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Cellular Automata
J. Von Neumann and A. W. Burks, “Theory of self-reproducing automata” 1966
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Thus, von Neumann initiated the field of cellular automata. He also made central contributions to the mathematical
foundations of quantum mechanics and, in a sense von Neumann’s quantum logic ideas were an early attempt at
defining a computational model of physics. But he did not pursue this, and did not go in the directions that have led
to modern ideas of quantum computing in general or quantum cellular automata in particular.

The idea of quantum computation is generally attributed to Feynman who, in his now famous lecture in 1981, pro-
posed a computational scheme based on quantum mechanical laws (2). A contemporary paper by Benioff contains the
first proposal of a quantum Turing machine (3). The general idea was to devise a computational device based on and
exploiting quantum phenomena that would outperform any classical computational device. These first proposals were
sequentially operating quantum mechanical machines imitating the logical operations of classical digital computation.
The idea of parallelizing the operations was found in classical cellular automata. However, how to translate cellular
automata into a quantum mechanical framework turned out not to be trivial. And to a certain extent how to do this
in general remains an open question until today.

The study of quantum cellular automata (QCA) started with the work of Grössing and Zeilinger who coined the
term QCA and provided a first definition (4). Watrous developed a different model of QCA (5). His work lead
to further studies by several groups (6; 7; 8). Independently of this, Margolus developed a parallelizable quantum
computational architecture building on Feynman’s original ideas (9). For various reasons to be discussed below, none
of these early proposals turned out to be physical. The study of QCA gained new momentum with the work by
Richter, Schumacher, and Werner (10; 11) and others (12; 13; 14) who avoided unphysical behavior allowed by the
early proposals (11; 14). It is important to notice that in spite of the over two-decade long history of QCA there is no
single agreed-upon definition of QCA, in particular of higher-dimensional QCA. Nevertheless, many useful properties
have been shown for the various models. Most importantly, quite a few models are shown to be computationally
universal, i.e. they can simulate any quantum Turing machine and any quantum circuit efficiently (5; 6; 12; 15; 16).
Very recently, their ability to generate and transport entanglement has been illustrated (17).

A comment is in order on a class of models which is often labeled as QCA but in fact are classical cellular automata
implemented in quantum mechanical structures. They do not exploit quantum effects for the actual computation. To
make this distinction clear they are now called quantum-dot QCA. These types of QCA will not be discussed here.

V. CELLULAR AUTOMATA

Definition (Cellular Automata). A cellular automaton (CA) is a 4-tuple (L, Σ,N , f) consisting of (1) a d-
dimensional lattice of cells L indexed i ∈ Zd, (2) a finite set of states Σ, (3) a finite neighborhood scheme N ⊂ Zd,
and (4) a local transition function f : ΣN → Σ.

A CA is discrete in time and space. It is space and time homogeneous if at each time step the same transition
function, or update rule, is applied simultaneously to all cells. The update rule is local if for a given lattice L and
lattice site x, f(x) is localized in x + N = {x + n|x ∈ L, n ∈ N}, where N is the neighborhood scheme of the CA. In
addition to the locality constraint the local transition function f must generate a unique global transition function
mapping a lattice configuration Ct ∈ ΣL at time t to a new configuration Ct+1 at time t + 1: F : ΣL → ΣL. Most CA
are defined on infinite lattices or, alternatively, on finite lattices with periodic boundary conditions. For finite CA
only a finite number of cells is not in a quiescent state, i.e. a state that is not effected by the update.

The most studied CA are the so-called elementary CA – 1-dimensional lattices with a set of two states and a
neighborhood scheme of radius 1 (nearest-neighbor interaction). i.e. the state of a cell at point x at time t + 1 only
depends on the state of cells x − 1, x, and x + 1 at time t. There are 256 such elementary CA, easily enumerated
using a scheme invented by Wolfram (18). As an example and for later reference, the update table of rule 110 is given
in Table I. CA with update rule ’110’ have been shown to be computationally universal, i.e. they can simulate any
Turing machine in polynomial time (19).

M
110 =

111 110 101 100 011 010 001 000
0 1 1 0 1 1 1 0

TABLE I Update table for CA rule ’110’ (the second row is the decimal number ’110’ in binary notation).

A possible approach to constructing a QCA would be to simply “quantize” a CA by rendering the update rule
unitary. There are two problems with this approach. One is, that applying the same unitary to each cell does not
yield a well-defined global transition function nor necessarily a unitary one. The second problem is the synchronous
update of all cells. “In practice”, the synchronous update of, say, an elementary CA can be achieved by storing the
current configuration in a temporary register, then update all cells with odd index in the original CA, update all cells
with even index in the register and finally splice the updated cells together to obtain the original CA at the next

K. Wiesner, Quantum Cellular Automata. In: Meyers R. (eds.) Encyclopedia of Complexity and Systems Science.
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•What is a local update rule?

•No-cloning theorem

•Non commutativity of local 
operations

•Heart of the problem: 
definition through action on 
states
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Unitarity and locality imply Margolus decomposability

<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>

V

<latexit sha1_base64="VhmR7uW2RUeKKji7ofaXhb3/Srk="></latexit>

V ! V ! 1 =
!

x

(S"
x )

"

y

Sy

<latexit sha1_base64="bD4CCAIWtDI6nWDpJH+nRgSxrPQ="></latexit>

S!
x := ( V ! I )Sx (V " 1 ! I )

<latexit sha1_base64="nkh+CpINwmOz6rDGHQ7ddIURK8k="></latexit>

V

<latexit sha1_base64="b+kozM/XqWWvCa1d8/sm5tMA5RU="></latexit>

V ! 1

<latexit sha1_base64="vBVi5QC/tZEH3ax/ZaD5yPD9fiw="></latexit>

Sx

• Let     be a QCA on  with cell 


• Consider the QCA  on  with cell 


• Since ,  where , and   
 
             

<latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd <latexit sha1_base64="9Ks/xoGTPAQkkM/fNKkyUHIM+IQ="></latexit>

H ! Cr

<latexit sha1_base64="4qXr7ovTpEWkC2ifsqYA//sAk/0="></latexit>

V ! V! 1
<latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd
<latexit sha1_base64="FiDAiZVeAHmrg62XuX02FIQMNww="></latexit>

H ! Cr " Cr

<latexit sha1_base64="fVSpGqrltLlNu0yrDlmWObfPstE="></latexit>

V ! V ! 1 = ( V ! I )S(V ! 1 ! I )S
<latexit sha1_base64="mYFrE21SMjMTPHzz2AP1KSAvGqY="></latexit>

S|! ! |" ! := |" ! |! !
<latexit sha1_base64="D/4IxQM8z/nkdpsk/MEwU89dexw="></latexit>

S =
!

x

Sx

=

<latexit sha1_base64="b+kozM/XqWWvCa1d8/sm5tMA5RU="></latexit>

V ! 1
<latexit sha1_base64="nkh+CpINwmOz6rDGHQ7ddIURK8k="></latexit>

V

<latexit sha1_base64="V4pScoTlytsha28mGB9/lJcDig0="></latexit>x

<latexit sha1_base64="ckjiDGdHYXCkIURKDvL/7zJLG/E="></latexit>

S!
x

<latexit sha1_base64="V4pScoTlytsha28mGB9/lJcDig0="></latexit>x

P. Arrighi, V. Nesme, R.F. Werner,  J. Comput. Syst. Sci. 77, 372–378 (2011)



Fermionic theory

• The theory is meant to provide a realisation of the fermion algebra
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i , ! j } = " ij I , { ! i , ! j } = 0

for an arbitrary finite number N of Local Fermionic Modes (LFM) 1 ! i, j ! N
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Fermionic theory

• The theory is meant to provide a realisation of the fermion algebra
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Theories without local discriminability
Example 2: Fermionic quantum theory

• The representation depends on the chosen ordering of the LFMs

J (aX + bY) := aJ(X ) + bJ(Y )
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• Typically used to study models in statistical mechanics
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• Typically used to study models in statistical mechanics

• Used to prove computational equivalence of Fermionic and standard quantum 
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Example 2: Fermionic quantum theory

• Kraus operators must be combination of either even or odd products
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Theories without local discriminability
Example 2: Fermionic quantum theory

• Kraus operators must be combination of either even or odd products           
 
 
 
 
 
 
 

• States and effects are combinations even products of field operators

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Theories without local discriminability
Example 2: Fermionic quantum theory

• This corresponds to a parity superselection rule

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Example 2: Fermionic quantum theory

• This corresponds to a parity superselection rule

• The states of one LFM are the states of a classical bit |0!" 0|, |1!" 1|
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Theories without local discriminability
Example 2: Fermionic quantum theory

• This corresponds to a parity superselection rule 
 
 

• The states of one LFM are the states of a classical bit |0!" 0|, |1!" 1|

• Parity superselection !  block-diagonal structure for states

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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T (! i ) = ! !
i

{ ! !
i , ! ! 

j } = " ij I

{ ! !
i , ! !

j } = 0



Fermionic CA

• Any reversible evolution must preserve CAR 
 

• In the finite case this is an iff condition

• Wrapping lemma: true also in the infinite case
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Linear FCAs and quantum walks

! 1,t

! 2,t

! 3,t

! 4,t

! 5,t

! 6,t ! k,t

! i,t +1 =
!

j ! N i

Ai,j ! j,t Aij ! M si ! sj


