButh2js6sM0QjqewTBi3c7xMpjrSeRaHtjLCZ6N+1zPyr1kvMqBakTMSJoYIsPxolHBmJstPRkClKDJ9ZwEQxuysiE6wwMTaggg3h61L0P7QrZc/yjV9q+Ks48nACp3AOHlShAdfQhBYQuIMHeIJnRzqPzovzumzNOauZY/gh5+0TdCmPAg==</latexit>



Geometry of AdS3
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Poincare AdS3   
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Global AdS3   

X�1 =
p
⇢2 + `2 sin

⇣⌧
`

⌘

X0 =
p
⇢2 + `2 cos

⇣⌧
`

⌘

X1 = ⇢ sin'

X2 = ⇢ cos'
<latexit sha1_base64="k3103yVz8vcH+XpQvuuFa6ODT6Q="></latexit><latexit sha1_base64="k3103yVz8vcH+XpQvuuFa6ODT6Q="></latexit><latexit sha1_base64="k3103yVz8vcH+XpQvuuFa6ODT6Q="></latexit><latexit sha1_base64="k3103yVz8vcH+XpQvuuFa6ODT6Q="></latexit>

⌧ 2 (�1,1) , ⇢ 2 [0,1) , ' 2 [0, 2⇡)
<latexit sha1_base64="maumNanNRFvX6sUtlI4WUzCHXlw="></latexit><latexit sha1_base64="maumNanNRFvX6sUtlI4WUzCHXlw="></latexit><latexit sha1_base64="maumNanNRFvX6sUtlI4WUzCHXlw="></latexit><latexit sha1_base64="maumNanNRFvX6sUtlI4WUzCHXlw="></latexit>

t, x 2 (�1,1) , z 2 (0,1)
<latexit sha1_base64="j+LV1TW2lGBEe3Oi476Kkp8hVqA=">AAACH3icdVDLSgMxFM34rPU16tJNsAgVaplxiu2y4MZlBfuAtpRMmmlDM5khuSPW0j9x46+4caGIuOvfmD7EB3pDksM555Lc48eCa3CcibW0vLK6tp7aSG9ube/s2nv7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wer+4GKq12+Y0jyS1zCMWTskPckDTgkYqmOfQ+4Wt7jE2VNzBjDM4fl9glvYYLNw+m7ucL60jp1x8s6ssAGFoue5BpQcz3M87C6kDFpUpWO/t7oRTUImgQqiddN1YmiPiAJOBRunW4lmMaED0mNNAyUJmW6PZvON8bFhujiIlNkS8Iz93jEiodbD0DfOkEBf/9am5F9aM4Gg1B5xGSfAJJ0/FCQCQ4SnYeEuV4yCGBpAqOLmr5j2iSIUTKRpE8LnpPh/UDvLuwZfFTLlwiKOFDpERyiLXFREZXSJKqiKKLpHj+gZvVgP1pP1ar3NrUvWoucA/Shr8gEsBZ6n</latexit><latexit sha1_base64="j+LV1TW2lGBEe3Oi476Kkp8hVqA=">AAACH3icdVDLSgMxFM34rPU16tJNsAgVaplxiu2y4MZlBfuAtpRMmmlDM5khuSPW0j9x46+4caGIuOvfmD7EB3pDksM555Lc48eCa3CcibW0vLK6tp7aSG9ube/s2nv7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wer+4GKq12+Y0jyS1zCMWTskPckDTgkYqmOfQ+4Wt7jE2VNzBjDM4fl9glvYYLNw+m7ucL60jp1x8s6ssAGFoue5BpQcz3M87C6kDFpUpWO/t7oRTUImgQqiddN1YmiPiAJOBRunW4lmMaED0mNNAyUJmW6PZvON8bFhujiIlNkS8Iz93jEiodbD0DfOkEBf/9am5F9aM4Gg1B5xGSfAJJ0/FCQCQ4SnYeEuV4yCGBpAqOLmr5j2iSIUTKRpE8LnpPh/UDvLuwZfFTLlwiKOFDpERyiLXFREZXSJKqiKKLpHj+gZvVgP1pP1ar3NrUvWoucA/Shr8gEsBZ6n</latexit><latexit sha1_base64="j+LV1TW2lGBEe3Oi476Kkp8hVqA=">AAACH3icdVDLSgMxFM34rPU16tJNsAgVaplxiu2y4MZlBfuAtpRMmmlDM5khuSPW0j9x46+4caGIuOvfmD7EB3pDksM555Lc48eCa3CcibW0vLK6tp7aSG9ube/s2nv7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wer+4GKq12+Y0jyS1zCMWTskPckDTgkYqmOfQ+4Wt7jE2VNzBjDM4fl9glvYYLNw+m7ucL60jp1x8s6ssAGFoue5BpQcz3M87C6kDFpUpWO/t7oRTUImgQqiddN1YmiPiAJOBRunW4lmMaED0mNNAyUJmW6PZvON8bFhujiIlNkS8Iz93jEiodbD0DfOkEBf/9am5F9aM4Gg1B5xGSfAJJ0/FCQCQ4SnYeEuV4yCGBpAqOLmr5j2iSIUTKRpE8LnpPh/UDvLuwZfFTLlwiKOFDpERyiLXFREZXSJKqiKKLpHj+gZvVgP1pP1ar3NrUvWoucA/Shr8gEsBZ6n</latexit><latexit sha1_base64="j+LV1TW2lGBEe3Oi476Kkp8hVqA=">AAACH3icdVDLSgMxFM34rPU16tJNsAgVaplxiu2y4MZlBfuAtpRMmmlDM5khuSPW0j9x46+4caGIuOvfmD7EB3pDksM555Lc48eCa3CcibW0vLK6tp7aSG9ube/s2nv7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wer+4GKq12+Y0jyS1zCMWTskPckDTgkYqmOfQ+4Wt7jE2VNzBjDM4fl9glvYYLNw+m7ucL60jp1x8s6ssAGFoue5BpQcz3M87C6kDFpUpWO/t7oRTUImgQqiddN1YmiPiAJOBRunW4lmMaED0mNNAyUJmW6PZvON8bFhujiIlNkS8Iz93jEiodbD0DfOkEBf/9am5F9aM4Gg1B5xGSfAJJ0/FCQCQ4SnYeEuV4yCGBpAqOLmr5j2iSIUTKRpE8LnpPh/UDvLuwZfFTLlwiKOFDpERyiLXFREZXSJKqiKKLpHj+gZvVgP1pP1ar3NrUvWoucA/Shr8gEsBZ6n</latexit>

dx2
<latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit><latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit><latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit><latexit sha1_base64="zdBW7Uwi06WH4EKARhApV9NPtEg=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyXpfVlw47KCvUAby2QybYdOJmFmIpbQV3DjQhG3vpA738ZJG0FFfxj4+M85zDm/F3GmtG1/WGvrG5tb27md/O7e/sFh4ei4q8JYEtohIQ9l38OKciZoRzPNaT+SFAcepz1vdpnWe3dUKhaKGz2PqBvgiWBjRrBOLf/+tjwqFO2SXas16lVkYCkDlWa9UqkhJ3OKkKk9KrwP/ZDEARWacKzUwLEj7SZYakY4XeSHsaIRJjM8oQODAgdUucly1wU6N46PxqE0T2i0dL9PJDhQah54pjPAeqp+11Lzr9og1uOmmzARxZoKsvpoHHOkQ5QejnwmKdF8bgATycyuiEyxxESbePImhK9L0f/QLZccw9fVYquaxZGDUziDC3CgAS24gjZ0gMAUHuAJnq3AerRerNdV65qVzZzAD1lvnxS2jjc=</latexit>

d'2
<latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit><latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit><latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit><latexit sha1_base64="+GzCA9yKYTRHYxul8WIzDfjgIyk=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiuCrTe5cFNy4r2Au2Y8lkMm1oJjMkmUIZ+hZuXCji1rdx59uYtiOo6A+Bj/+cQ8753YgzpW37w8psbG5t72R3c3v7B4dH+eOTrgpjSWiHhDyUfRcrypmgHc00p/1IUhy4nPbc6dWy3ptRqVgobvU8ok6Ax4L5jGBtrDtvOMMymrD78ihfsIt2rdaoV5GBlQxUmvVKpYZKqVOAVO1R/n3ohSQOqNCEY6UGJTvSToKlZoTTRW4YKxphMsVjOjAocECVk6w2XqAL43jID6V5QqOV+30iwYFS88A1nQHWE/W7tjT/qg1i7TedhIko1lSQ9Ud+zJEO0fJ85DFJieZzA5hIZnZFZIIlJtqElDMhfF2K/oduuVgyfFMttKppHFk4g3O4hBI0oAXX0IYOEBDwAE/wbCnr0XqxXtetGSudOYUfst4+AbEQkOE=</latexit>

view as embedded in R6 �X2
�1 �X2

0 +X2
1 +X2

2 = �`2
<latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit><latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit><latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit><latexit sha1_base64="a06JvfL++g8NPhhS84UeK9Vb5Bc="></latexit>

X�1 = ` t/z

X0 =
`2 � t2 + x2 + z2

2 z

X1 =
�`2 � t2 + x2 + z2

2 z
X2 = `x/z

<latexit sha1_base64="OKveaxGgY+Is9u3pElwKVqqzJ2w="></latexit><latexit sha1_base64="OKveaxGgY+Is9u3pElwKVqqzJ2w="></latexit><latexit sha1_base64="OKveaxGgY+Is9u3pElwKVqqzJ2w="></latexit><latexit sha1_base64="OKveaxGgY+Is9u3pElwKVqqzJ2w="></latexit>

⇢
<latexit sha1_base64="dYKV2v3ehsekOreIDmUtJksNOdQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqYI4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14LruP9zUmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB1Ujj8=</latexit>
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Geometry of AdS

ds2 =
`2

z2
�
�dt2 + dxi dx

i + dz2
�

Poincare AdS:

boundary

bulk

CFT

z

xi

ds2 = �
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OUTLINE

Motivation: path to QG

Black holes & holographic principle

Preview of gauge/gravity correspondence

Historical detour: string theory

Anti de Sitter geometry

Elements of gauge/gravity dictionary

Scale/radius duality (“UV/IR correspondence”) 
States / geometries
Fluid/gravity correspondence
CFT probes of bulk geometry…



Radial direction

What boundary quantity encodes the extra bulk direction?
• hints from spatial geometry of AdS:

t



Radial direction

• hints from spatial geometry of AdS:

• points near the boundary       small arcs 
• points further in the bulk        larger arcs 
• same point represented by multiple arcs

What boundary quantity encodes the extra bulk direction?

The radial bulk direction comes 
from a scale size on boundary:

• Provides useful intuition:   
e.g. bulk particle falling due to gravity         boundary excitation spreading outward 
… falling into black hole                           … thermalizing



Bulk geometries and CFT states

different bulk geometries  ↝ different states in CFT 

• Pure AdS  ↭ vacuum state in CFT

Finite-mass deformations 
of the bulk geometry result in 
non-zero boundary stress tensor 

(asymptotically AdS)



different bulk geometries  ↝ different states in CFT 

• Black hole ↭ thermal state in CFT

• Pure AdS  ↭ vacuum state in CFT

Bulk geometries and CFT states

(asymptotically AdS)

(large BH ↭ high temperature)



evolving bulk geometries  ⟷ corresponding dynamics 

• Black hole ↭ thermal state in CFT

• Pure AdS  ↭ vacuum state in CFT

[Horowitz & VH]

Bulk geometries and CFT states

•                               ↭quasinormal modes of 
perturbed black hole

approach to
thermal equilibrium

[Kovtun, Son, Starinets]

•                               ↭horizon response
properties

CFT transport
coefficients

• at non-linear level, in hydro regime (large BHs)    ↝  fluid/gravity correspondence
[Bhattacharyya, VH, Minwalla, Rangamani]



bulk geometry specified by gab(r, x
µ)

boundary state characterized by Tµ⌫(x
µ)

✴ Bulk dynamics is specified by Einstein’s equations.

✴ Boundary dynamics satisfies stress tensor conservation.

Eab ⌘ Rab �
1

2
Rgab + ⇤ gab = 0

rµT
µ⌫ = 0

Description of dynamics

Relation between them:             
asymptotic falloff of        induces         gab Tµ⌫



(Relativistic) fluid dynamics

= effective description of interacting systems which have 
    achieved local equilibrium

valid on length scales

{`mfp
L � `mfp ⇠ 1

T

Variables describing the system:  
local temperature                and local velocity

Key dynamical equation: conservation of the stress tensor

supplemented by constitutive relations, which express 
in terms of      and      .   
Eg. for ideal fluid,                                                       

T (xµ) ui(xµ)

uµT

rµ T
µ⌫ = 0

Tµ⌫

Tµ⌫ = (⇢+ P )uµ u⌫ + P ⌘µ⌫

Tµ⌫



(Relativistic) fluid dynamics

= effective description of interacting systems which have 
    achieved local equilibrium

valid on length scales

{`mfp
L � `mfp ⇠ 1

T

Variables describing the system:  
local temperature                and local velocity

Key dynamical equation: conservation of the stress tensor

supplemented by constitutive relations, which express 
in terms of      and      .   
Eg. for dissipative fluid,                                                       

T (xµ) ui(xµ)

uµT

rµ T
µ⌫ = 0

Tµ⌫

Tµ⌫

Tµ⌫ = (⇢+ P )uµ u⌫ + P ⌘µ⌫ � 2 ⌘ �µ⌫ + . . .



Fluid regime for AdS black hole?

When does the boundary stress tensor describe a fluid?
need scale of variation ≫ thermal scale

small BH large BH

thermal 
AdS

1
2
1

r+

2
p

T

=BH size / AdS size

= 1/T

(for 5-dimensional bulk  ⇒  4-dimensional boundary)



When does the boundary stress tensor describe a fluid?
need scale of variation ≫ thermal scale

small BH large BH

thermal 
AdS

1
2
1

r+

2
p

T

⇒ focus on large BH limit   ➪ planar BH

BH

bdy

Fluid regime for AdS black hole?



Induced boundary stress tensor:

= Perfect fluid at temperature     moving with velocity       
 (such that                    ).

T uµ

uµ uµ = �1

Tµ⌫ = ⇡4 T 4 (⌘µ⌫ + 4uµ u⌫)

Note: this describes a conformal fluid (              ) with no dissipation.Tµ
µ = 0

Thermal equilibrium

ds2 = �2uµ dx
µdr + r2

✓
⌘µ⌫ +

⇡4T 4

r4
uµ u⌫

◆
dxµdx⌫

Planar black hole geometry given by metric:

= 4-parameter family of solutions parametrized by BH temperature     
and horizon velocity       

T
uµ



Mathematically, instead of specifying 4 parameters in

ds2 = �2uµ dx
µdr + r2

✓
⌘µ⌫ +

⇡4T 4

r4
uµ u⌫

◆
dxµdx⌫

ds2 = �2uµ(x) dx
µdr + r2

✓
⌘µ⌫ +

⇡4T (x)4

r4
uµ(x)u⌫(x)

◆
dxµdx⌫

This metric is still regular (for regular          and        ), 
but does not solve Einstein’s equations unless          and        
are constant.

uµ(x)

uµ(x)

T (x)

T (x)

suppose we specified the metric by 4 functions of      : xµ

Black holes with variation



However, we can use this as a starting point for an iterative 
construction:

gab =
1X

k=0

✏k g(k)ab , T =
1X

k=0

✏k T (k) , uµ =
1X

k=0

✏k u(k)
µ

Assuming slow variations

we can expand

and solve Einstein’s equations order by order in   .✏

@µ log T

T
⇠ O (✏) ,

@µu

T
⇠ O (✏)

Iterative construction



Einstein’s equations

separate into two sets:

Eab ⌘ Rab �
1

2
Rgab + ⇤ gab = 0

✴ Constraint equations:

    these implement stress tensor conservation 
  (at one lower order)

✴ Dynamical equations:               and 

  these allow us to solve for the metric correction
  (at the given order)

Erµ = 0

Eµ⌫ = 0 Err = 0

() rµT
µ⌫ = 0

Iterative construction



Fluid/Gravity correspondence
[Bhattacharyya, Hubeny, Minwalla, Rangamani, 2008]

• Dynamics of bulk black hole ⇔  fluid dynamics on boundary 
⊃  4-d Navier-Stokes equations
     (describing relativistic, conformal fluid)

5-d Einstein’s equations
w/ negative cosmological const.  

• For any given fluid flow, we iteratively construct a solution of a dynamical 
black hole in AdS whose horizon mimics the fluid.

xm

r

xm

r• Technically: expand in boundary derivatives 
and solve order by order

• The radial equation is fully nonlinear, and 
gives patched ‘tubes’ of different black holes

• The pull-back of the horizon area form gives a natural entropy current on 
the boundary, with automatically non-negative divergence.

[Bhattacharyya, Hubeny, Loganayagam, Mandal, Minwalla, Morita, Rangamani, Reall]

• We calculate 2nd order transport coefficients for the conformal fluid.



The iterative construction can in principle be systematically 
implemented to arbitrary order in     (which obtains 
correspondingly accurate solution).
The resulting black hole spacetimes form a continuously-
infinite set of (approximate) solutions: instead of specifying 4 
parameters, we specify 4 functions of 4 variables.
However, these solutions are given implicitly in terms of 
functions            and              which must solve the 
generalized Navier-Stokes equations.
Any regular fluid dynamical solution corresponds to a bulk 
black hole with regular horizon.

u⌫(xµ)T (xµ)

✏

Key points of the construction



Cartoon of the event horizon

✴ Initially non-uniform horizon evolves.
✴ The horizon area grows.
✴ No symmetries; but at late times the 

configuration equilibrates due to 
dissipation.

✴ The horizon area provides entropy 
current for the boundary fluid.

✴ Such entropy current automatically 
satisfies the 2nd law of thermodynamics.

[Bhattacharyya, VH, Loganayagam, Mandal, 
Minwalla, Morita, Rangamani, Reall]

bulk BH

boundary



The 1st order solution induces on the AdS boundary the 
stress tensor of the expected form:

Tµ⌫ = ⇡4 T 4 (4uµu⌫ + ⌘µ⌫)� 2⇡3 T 3 �µ⌫

From this we can read off the shear viscosity of the fluid; in 
terms of shear viscosity to entropy density ratio 
(calculated previously [Policastro, Son, Starinets]),

⌘

s
=

1

4⇡

This saturates the famous lower bound conjectured by 
[Kovtun, Son, Starinets].

Boundary stress tensor

At 2nd order we can read off 2nd order transport coefficients.



Fluid/Gravity correspondence
[Bhattacharyya, Hubeny, Minwalla, Rangamani, 2008]

• Dynamics of bulk black hole ⇔  fluid dynamics on boundary 
⊃  4-d Navier-Stokes equations
     (describing relativistic, conformal fluid)

5-d Einstein’s equations
w/ negative cosmological const.  

• Generalizations: 
• charged fluids, 
• superfluids, 
• non-conformal fluids, 
• non-relativistic fluids, 
• fluids with boundary, 
• forced fluids, 
• other dimensions, ...
• But not yet everyday liquids,  e.g. non-Newtonian fluids.

• Applications:
• black hole physics, 
• fluid dynamics, 
• nuclear physics, 
• condensed matter physics, 
• solid state physics, ...

• For any given fluid flow, we iteratively construct a solution of a dynamical 
black hole in AdS whose horizon mimics the fluid.



OUTLINE

Motivation: path to QG
Black holes & holographic principle
Preview of gauge/gravity correspondence
Historical detour: string theory

Anti de Sitter geometry

Elements of gauge/gravity dictionary

Scale/radius duality (“UV/IR correspondence”) 
States / geometries
Fluid/gravity correspondence
CFT probes of bulk geometry… — skipped…
Entanglement and geometry… 

Lecture 1

Lecture 2

Lecture 3



Paths to Holographic EE

String theory (∋ gravity)  ⟺  gauge theory (CFT) 
“in bulk”  asymp. AdS × K “on boundary”

Applied AdS/CFT:
study specific system via its dual
e.g. AdS/QCD,  AdS/CMT, …

Fundamentals of AdS/CFT:
why/how does the duality work
map between the 2 sides

Holographic Entanglement Entropy

Quantum Gravity



Entanglement

Most non-classical manifestation of quantum mechanics
 “Best possible knowledge of a whole does not include best possible 
knowledge of its parts — and this is what keeps coming back to 
haunt us”  [Schrodinger ’35]

New quantum resource for tasks which cannot be 
performed using classical resources [Bennet ’98]

Plays a central role in wide-ranging fields
quantum information (e.g. cryptography, teleportation, …)
quantum many body systems
quantum field theory

Hints at profound connections to geometry…



Entanglement Entropy (EE)

Suppose we only have access to a subsystem A of the full system 
= A + B.  The amount of entanglement is characterized by 
Entanglement Entropy      :

reduced density matrix
    (more generally, for a mixed total state,                    )

EE = von Neumann entropy

⇢A = TrB | ih |
⇢A = TrB⇢

SA = �Tr ⇢A log ⇢A

SA

Defined if we can divide a quantum system into a subsystem A 
and its complement B, such that the Hilbert space decomposes:

H = ⌦HA HB



Entanglement Entropy (EE)

e.g. in local QFT:  
    A and B can be spatial regions, separated by a smooth entangling surface

A
B

Suppose we only have access to a subsystem A of the full system 
= A + B.  The amount of entanglement is characterized by 
Entanglement Entropy      :

reduced density matrix
    (more generally, for a mixed total state,                    )

EE = von Neumann entropy

⇢A = TrB | ih |
⇢A = TrB⇢

SA = �Tr ⇢A log ⇢A

SA



The good news & the bad news

Yes! - described geometrically…

But EE is hard to deal with…
non-local quantity, intricate & sensitive to environment
difficult to measure
difficult to calculate

Is there a natural bulk dual of EE?
      (= “Holographic EE”)

boundary

bulk ?

AdS/CFT to the rescue?
A

B

… especially in strongly-coupled quantum systems



Holographic EE in static situations

Proposal [RT=Ryu & Takayanagi, ‘06] for static configurations:

SA = min
@m=@A

Area(m)

4GN

In the bulk, entanglement entropy       for 
a boundary region       is captured by the 
area of a minimal co-dimension-2 bulk 
surface      at constant t  anchored on 
entangling surface       & homologous to      @A

SA

A
m

A boundary

bulk

A

m

@A

Remarks:
Large body of evidence, culminating in [Lewkowycz & Maldacena ’13] 

Minimal surface “hangs” into the bulk due to large distances near bdy.
Note that both LHS and RHS are in fact infinite

cf. black hole entropy…



Area-law divergence of HEE

Short-distance cutoff     in the CFT translates to large-radius cutoff     in AdS 

We can regulate EE by e.g. background subtraction.

� R

boundary

bulk E

A
� R

� =
`2

R
with (cf. UV/IR duality)

Bulk area reproduces the correct 
divergence structure:

SA = c0

✓
L

�

◆d�2

+ c1

✓
L

�

◆d�4

+ · · ·

+

⇢
cd�2 log

�
L
�

�
+ · · · , d even

cd�2 + · · · , d odd

universal coefficients

cutoff-dependent coefficients

r

1
L



In time-dependent situations, RT prescription must be covariantized:

But the RT prescription is not well-defined outside the context of 
static configurations:

Covariant Holographic EE

In Lorentzian geometry, we can decrease 
the area arbitrarily by timelike deformations
In time-dependent context, no natural 
notion of  “const. t” slice…

m A

This gives a well-defined quantity in any (arbitrarily 
time-dependent asymptotically AdS) spacetime 
⇒ equally robust as in CFT

[HRT = VH, Rangamani, Takayanagi ‘07]Simplest candidate:

E
A

minimal surface 
at constant time

extremal surface 
in the full bulk→m E

“Pf ” in [Dong, Lewkowycz, Rangamani ’16]



Subadditivity: SA1 SA2+ SA1[A2
�

bdy

bulk

A1 A2

Implies positivity of mutual information: I(A1,A2) = SA1 + SA2 � SA1[A2

Manifest properties of EE

For pure states SA = SAc

A
Ac

E

Positivity: SA � 0



Proof of Strong Subadditivity

strong subadditivity:

proof in static configurations  [Headrick & Takayanagi]   

SA1 SA2+ = ↵ + �

bdy

bulk ↵
�=

A1 A1A2 A2

SA1 SA2+ SA1[A2 + SA1\A2
�



Proof of Strong Subadditivity

strong subadditivity:

proof in static configurations  [Headrick & Takayanagi]   

SA1 SA2+ = ↵ + � SA1[A2 + SA1\A2

bdy

bulk
�

�

A1 A1A2 A2

SA1 SA2+ SA1[A2 + SA1\A2
�

general proof in time-dependent case uses properties of null geodesics + energy 
conditions [Wall]



Examples of entanglement relations

Universal:

True in holography:

Strong sub-additivity (SSA)

Weak monotonicity (WM)

S(AB) + S(BC) � S(B) + S(ABC)
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S(AB) + S(BC) � S(A) + S(C)
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Sub-additivity (SA)

Araki-Lieb (AL)

S(A) + S(B) � S(AB)
<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

S(A) + S(AB) � S(B)
<latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit><latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit><latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit><latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit>

Monogamy of mutual information (MMI)

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC)
<latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit>

S(ABC) + S(BCD) + S(CDE) + S(DEA) + S(EAB)
<latexit sha1_base64="RP0xvsnVZbvCpW0t/0gnimZvh9w=">AAACC3icdVDLSgMxFM3UV62vUZduQovQIpQZp9Au+wSXldoHtEPJpGkbmnmQZIQydO/GX3HjQhG3/oA7/8ZMW0FFL4RzOOdebu5xAkaFNIwPLbGxubW9k9xN7e0fHB7pxycd4Ycckzb2mc97DhKEUY+0JZWM9AJOkOsw0nVmtdjv3hIuqO/dyHlAbBdNPDqmGEklDfV0K1up1nIXrWy1Vo+hVm/EUG9UYmhUqrmhnjHyxrKgIoWiZZmKlAzLMixorq0MWFdzqL8PRj4OXeJJzJAQfdMIpB0hLilmZJEahIIECM/QhPQV9ZBLhB0tb1nAc6WM4Njn6nkSLtXvExFyhZi7jup0kZyK314s/uX1Qzku2RH1glASD68WjUMGpQ/jYOCIcoIlmyuCMKfqrxBPEUdYqvhSKoSvS+H/pHOZN428eV3IlEvrOJLgDKRBFpigCMrgCjRBG2BwBx7AE3jW7rVH7UV7XbUmtPXMKfhR2tsn9IKV5Q==</latexit><latexit sha1_base64="RP0xvsnVZbvCpW0t/0gnimZvh9w=">AAACC3icdVDLSgMxFM3UV62vUZduQovQIpQZp9Au+wSXldoHtEPJpGkbmnmQZIQydO/GX3HjQhG3/oA7/8ZMW0FFL4RzOOdebu5xAkaFNIwPLbGxubW9k9xN7e0fHB7pxycd4Ycckzb2mc97DhKEUY+0JZWM9AJOkOsw0nVmtdjv3hIuqO/dyHlAbBdNPDqmGEklDfV0K1up1nIXrWy1Vo+hVm/EUG9UYmhUqrmhnjHyxrKgIoWiZZmKlAzLMixorq0MWFdzqL8PRj4OXeJJzJAQfdMIpB0hLilmZJEahIIECM/QhPQV9ZBLhB0tb1nAc6WM4Njn6nkSLtXvExFyhZi7jup0kZyK314s/uX1Qzku2RH1glASD68WjUMGpQ/jYOCIcoIlmyuCMKfqrxBPEUdYqvhSKoSvS+H/pHOZN428eV3IlEvrOJLgDKRBFpigCMrgCjRBG2BwBx7AE3jW7rVH7UV7XbUmtPXMKfhR2tsn9IKV5Q==</latexit><latexit sha1_base64="RP0xvsnVZbvCpW0t/0gnimZvh9w=">AAACC3icdVDLSgMxFM3UV62vUZduQovQIpQZp9Au+wSXldoHtEPJpGkbmnmQZIQydO/GX3HjQhG3/oA7/8ZMW0FFL4RzOOdebu5xAkaFNIwPLbGxubW9k9xN7e0fHB7pxycd4Ycckzb2mc97DhKEUY+0JZWM9AJOkOsw0nVmtdjv3hIuqO/dyHlAbBdNPDqmGEklDfV0K1up1nIXrWy1Vo+hVm/EUG9UYmhUqrmhnjHyxrKgIoWiZZmKlAzLMixorq0MWFdzqL8PRj4OXeJJzJAQfdMIpB0hLilmZJEahIIECM/QhPQV9ZBLhB0tb1nAc6WM4Njn6nkSLtXvExFyhZi7jup0kZyK314s/uX1Qzku2RH1glASD68WjUMGpQ/jYOCIcoIlmyuCMKfqrxBPEUdYqvhSKoSvS+H/pHOZN428eV3IlEvrOJLgDKRBFpigCMrgCjRBG2BwBx7AE3jW7rVH7UV7XbUmtPXMKfhR2tsn9IKV5Q==</latexit><latexit sha1_base64="RP0xvsnVZbvCpW0t/0gnimZvh9w=">AAACC3icdVDLSgMxFM3UV62vUZduQovQIpQZp9Au+wSXldoHtEPJpGkbmnmQZIQydO/GX3HjQhG3/oA7/8ZMW0FFL4RzOOdebu5xAkaFNIwPLbGxubW9k9xN7e0fHB7pxycd4Ycckzb2mc97DhKEUY+0JZWM9AJOkOsw0nVmtdjv3hIuqO/dyHlAbBdNPDqmGEklDfV0K1up1nIXrWy1Vo+hVm/EUG9UYmhUqrmhnjHyxrKgIoWiZZmKlAzLMixorq0MWFdzqL8PRj4OXeJJzJAQfdMIpB0hLilmZJEahIIECM/QhPQV9ZBLhB0tb1nAc6WM4Njn6nkSLtXvExFyhZi7jup0kZyK314s/uX1Qzku2RH1glASD68WjUMGpQ/jYOCIcoIlmyuCMKfqrxBPEUdYqvhSKoSvS+H/pHOZN428eV3IlEvrOJLgDKRBFpigCMrgCjRBG2BwBx7AE3jW7rVH7UV7XbUmtPXMKfhR2tsn9IKV5Q==</latexit>

� S(AB) + S(BC) + S(CD) + S(DE) + S(EA) + S(ABCDE)
<latexit sha1_base64="2AlQr7adwF0iQIDt47c3543JbSQ="></latexit><latexit sha1_base64="2AlQr7adwF0iQIDt47c3543JbSQ="></latexit><latexit sha1_base64="2AlQr7adwF0iQIDt47c3543JbSQ="></latexit><latexit sha1_base64="2AlQr7adwF0iQIDt47c3543JbSQ="></latexit>

5-region cyclic inequality (C5)

k-region cyclic inequality (Ck) for k=odd is obvious... 



QI interpretation

Universal:

True in holography:

Sub-additivity (SA) S(A) + S(B) � S(AB)
<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

Monogamy of mutual information (MMI)

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC)
<latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit>

Strong sub-additivity (SSA) S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

ꔄ Mutual Information I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

ꔄ Conditional mutual information I(A : C|B) ⌘ I(A : BC)� I(A : B) � 0
<latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit>

ꔄ Tripartite information I3(A : B : C) ⌘ I(A : B) + I(A : C)� I(A : BC)  0
<latexit sha1_base64="TIXukmPIeC/1UAD7KFffKThroI0="></latexit><latexit sha1_base64="TIXukmPIeC/1UAD7KFffKThroI0="></latexit><latexit sha1_base64="TIXukmPIeC/1UAD7KFffKThroI0="></latexit><latexit sha1_base64="TIXukmPIeC/1UAD7KFffKThroI0="></latexit>

↝ gives interesting structure information on nature of entanglement in holography
    cf. [Hayden, Headrick, Maloney]



Covariant Holographic EE

•     = Extremal surfaceE
E = � is correct

= ‘HRT prescription’

[Hubeny, Rangamani ’12] 
Later known as Causal Information Surface;
w/ area = causal holographic information �

In fact, [Hubeny, Rangamani, Takayanagi ’07] identified 4 natural candidates:
        (all co-dim.2 surfaces ending on      , and coincident for ball regions     in pure AdS)@A A

A
E

 •     = Minimal-area surface on maximal-volume slice

A 

�•     = Surface with zero null expansions

A�

⌅•     = Causal wedge rim

A⌅



z

x

t

A⌥A
⌅A

Causal Wedge construction

[Hubeny, Rangamani ’12] 

• Important Q:  what is their interpretation within the dual CFT ?

In special cases,                                         ,  but in general they differ.⌅A = EA ) � = SA

Bulk causal wedge

Causal information surface

Causal holographic information 

⌥A

⌅A

�A

�A ⌘ Area(⌅A)

4GN

⌥A ⌘ J�[ ] \ J+[ ]D[A] D[A]

⌅A ⌘ @J�[ ] \ @J+[ ]D[A] D[A]

= { bulk causal curves which   
begin and end on        }D[A]

Bulk causal region naturally corresponding to         : D[A]



Power of covariant constructs

In generic Lorentzian spacetime, null congruences which define a causal set 
provide useful characterization of  ‘natural’ bulk regions.

2 options:

‘Natural’ geometrical constructs (defined for general bulk spacetimes, independent of 
coordinates) provide useful candidates for dual of  ‘natural’ quantities in CFT
e.g. dual of      ?  ⇢A [Bousso, Leichenauer, Rosenhaus; Czech, Karczmarek, Nogueira, Van Raamsdonk;…]

…starting from bdy:

    ⤳ Causal Wedge:D[A]

= future and past 
causally-separated
from bdy region
determined by ⇢A
[VH & Rangamani]

…starting from bulk:

    ⤳ Entanglement Wedge:E

= spacelike-separated 
(toward    ) from      A E
[Headrick, VH, Lawrence, Rangamani]

Argued to be the correct one:
[Dong, Harlow, Wall ’16] via QEC & operator algebra 
[Cotler, Hayden, Salton, Swingle, Walter ’17] via recovery 
channels



Power of covariant constructs

In generic Lorentzian spacetime, null congruences which define a causal set 
provide useful characterization of  ‘natural’ bulk regions.

2 options:

‘Natural’ geometrical constructs (defined for general bulk spacetimes, independent of 
coordinates) provide useful candidates for dual of  ‘natural’ quantities in CFT
e.g. dual of      ?  ⇢A [Bousso, Leichenauer, Rosenhaus; Czech, Karczmarek, Nogueira, Van Raamsdonk;…]

…starting from bdy:

    ⤳ Causal Wedge:D[A]

= future and past 
causally-separated
from bdy region
determined by ⇢A
[VH & Rangamani]

…starting from bulk:

    ⤳ Entanglement Wedge:E

= spacelike-separated 
(toward    ) from      A E
[Headrick, VH, Lawrence, Rangamani]

z

x

t

in pure AdS, 
& for spherical    ,
these coincide,
but not in general.

A
NB:

E =
in AdS3

⌅ A



Causal wedge vs. Entanglement wedge

Causal Wedge

Entanglement Wedge

Even in pure AdS3, these can differ for composite regions

contains

A = A1 [A2

A1

A2

A1A2



    ⤳ Causal Wedge:D[A]     ⤳ Entanglement Wedge:E

…continued past    :    ⤳ Causal Shadow⌅

We can prove the inclusion property     [Headrick, VH, Lawrence, Rangamani; Wall]

Consequences:
HRT is consistent with CFT causality 
(= non-trivial check of HRT) 
Entanglement plateaux
Entanglement wedge can reach 
deep inside a black hole!

D[A]

⌅A

⌅Ac

EA = EAc

A

Q@A

Q@A

Power of covariant constructs

. .....

⇢

or equivalently, E ⇢ Q@A

CW EW



Curious features of EE: 

Holographic EE seems too local:
sharply-specified both on boundary and in bulk
but:  ↝  we can reconstruct the bulk metric (modulo caveats) solely 
from the set          for a suitable set of  {SA} {A}

Holographic EE seems too non-local:
global minimization condition + homology constraint makes         
sensitive to arbitrarily distant regions in the bulk…

SA

Extremal surfaces can have intricate behavior :
   can have discontinuous jumps under smooth variations of 
↝  phase transitions in EE

   can be topologically nontrivial even for simply-connected regions

A

AE

E



EE is fine-grained observable!

Example:  black hole formed from a collapse
In contrast to the static (i.e. eternal) black hole, for a collapsed black hole, 
there is no non-trivial homology constraint on extremal surfaces.      

Hence we always have                    as for a pure state.    SA = SAc

[cf. Takayanagi & Ugajin]



Covariant re-formulations

This redundancy is useful
Each formulation can have its own advantages
e.g. different properties may be manifest in different formulations  
(cf. gauge / coordinate choice)
Re-formulation can reveal deeper relations  (cf. ER=EPR [Maldacena, Susskind])

Covariance is pre-requisite to construct being physically 
meaningful, but it need not be unique

Distinct geometrical formulations can turn out equivalent (cf.         )E = �



Covariant re-formulations of HEE

•     = Extremal surfaceE

(relatively) easy to find
minimal set of ingredients required in specification
need to include homology constraint as extra requirement

A
E

�•     = Surface with zero null expansions
(cf. light sheet construction & covariant entropy bound [Bousso, ‘99]:

Bulk entropy through light sheet of surface σ  ≤  Area(σ)/4 
    = surface admitting a light sheet closest to bdy�

A�

maximize over minimal-area surface on a spacelike slice
requires the entire collection of slices & surfaces
implements homology constraint automatically
useful for proofs (e.g. SSA)

• Maximin surface [Wall, ‘12] 



Covariant re-formulations of HEE

Where does the information live? 

Mutual information I(A:B) = S(A) + S(B) - S(AB) is given by surfaces 
located in different spacetime regions.

Geometric proof of SSA  ( S(AB) + S(BC) ≥ S(B) + S(ABC) ) 
obscures its meaning as monotonicity under inclusion of correlations

A
E

A�

All of these are the same 
geometrical construct.

BUT it does not elucidate the relation to quantum information:



Bit thread picture of (static) EE

Useful reformulation of holographic EE
flow continuous under varying region (while bottlenecks can jump discontinuously)
automatically implements homology constraint and global minimization of RT
maximal flow defined even without a regulator (when flux has UV divergence)
can be computed more efficiently (via linear programming methods)
implements QI meaning of EE and its inequalities more naturally
provides more intuition:  think of each bit thread as connecting an EPR pair

v

m

A

Reformulate EE in terms of flux of flow lines [Freedman & Headrick, ’16] 
let      be a vector field satisfying                   and              .  Then EE is given by

SA = max
v

Z

A
v

r · v = 0v |v|  1

By Max Flow - Min Cut theorem, equivalent to RT: 
(bottleneck for flow = minimal surface)



Spacetime from entanglement?

Entanglement builds bridges:  ‘ER = EPR’

Einstein-Rosen bridge Einstein-Podolsky-Rosen entanglement

[Maldacena, Susskind]

Some connected spacetimes emerge as superpositions of 
disconnected spacetimes [Van Raamsdonk; Swingle]

How does bulk spacetime emerge in the first place?

eg. eternal AdS black hole as thermofield double:

| i =
X

i

e�
� Ei

2 |Eii ⌦ |Eii



Changing view of Spacetime

Our concept of spacetime changed enormously in 111 years
absolute space and time
spacetime w/ finite speed limit

SR (1905)

dynamical, curved spacetime 
GR (1915)

fuzzy, higher-dimensional, complex internal structure
strings (1985)

holography (1997)
emergent from CFT  
changeable geometry, topology, dimension, etc.

dualities (1995)

How?  
perhaps from quantum entanglement… 

QI (2009) — we still don’t fully know!

Exciting times ahead!



Thank you!

Space Ref  (Harvard-Smithsonian CfA)

RHIC event, LBL

soihub.org/itschool

Roller Wave, by William Dalton

Hurricane Ivan, NOAA

Dancing Non-Newtonian fluid by Milo Vosch


