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Abstract and main result

‘We manily consider massless high-order gravities in general D = d + 1 dimensions,
which are Einstein gravity extended with higher-order curvature invariants in such a
way that the linearized spectrum around the AdS vacca involes only the massless
graviton. We derive the covariant holographic two-point function and find that they
have a universal structure.

o the theory-dependent overall coefficient factor Cr can be universally expressed
by (d — 1)Cr = €(da/df), where a is the holographic a-charge and ¢ is the AdS
radius.

o We verify this relations in Gauss-Bonnet, Lovelock and Einstein cubic gravities.
o Ind =4, we also find an intriguing relation between the holographic ¢ and a

charges, namely ¢ = 1£% which implies Cr = c.



Introduction

According to the basic idea of the AdS/CFT Correspondence providing a more
manageable approach to compute n-point functions is the field-operator duality. The
boundary value ¢, of ¢ is identified as the source coupled to the operator, and
furthermore the partition function of the boundary CFT), is identified with the
on-shell action of AdS,;, gravities

Serlsy =< exp(— f dxpo04) > . (1)

With the identification, the n-point function of the operator O, of the CFT, can be
computed by evaluating on-shell action of the gravity theories:
oS
< Op(x1) - Oylxy) >= ——————. 2)

A 5¢o(x1) - - 5o ()
In pure gravities, the only available field is the metric, and the corresponding
operator is the energy-momentum tensor of the boundary CFT. The corresponding
two-point functions in Einstein gravity in general dimensions were previously
obtained.[hep-th/9804083]



Introduction

In this paper, we compute covariant holographic two-point functions in massless
higher-order gravities. We mainly follow the method of
[Arxiv:1205.5804][Arxiv:1411.3158]developed for four dimensions. We generalized
to general D = d + 1 dimensions and obtain that

N:Cr I
< Tl:/'(x)Tk[(O) >= w (3)

where N, is a numerical constant depending only on d. The boundary spacetime
tensor 7 (x) is defined by

1 1
T = E(Iikljl + Inly) - =il 4
ZXin
Iy =ny - = (5)

where x; are the cartesian coodinates of the boundary Minkowski spacetime 7;;. The
structure matches the result of
CFT[hep-th/930710][hep-th/96050009][Arxiv:1203.1339], and also matches the
result of Einstein gravity and Gauss-Bonnet Gravity [Arxiv:0911.4257]



Introduction

The coefficient Cr depend on the detail of the theory, however, for massless
higher-order gravities, we find that there is a universal expression relating Cr to
a-charge:

1  oda
=07

where a is the coefficient of the Euler density in the holographic conformal
anomaly.(See,e,g.[hep-th/9806087][hep-th/9812032][hep-th/9910267])

©)

The parameter ¢ is the radius of the AdS vacuum. It is important to emphasize that
the a-charge must be expressed in terms of the ¢ and the bare coupling constants of

the higher-curvature invariants as independent parameters, with the bare
cosmological constant A solved in terms of thesed quantities by the E.O.M.



The covariant structure of two-point functions

We begin with a brief review of how to compute the two-point function based on the
holographic dictionary. The metrics of the asymptotic AdS in D = d + 1 dimensions
take the form

* .
ds® = ﬁdr2 + rzgijdx’dx’. @)
At the asymptotic region, the FG expansion of g;; is
(d)
(0)

8ij
gy =8+t ®)

The leading gg. is interpreted as the source of the boundary CFT in the context of the
holographic dictionary, and the two-point function is given as

1
<TyTy >= 6g<°)"’ <T;>. )

The holographic dictionary then given us

-2 d
< Ty >= Ty(h)r | ~ g3 (10)
Thus the computation of the two-point function now involes the evaluation of the
&
quantity W‘{V" .



The covariant structure of two-point functions

In other words, the main task is to determine how to response mode gl(,jfi) depends on

the source gf.](.)) around the AdS vacuum. We turn on the perturbation k; = r*5;, and

i:ll‘j = r*f;.For simplicity, we restrict ourselves to the transverse-traceless gauge:
V=0, h=0. an

The linearized equation is then given by
. 2.
chf(El + (—2)]’[1/ =0. (12)

where k. = 1]E + -+ - denote the effective Newton constant.The above equation can
be solved by separation of variables

]’:l,:j = e_"’"‘ ,;,-(r). (13)
The solutions are £ Bl
_iEt —4( 4
fy=eBy z(c,:iJ%(T) +CZY%(7))). (14)

where J and Y are the first and second Bessel functions respectively and (c{, CZ.) are

integration constants. Thus we see that the perturbation functions fj; can be expanded

as
(d)

ﬁj:f;;o)+-..+%+...' (15)



The covariant structure of two-point functions

After PBH transformation,we can solve f;; in Momentum space:

2ad—4

1 S
S = SNWp) Y ELEFO. (16)

I=d

It is instructive to introduce the boundary spacetime tensors
0;(p) = TIi/P2 —Pibj; )
,Jk, (G)tk@jl +0;0) - @zj@kl

We can verify that the metric basis is satisfied that

d2+d-4
2

1 _J ljkl(p) (1 8)

=~

I=d

After transforming the two-point funtion in momentum space into configuration
space. we can finally obtain

< T Tkl >= NzCTI,JkIX (19)



The covariant structure of two-point functions

where
T'd+2)

" T6(-md + 2+ - DL’

and the constant Cr depends on the details of a specific theory. The simplest example
is Einstein gravity, we have

N, (20)

Cr =1, ¥2))

For general massless higher-order gravities with linear equation, we verified that

CT = 1671'Keﬂ‘fd71 (22)

At first sight, this theory-dependent expression should not be called universal
enough, However we found a more universal expression:

1 da

=07

(23)



Example: Einstein-Guass-Bonnet gravity

First we consider Einstein gravity extended with the Guass-Bonnet term in
D =d + 1 > 4 dimensions. With bare cosmological constant Ay = d(d ” and the bare

coupling constant . For the flat AdS boundary condition, we obtain the total action:

Stot = Svulk + ScH + Sct

| ] d+1 d(d ) 2 v Vo
Soulk = E | d X\/—g(R + fo + a(R R#VR” + RHVPO'RIJ o ))
Sen= o [ a'x V-h(K - 2 K0 3KK® 2K))
871' M 3
1 2
Set = &, ddx V=h(d - (£ - g(d -3)d -2)a) . (24)
JT

where K® = KJ’Kf and K® = K/K;K}. For the theory admitting the AdS vacuum,
(£y, a, £) are related via the E.O.M as
1 1 @d-2)d-3)a
— - — 7 =0. 25
A z @)
If the massless gravity case is under consideration, we can read the effective

Newtonian constant as
1 2a(d —2)(d - 3)

= —(1 -
Keff = Tor 2

). (26)



Example: Einstein-Guass-Bonnet gravity

In this paper we still treat ¢ and « as independent parameters, while solving £,
associated with the bare cosmological constant Ag in terms of these independent
parameters (¢, @) according to the E.O.M.

The Brown-York energy-momentum tensor is given as

d - 13 -2(d - 3)d - 2)a)
30 ).

1
Jy = §(2KK,-ka + K?PK; - 2Ky K"K; — K°K;.) 27

1 (
= E(KU - Khlj + 20(3]1} - Jh,]) +

In the FG expansion frame, we can obtain the asymptotic formation of the extrinsic
curvature like

) ()
_r e d-28;
TR R LR T s R @8
for the flat boundary and note that
Trg® =0, (29)
we have
(d)
d-138;
k 0); ij
Kk = fg TE et
d ,  dd-2) 81
KuK"K; = 6_3,.2g(0)v T rd/2 T (30)



Example: Einstein-Guass-Bonnet gravity

Finally, we arrive the one point function

d
<Tj>= -Ekeﬁggj). (31
As the our discussion above, we can calculate the two point function of the

Einstein-Guass-Bonnet gravity and read the Cr as

2a(d - 3)(d -2)

Cr = 167kl = ¢471(1 - 7

). (32)

On the other hand, the a-charge of Einstein-Gauss-Bonnet gravity in arbitrary
dimensions was previously given as [Arxiv:1011.5819]:

- 2a(d - 1)(d - 2)
_ pd-1
a= (1 ———>). (33)
We can check that the identity
1 da
Cr= ﬁé’ 3 34

is valid.



Example: Einstein-Guass-Bonnet gravity

In particular, when D = 5,d = 4, Cy = ¢ has been shown (Arxiv:0911.4527), This
implies that a-charge and c-charge in four-dimension CFT can be simply related by

c=-{—. (35)



Example: Einstein-Lovelock Gravities

We consider the Einstein-Lovelock Gravities as sample. The bulk action is given by

Sputk = 16 dd+1x V=8 Z axEx. (36)
where 2k
5= W g g @7

We further set the bar cosmological constant and Newtonian constant by
dd-1)
&

The equation of motion can be read as

d! 1

We find that the effective Newton constant of Lovelock gravity is given by

(1Y k(d - 2)ay
Keft 167TZ 2 D d =2k (40)

ap = s ay =1. (38)

The Gibbons-Hawking surface term and the counterterms are

1 (=D"'2k)ay
San = Tor kZ‘ 2% -1



Example: Einstein-Lovelock Gravities

According to our discussion of the asymptotic formation of the extrinsic curvature
above, we have

_1\k+2 L
o1y = Y CD™kd = 2)day o ) (42)

1670%1(d — 2k)! 80 -

Thus we see from the two point functions for Einstein-Lovelock gravities are given as

k+1 ]
Cr = 1671'Kﬂrfd 1 —[d IZ( 1) k(d 2)

—52(k—1)(d 2]()‘ ay. (43)

Next we focus on calculating the a-charge of Einstein-Lovelock gravity. First we
employ the trick of the reduce FG expansion as (Arxiv:1803.08088). Considering a
special class of the FG coordinates

52
ds%, =——dr +

f@)
v T dx'dx;

(44)

The bulk action is then given as

1 d! 2kd!
" da'+l k Fk Fk lF 4
Stk = Tz f PR =26 2 d-2k+ D) 2 )@




Example: Einstein-Lovelock Gravities

[where 2 2012 42 2 2002 42
2reff” = rif’s + —r(€* +2f") + ref’s +
PR s et ik i G2 UL s e
2f? Of
Next we expand f as
f=fotrfor+fir? +fof> + - 47
and have
£ s .
fzz—i, ﬁtzﬁ, fi=0, ,iz3. 48)
We can then read off the a-charge:
_ D k(d - 2)!
s S VTR DY 4
. ; Okd— 2k + )1 “
It is easy to verified that
1 oa




Example: Einstein-Riemann cubic gravities

The crucial property in our derivation is that the linearized spectrum of the AdS
vacuum involes only the massless graviton. In fact these theories are two derivatives
in any background. In this section, we may relax this condition and consider
Riemann cubic extended gravities.

The bulk action of Einstein gravity extended with generic Riemann cubic invariants is

dd -1
S= fd““x\/ gL, L=r+%"D  po (51)
167 e
where H® is given by
HY =R + ;RR, R + e3RIR'R. + e,RV R R,y
+esRRFTR 1ypy + €6R RyopR, ™ + 1R 1o RF7 (gR
+esR PR, R, o (52)

The bare and effective cosmological constants are related to

11 d-3) ;, ) b
?%_ﬁ_m(d (d+1) e +d(d+1)82+
ey + dPeq +2d(d + es + 2deg + 4e7 + (d — l)eg) =0 (53)



Example: Einstein-Riemann cubic gravities

It is essential to introduce the generalized form os the Gibbons-Hawking surface term
to make a well-pose variation principle and it is given by [Arxiv:0908.0679]

1 oL
Son = — | dxN-h®iK), O =P nn”, PO = —— (54
GH 471_ on X v v 14 nn aRqu{T ( )
where 3
o OV
n g( 8r) i (55)

It is important to note that in our case @, is auxiliary field and does not involve in the
variation. We shall need to include the appropriate counter term and make the
on-shell action finite. It is given by some algebraic calculation:

3 d 1
Ser :__fdd ¢ )( O+ dP(d +1Ye; +dXd + ey + dPes + dey
2d(d + )es + 2deg + 4e7 +(d - 1)63). (56)
The decoupling of both the massive scalar and spin-2 modes requires

(d + l)de, + 3des + (2d — 1)eq + 4(d + 1)des + 4(d + 1)eg + 24e7 — 3eg = 0
12(d + Dd?e; + (d* + 10d + Dde, + 3(d + 1)des + 2d*> + 5d — 1)ey
+4(d + S5)des + 42d + 1)eg + 3(d — 1)eg + 24e; = 0. 57



Example: Einstein-Riemann cubic gravities

The remaining six-parameter theory we call massless cubic gravity and the linearized
equation of motion around AdS vacuum is given with

Keff =

L(1 + l(af =5)(d —2)(3(d + 1)de; + 2de; + e4 + 4es)). (58)
167 4

Next we substitute the flat FG expansion into the total action and then perform the
variation associated with g%, we can arrive the one-point function

d
<Ty>= —EKCﬂ‘gEjd). (59)

Having obtained the one-point function, it follows from our earlier discussions that
the two-point functions with the coefficient Cr:

Cr = fd’l(l + {’l“(d =5)(d -2)(3(d + 1)de; +2de; + e4 + 4e5)) (60)

On the other hand, the holographic a-charge for the massless cubic gravity in arbitary
dimensions is [Arxiv:1711.03650]

a= ["‘1(1 + f%(d —2)(d - 1)(3(d + D)des + 2dey + eq + 4e5)). 61)




Example: Einstein-Riemann cubic gravities

Thus we see that the relation

1 da

:—f—
Cr=07%

(62)

is valid.
It is also important to note that when D = 5(d = 4), the c-charge for the massless
cubic gravity is [Arxiv:1711.03650]

c =0 —260e; + 8e, + ey + des)l1 (63)

Thus in d=4, we have C7 = ¢ and the relation

1 0a

= §€% (64)

c

is again established, we have sufficient evidence to conjecture that the relation above
between c-charge and a-charge is a general property of CFT in four dimensions.



Conclusion

In this paper, we consider the Einstein gravity extended with general classes of
high-order curvature invariants. We derived the covariant holographic two-point
functions of these pure gravity theory in AdS vacuum. We presented the results in
both momentum and configuration spaces. We found that the c-charge Cr = 167k.q
was related to the holographic a-charge by a universal expression

1 da

Cr=—¢

T—1ta (65)



