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End stage of solar-mass stars

Supported by electron 
degenerative pressure



Textbook material:

Total kinetic energy of a non-relativistic white dwarf

Number of electron
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To withstand gravitational collapse, we must balance the kinetic energy with 
gravitational binding energy

Degenerative matter



Subrahmanyan 
Chandrasekhar 

(1910-1995)

Chandrasekhar limit
/Chandrasekhar mass 
(1930)
1983 Nobel Prize in Physics 



Can be rigorously solved using 
Lane-Emden Equation



⇒

Non-relativistic case:

R

M0



A simple fix!  Simply Choose 𝛼 < 0

Yen Chin Ong, "Generalized Uncertainty 
Principle, Black Holes, and White Dwarfs: 
A Tale of Two Infinities", JCAP 09 (2018) 
015, [arXiv:1804.05176 [gr-qc]].

https://arxiv.org/abs/1804.05176


Previously suggested in

Also, if one takes the generalized Hawking temperature, 

and make the reasonable assumption that one should be able to obtain it from Wick-
rotating a deformed static Schwarzschild metric with metric coefficient 



At large enough energy, 
RHS becomes smaller: 
vanishes at Planck scale!
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Planck Scale Physics Becomes Classical!
Petr Jizba, Hagen Kleinert, Fabio Scardigli; 
Bernard J. Carr, Jonas Mureika, Piero Nicolini



Previously in Literature:
• ℏ as a dynamical field that goes to zero in the Planckian limit (Hossenfelder)

• Asymptotic Safe Gravity:  If Planck mass is fixed, equivalent to zero G limit 
since 𝐺 = ℏ𝑐/𝑀𝑝

2.

• Singularity of dilaton charged black hole (naïve but suggestive):



Black hole remnant!

Ronald J. Adler, Pisin Chen, David I. Santiago,
“The Generalized Uncertainty Principle and 
Black Hole Remnants”, Gen. Rel. Grav. 33 (2001) 
2101, arXiv:gr-qc/0106080



Yes, but OK!

Small mass limit:



Yes, but OK!

Small mass limit:

But how to make 
sense of the final 
temperatures? 



Hawking temperature:

Stefan-Boltzmann Equation:

Thermal Mass Loss (up to greybody factor):

𝑑𝑀

𝑑𝑡
~ −𝐴𝑇4 ~ −

1

𝑀2

Thus the lifetime of a black hole is of order 𝑀3.
Lifetime for solar mass black hole = O(1067) years
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Yen Chin Ong, “An Effective Black Hole 
Remnant via Infinite Evaporation Time 
Due to Generalized Uncertainty 
Principle”, JHEP 10 (2018) 
195, [arXiv:1806.03691 [gr-qc]].

https://arxiv.org/abs/1806.03691


Still … Not so satisfying?
Despite its virtue in preventing arbitrarily large white dwarf, and being consistent 
with some models of quantum gravity, such a GUP lacks theoretical derivation.

Can we resolve the white dwarf problem

with another approach? 



Our Universe is undergoing an accelerated expansion



Cosmological Constant? 



Extended Uncertainty Principle

Remark: To recover the correct black hole 
temperature via the heuristic method, 𝛽 = ±3

B. Bolen, M. Cavaglia, (Anti-)de Sitter Black Hole Thermodynamics and the Generalized Uncertainty Principle, Gen. Relativ. Grav. 37, 1255 (2005), arXiv:gr-
qc/0411086v1.

M.I. Park, The Generalized Uncertainty Principle in (A)dS Space and the Modification of Hawking Temperature from the Minimal Length, Phys. Lett. B659, 
698 (2008),
arXiv:0709.2307v4 [hep-th].

C. Bambi, F. R. Urban, Natural Extension of the Generalised Uncertainty Principle, Class.Quant.Grav.25:095006 (2008), arXiv:0709.1965v2 [gr-qc].

S. Mignemi, Extended Uncertainty Principle and the Gometry of (Anti)-de Sitter Space, Mod.Phys.Lett. A25 (2010) 1697-1703, arXiv:0909.1202v2 [gr-qc].
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Extended Generalized Uncertainty Principle



Extended Generalized Uncertainty Principle

QG-correction Classical geometry-correction

Yen Chin Ong, Yuan Yao, 
“Generalized Uncertainty 
Principle and White Dwarfs 
Redux: How Cosmological 
Constant Protects Chandrasekhar 
Limit”, 
Phys. Rev. D 98 (2018) 126018,
[arXiv:1809.06348 [gr-qc]].

https://arxiv.org/abs/1809.06348








Still large compared to the required ~𝟏𝟎−𝟏𝟐𝟐, but small 
compared to the “natural” value O(1).



• Yen Chin Ong, "Generalized Uncertainty Principle, Black Holes, and White 
Dwarfs: A Tale of Two Infinities", JCAP 09 (2018) 015, [arXiv:1804.05176 [gr-
qc]].

• Yen Chin Ong, “An Effective Black Hole Remnant via Infinite Evaporation Time 
Due to Generalized Uncertainty Principle”, JHEP 10 (2018) 
195, [arXiv:1806.03691 [gr-qc]].

• Yen Chin Ong, Yuan Yao, “Generalized Uncertainty Principle and White Dwarfs 
Redux: How Cosmological Constant Protects Chandrasekhar Limit”, Phys. Rev. 
D 98 (2018) 126018 [arXiv:1809.06348 [gr-qc]].

• Yuan Yao, Meng-Shi Hou, Yen Chin Ong, “A Complementary Third Law for Black 
Hole Thermodynamics”, [arXiv:1812.03136 [gr-qc]].

https://arxiv.org/abs/1804.05176
https://arxiv.org/abs/1806.03691
https://arxiv.org/abs/1809.06348
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Extra Slides



Heisenberg’s Microscope 

Δ𝑥Δ𝑝 ∼ ℏ



Photon energy 𝐸 = ℎ𝜈, so effective mass  

exerts force to accelerate particle: additional fuzziness!

Heisenberg’s Microscope with Gravitational 
Correction Ronald J. Adler, “Six Easy Roads to the Planck Scale”, 

Am. J. Phys. 78 (2010) 925, arXiv:1001.1205 [gr-qc]. 

Also, black hole formation?





Wavelength of Hawking Particle：

𝜆𝑇 =
2𝜋ℏ
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de Broglie wavelength：

𝜆 =
2𝜋ℏ

𝑝

𝐸 = 𝑝𝑐 𝐸 = 𝑘𝐵𝑇

Quantum 
Mechanics

thermodynamics

S. B. Giddings, “Hawking radiation, the Stefan Boltzmann law, and 
unitarization,” Phys. Lett. B754 (2016) 39, 1511.08221.



1963: D. Judge published a single page, ultra-dense paper titled “On the 
Uncertainty Relation for       and    a” [Physics Letters, Vol. 5, No. 3, 
1963]: (Details in 1964)
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“Canonical” 
Commutation Relation

See also
E.H. Kennard, Z. Phys. 44 
(1927) 326

H.P. Robertson, 
Phys. Rev. 34
(1929) 163.



It can be shown that angular 
momentum and angular coordinate 
satisfies the canonical commutation 
relation:

Yet  can find states such that         is 
sufficiently small, so that if 

then 

HTTP://XKCD.COM/162/

Something is wrong! xkcd



Recall that the uncertainty relation for any two operators A and B is 
usually written in the form:

A very important notion that is not usually mentioned in quantum 
mechanics textbooks is the domain of definition of an operator. Like 
functions, an operator has domain. 



Thus commutation relation does not always allow us to derive 
the correct uncertainty principle!

F. Gieres, “Mathematical Surprises and Dirac’s Formalism in Quantum Mechanics”, 
Rep.Prog.Phys. 63 (2000) 1893, arXiv:quant-ph/9907069.  



Both sides are now defined on the same domain

Thus the uncertainty principle is determined not by 
commutation relation, but by Hermitian sesquilinear form.

Triangle Inequality

Cauchy-Schwarz Inequality



The uncertainty principle concerns Fourier transforms of functions, which 
is nontrivial on curved manifolds.

What happens in 
de Sitter space? 


