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Lecture 2
Quantum Cellular automata




Summary

e Cellular Automata
* QCA
* finite guantum systems
* Infinite systems - inductive limit
* |Infinite systems - topological closure
* Neighbourhood
* The problem of quantisation

 Margolus decompositions

* Fermionic CA and quantum walks




Cellular Automata

J. Von Neumann and A. W. Burks, “Theory of self-reproducing automata” 1966

Two-dimensional cellular automata

Conway’s game of life

generation 0 1 0 1 i— 0 | 1 1 I 1 l 0 I 0 T 1
24
generation 1 | l I _I ? j T | l T

a neighborhood
of 9 cells

Definition (Cellular Automata). A cellular automaton (CA) is a 4-tuple (L,X, N, f) consisting of (1) a d-
dimensional lattice of cells L indexed i € Z%, (2) a finite set of states 22, (3) a finite neighborhood scheme N C Z°,
and (4) a local transition function f: XN — ¥,

K. Wiesner, Quantum Cellular Automata. In: Meyers R. (eds.) Encyclopedia of Complexity and Systems Science.



Quantum cellular automata

Problems

*\What is a local update rule?

AN EEEEEEE EEEEEEEEEEEEET

[Ty S T rrrirrrl -

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Quantum cellular automata

Problems

*\What is a local update rule?

AN EEEEEEE B EEEEEEEEEEET

[T IT T T T I TSR T rrrrriricicd

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Quantum cellular automata

Problems

*\What is a local update rule?

* No-cloning theorem

AN EEEEEEE B EEEEEEEEEEET

* Non commutativity of local
operations

[T IT T T T I TSR T rrrrriricicd

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Quantum cellular automata

Problems

*\What is a local update rule?

* No-cloning theorem

AN EEEEEEE B EEEEEEEEEEET

* Non commutativity of local
operations

[T IT T T T I TSR T rrrrriricicd

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Quantum cellular automata



Quantum cellular automata



Local system and local rule



Local system and local rule




Local system and local rule

B = . < A,



Local system and local rule



Local system and local rule

p(Ar = a | p) = Tr[P(a)rp] = Tr[{P(a) ® I }p]




Local system and local rule

p(Ar = a | p) = Tr[P(a)rp] = Tr[{P(a) ® I }p]

AR € Span (® Aw)
rER



Heisenberg picture

p(Ar = a | UpU") = Tr[P(a) UpU'] = Tr[U' P(a),Up]
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Quantum cellular automata

Neighbourhood of a cell

B = 7. < A,

CA.: U : ®/Hx — ®7‘[;,;

Backward neighbourhood of the cell Zg

U™ AU = AN-(20) @ I,

Forward neighbourhood of the cell Xg

Yy E N+(x0) & x9 € N (y)

More precisely, N (o) is the smallest set of cells such that U *A, U = Ax- (o) @ Lz,
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Infinite case

B = 7. < A,

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517
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Infinite system

Inductive Iimit

| By~ By if 3k >0 st fu(B) = fu(B) ]

| fii i An = An, ?‘~? AL = |Ar/ ~
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Infinite system

Topological limit

* |Inductive limit: all local operators on arbitrarily large but finite regions

« We equip A, with the operational norm || B;|lop = || Blloo #x,

« Let B, be a Cauchy sequence in A

o |B;, — B, llop <emeans that it is hard to discriminate B;, from B;,,

o B, ~

In In

If Ve>0dny st. Vn>ng |[|Bi, —Ci |lop < €

* We can then define the algebra A of equivalence classes:
it contains effects that can be approximated arbitrarily well by local effects

* A Is the quasi-local algebra



Quasi-local algebra

Topological limit

 The algebra A contains the local algebra as a subalgebra

Arp CA BiEALHBinGA,\V/nENBin:BZ‘
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Quasi-local algebra

Topological limit

* The algebra A contains the local algebra as a subalgebra

Ar CA B,eAp < B, €A VneN B; =D,
o Define the norm of B = lim Bi, as
Blop:= lm !Bi,!op
« Define the adjoint of B = lim Bi, as

B = Ilim B,
nl" "
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Quasi-local algebra

C*-algebra structure

* |tis easily proved that A Is a c*-algebra, i.e. a Banach vector space with

e an associative and distributive product
A,B,C!T A AB! A

(AB)C = A(BC)

(A+ B)C = AC + BC
AB+ C)= AC + AB

o aninvolution! : A"# A" (A')' = A
('A+ uB) = PA' + @B’

(AB) = B'A’

. and the norm satisfies! AB!"! All Bl 1A'Al = I Al°2



Quantum Cellular Automaton

Infinite case

* The following definition was given for QCA on z¢
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Quantum Cellular Automaton

Infinite case

* The following definition was given for QCA on z¢

« A QCA is an homomomorphism Vv of the quasi local algebra A such that
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Infinite case

* The following definition was given for QCA on z¢

« A QCA is an homomomorphism Vv of the quasi local algebra A such that

. v satisfies locality e
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Infinite case

* The following definition was given for QCA on z¢

« A QCA is an homomomorphism Vv of the quasi local algebra A such that

. v satisfies locality e

L]
| bnite N * (x) V(A # A HHH
Ix " abPniteN™ (x) s.t. y
EELC--

V(AL) ! AL HHH

* [ranslationally invariant HHH
V[Tz(Ax)] = Tz[V (A)]
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* The following definition was given for QCA on z¢
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Local update rule

Consequence of the definition

« The QCA induces a local rule Vi : A ! Ay 5 M
Vyx(Bx) := V(By) -

* The local rule at x=0 completely specifies the QCA

V(Bx) = Tx{V [Tx! 1(Bx)]}

) | Vy = TuVoT, *
= TxtVolTx “(Bx)l}

« The image of every local effect can be obtained using Vo since Br =

 Boundedness: image of limits (of the quasi-local algebra) is determined

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517
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Wrapping lemma

Reduces the local rule to that of a finite QCA

* Local algebras commute and so must do their images under Vv
 Necessarily [V«(By),Vy(By)]=0
 Also the converse is true
) S
V Bx .= VX(BX)
X' R X' R

e The commutation condition iIs local

« The same for infinite/finite QCA

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Wrapping lemma
Unitarity of QCAs

e The commutation condition is local

« The same for infinite/finite QCA

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Wrapping lemma
Unitarity of QCAs

e The commutation condition is local

« The same for infinite/finite QCA

* By Stinespring theorem in the finite case

V(BRr)

U(l ! Br)U

I x! R

Ue(1'! BUYU,

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517




Wrapping lemma
Unitarity of QCAs

e The commutation condition is local
« The same for infinite/finite QCA

* By Stinespring theorem in the finite case
V(Br)= U(I | Br)U

= Ue(1'! BUYU,
I X! R

 |In the Iinfinite case the local action is the same

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Wrapping lemma
Unitarity of QCAs

e The commutation condition is local
« The same for infinite/finite QCA

* By Stinespring theorem in the finite case
V(Br)= U(I | Br)U

= Ue(1'! BUYU,
I X! R

 |In the Iinfinite case the local action is the same

Vi (Br)= U (1! BYU,
I X" R

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

NG, 1 (X) = Ny (X)

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

NG, 1 (X) = Ny (X)

o V' !satisfies locality

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517



Inverse of a QCA

e The inverse of v on 7% is a QCA itself

NG, 1 (X) = Ny (X)

e ' ! gsatisfies locality

e V' 'is translationally invariant

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517
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Problem of quantisation

The neighbourhood of the inverse

* There are classical CA where N¢, ,(x)E N (x)

 Example: | (VDBit+1 = Brae! Be ! Beoay
(cells are bits)

(VD)it+2 =(VBir 1141 ! (VBiter ! (VDir 1441
=(Br2t! B! be)! (Brge! Be! Brge)! (Be! Bege! bBeoy)
=biot! B! Bop

(ng)i,t +3 :(Vb)i! 2,t+2 | (Vb)i,t 2 ! (Vb)i" 2,t+2
=(br2t! Brog! Brag)! (Brae! Be P bege)! (B! Beoe! bByo2t)
= b

vi=11 V' l=v°
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Problem of quantisation

The neighbourhood of the inverse

e Can such a CA be “quantised”?

e Yes

* The neighbourhood of the QCA is larger than its classical counterpart

 Where does the discrepancy come from?

o& -0

V.V 1



Margolus decomposition

e | et us consider a QCA Vv on z

Vi (Br) = }/(l 1 Br)V
= u(l ! BUHU




Margolus decomposition

e | et us consider a QCA Vv on z

Vi (Br) = }/(l 1 Br)V
= u(l ! BUHU




Margolus decomposition

e | et us consider a QCA Vv on z

* |t admits a Margolus decomposition if

Vi (Br) = }/(| 1 Br)V
= u(l ! B{U




Margolus decomposition

et us consider a QCA Vv on 7z

It admits a Margolus decomposition if

Vi (Br) = }/(| 1 Br)V
= U(I I B{)U

1! UU! 11=0

\ 4

Vi (Br)=

Ux(I | BR)_




Unitarity and locality imply Margolus decomposability

e Let Vv bea QCA on z¢withcellH! ¢

e Considerthe QCA V! V''onz¢withcellH! Cc " C

e SinceVv! V'i=(v! H)sv''t 1S, wheres|i!|"t:="I|'',andS= S
X
Vi vit="(s) S S =(V! DSV )
L R
Vv == _
mi _V!1
S, )
== B
Vllﬁ X X

P. Arrighi, V. Nesme, R.F. Werner, J. Comput. Syst. Sci. 77, 372-378 (2011)
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* The theory is meant to provide a realisation of the fermion algebra
(b= L {Ni =0

for an arbitrary finite number N of Local Fermionic Modes (LFM) 1! i,j ! N
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Fermionic theory

* The theory is meant to provide a realisation of the fermion algebra
(o= {1 =0

for an arbitrary finite number N of Local Fermionic Modes (LFM) 1! i,j ! N

* One can prove that the fermion algebra can be represented on H = c®

S1 SN

1. 14]00...0' =0, "I Ist=1, ...ty 100...0

« Example of basis state: |0010110 = ! ;! ;! ;0000000

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability

Example 2: Fermionic quantum theory

* The representation depends on the chosen ordering of the LFMs

J(Vi):=11) &4B I ¢! "1 "5, AAR "y

(XY ):= JX)IY) J(X ):= I(X)
J(aX + bY) := aJ(X)+ bJ(Y)
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Example 2: Fermionic quantum theory

* The representation depends on the chosen ordering of the LFMs
J(' i) . — |1| aah Ii! 1! "i! | "Zi+1 aah "ZN

(XY ):= JX)IY) J(X ):= I(X)
J(aX + bY) := aJ(X)+ bJ(Y)

» Jordan-Wigner representation

» [ypically used to study models in statistical mechanics

 Used to prove computational equivalence of Fermionic and standard quantum
computation™

*Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Example 2: Fermionic quantum theory

 Kraus operators must be combination of either even or odd products
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Theories without local discriminability

Example 2: Fermionic quantum theory

 Kraus operators must be combination of either even or odd products

) )
F - —F
— —

gt KIK =(!K)I(! K)
(!- -i)!j K! K

o States and effects are combinations even products of field operators

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

11 =00, |10, a|10 + bo1!, ...
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* This corresponds to a parity superselection rule
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Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

11=100, |10, a|10' + bo1!,...  |!! ><01!)

« The states of one LFM are the states of a classical bit |0 0], |11"1]
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Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

11=100, |10, a|10' + bo1!,...  |!! ><01!)

 The states of one LFM are the states of a classical bit |00, |11"1]
* Parity superselection! block-diagonal structure for states

~pl 0
D= AT e

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Fermionic CA

* Any reversible evolution must preserve CAR

r— (1i ="
LT (i)=1, {!i!,!j_!}:O

 In the finite case this Is an Iff condition

 Wrapping lemma: true also in the infinite case
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