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Leading-order slow-roll approx.
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No go for slow roll
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ΔA ≈ 42

×10F

PBH &'()Slow-roll violation
Δ ln IJ
ΔA

> 0.38

for any single-field 
canonical inflation

&'() ≈ 10;KL&⊙: Smallest PBH mass that does not evaporate by matter-radiation 
equality barring merging and accretion ⟹ Lower bound on SR violation



No go for slow roll
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Sasaki, Suyama, 
Tanaka, Yokoyama, 1603.08338

PBH = GW events scenario



Various approximations
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Case study 1: Inflection model
Garcia-Bellido, Morales, 1702.03901

Ezquiaga, Garcia-Bellido, Morales, 1705.04861

SR-V approx.
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Ultra slow-roll inflation

SR Violation:  !"#$%!& = −6
- Violation of non-Gaussianity consistency relation 
- Growing mode of *+ on superhorizon scales

Kinney, gr-qc/0503017

Namjoo, Hassan, Sasaki, 1210.3692
Martin, HM, Suyama, 1211.0083
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Exact
SR-V approx.



Case study 1: Inflection model

Large violation
of slow roll 
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Case study 1: Inflection model

Exact MS

SR-V approx.
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Case study 1: Inflection model

Impossible to 
suppress ×10$%

HM, Hu, 1706.06784

For sufficient suppression in inflection model, a fine-tuned shape 
of the potential is required.
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- Minimize truncation error by optimization => = ?9
- ?9 =

@
A
− ln 2 − EF ≈ 2.89: model independent

- Apply to general class of single-field inflation
e.g. Horndeski, GLPV, subclass of DHOST



Optimized slow-roll approximation

1. Formal solution of Mukhanov-Sasaki equation by using 

Green function (Generalized SR)

2. First order iteration

ln Δ$ % = −(
)

*+,
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Sound horizon

HM, Hu, 1503.04810, 1704.01128

Model-indep window function Source function (model)

Stewart, astro-ph/0110322



Optimized slow-roll approximation
1. Formal solution of Mukhanov-Sasaki equation by using 

Green function (Generalized SR)
2. First order iteration
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Model-indep. polynomial
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SR: ln ,2 = 0 horizon exit



Optimized slow-roll approximation
1. Formal solution of Mukhanov-Sasaki equation by using 

Green function (Generalized SR)
2. First order iteration

ln Δ$ % = −(
)

*+,
, -. , / ln ,

3. Taylor expand /(ln ,) around the evaluation point ln ,2

ln Δ$ % = / ln ,2 +4
567

*
85 ln ,2 / 5 (ln ,2)

4. Truncate at 9 and optimize ln ,2 so that 85:7 ln ,2 = 0

, ≡ %=
Sound horizon

HM, Hu, 1503.04810, 1704.01128

Model-indep window function Source function (model)

Stewart, astro-ph/0110322

OSR: ln ,2 ≠ 0

Model-indep. polynomial
SR: ln ,2 = 0 horizon exit



Optimized slow-roll approximation
Consider general inflation model with feature ∼ Δ#
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∼ 1/Δ#.



Optimized slow-roll approximation
Consider general inflation model with feature ∼ Δ#

lnΔ& ' = ) ln *+ +-
./0

1
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§ Standard SR
ln Δ& = ) 0 : correction = 6(20(0))′ 0 )

≃ 0.35 for Δ# ∼ 3
ln *+ = 0 : horizon exit 20(0) ≈ 1.06 1/Δ#

* ≡ 'A
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∼ 1/Δ#.



Optimized slow-roll approximation
Consider general inflation model with feature ∼ Δ#

lnΔ& ' = ) ln *+ +-
./0

1
2. ln *+ ) . (ln *+)

§ Standard SR
ln Δ& = ) 0 : correction = 6(20(0))′ 0 )

≃ 0.35 for Δ# ∼ 3
§ Optimized SR
ln Δ& = ) ln *0 : correction = 6(2&(ln *0))′′ ln *0 )

≃ 0.04 for Δ# ∼ 3

ln *+ = 0 : horizon exit 20(0) ≈ 1.06 1/Δ#

2& ln *0 ≈ −0.36
ln *+ = ln *0 ≈ 1.06 with 20 ln *0 = 0
~1 efold before horizon exit

1/Δ#&

* ≡ 'D

HM, Hu, 1503.04810, 1704.01128

∼ 1/Δ#.



Case study 2: Running mass model
HM, Hu, 1706.06784

Drees, Erfani,1102.2340
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Case study 2: Running mass model
HM, Hu, 1706.06784

Slow-roll violation OSR still works well

Exact MS



Case study 3: Slow roll step model
HM, Hu, 1706.06784

Parametrize ln #$ directly

ln #$ = &' + &)* − &, 1 + tanh * − *1
2

Exact MS



Case study 3: Slow roll step model
HM, Hu, 1706.06784

Parametrize ln #$ directly

ln #$ = &' + &)* − &, 1 + tanh * − *1
2

For Δ* < 10, all approximations do not work.

Exact MS



Summary
§ No go for slow roll:

PBH production requires !(1) slow-roll violation
⇒ Previous analyses based on slow-roll approx.

need reconsideration.

§ Improved approximation: Optimized slow roll
⇒ Remains a good description for models

with 10' amplification of Δ)* in Δ+ > 10.
⊃ PBH = (part of) DM or GW events scenarios

§ No go is robust even with non-Gaussianity
⇐ Next talk by Samuel Passaglia

Passaglia, Hu, HM, 1812.08243

HM, Hu, 1706.06784

HM, Hu, 1503.04810
1704.01128


