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Lecture 4  
Causal influence in OPTs



• Networks and causal cones


• Signalling


• Propagation of interventions


• The comb structure


• Classical and Quantum theory


• No interaction without 
disturbance

Summary
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ḡ0

g0 g0



Causal influence

• Let us consider the local algebra
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• The forward neighbourhood  of  is 
the set of all  such that  causally 
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ḡ0

V

ḡ0
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Causal influence in quantum literature
The traditional approach: start from no-signalling

A B

C

<latexit sha1_base64="lmuklQ5EDH479291xSRMcRoGnG8="></latexit>

D

<latexit sha1_base64="7LAxJNPS+eW8GGbEJBh5SPThsSE="></latexit>

e

<latexit sha1_base64="Xqq5RZ2ZQx5SvJ0/fP5Ey7N6Ogk="></latexit>

C

<latexit sha1_base64="xQORDRlBrSzBRiYTM6QmygoudKs="></latexit>

=

<latexit sha1_base64="Wir6TSUhdgH4GhfHO6IOP+jKHR8="></latexit>

A 6 D

<latexit sha1_base64="VHwBQe28mp+Jr2UsbvPVpoKb4pc="></latexit>

No intervention on the state of A can influence the state of C
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C
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D
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e
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F
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In quantum theory

TrB[RC ] = IA ⌦RF

<latexit sha1_base64="7qO0Qvg2iHIHmwO1IahcaNBfjOQ="></latexit>

RE

<latexit sha1_base64="RuzJVNycyH4uQ8TMel49xZTyhp4="></latexit>

denoting the Choi operator corresponding to E

<latexit sha1_base64="NlShzEGSZKkNPkQI6fsnx4ngW1A="></latexit>

D. Beckman, D. Gottesman, M. A. Nielsen, and J. Preskill, Phys Rev. A 64, 052309 (2001)

T. Eggeling, D. Schlingemann, and R.F. Werner, Europhys. Lett. 57, pp. 782–788 (2002)
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The precise notion

• Without local discriminability 
(local tomography/tomographic 
locality) we need to take into 
account interventions involving 
ancillary systems
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Explanation of the definition
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A
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B
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=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>



Necessary condition for no C.I.: no-signalling

Let             :A 6! D

<latexit sha1_base64="JKjqbszmHw2LdhAaRWe6C7cGnlk="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>

PP, Quantum 4, 294 (2020) 



Necessary condition for no C.I.: no-signalling

Let             :A 6! D

<latexit sha1_base64="JKjqbszmHw2LdhAaRWe6C7cGnlk="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>

Consider         ,                                                 E = I

<latexit sha1_base64="+BjVUBpym0ZsI7sAk69B0wjsx+o="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

⇢

<latexit sha1_base64="d5NEDm8KHJXyUbdUKDW+o/29DXg="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

⇢

<latexit sha1_base64="d5NEDm8KHJXyUbdUKDW+o/29DXg="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>
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Necessary condition for no C.I.: no-signalling

Let             :A 6! D

<latexit sha1_base64="JKjqbszmHw2LdhAaRWe6C7cGnlk="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>

Consider         ,                                                 E = I

<latexit sha1_base64="+BjVUBpym0ZsI7sAk69B0wjsx+o="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

⇢

<latexit sha1_base64="d5NEDm8KHJXyUbdUKDW+o/29DXg="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

⇢

<latexit sha1_base64="d5NEDm8KHJXyUbdUKDW+o/29DXg="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>
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C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

then discard

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>



Necessary condition for no C.I.: no-signalling

Let             :A 6! D

<latexit sha1_base64="JKjqbszmHw2LdhAaRWe6C7cGnlk="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>

Consider         ,                                                 E = I

<latexit sha1_base64="+BjVUBpym0ZsI7sAk69B0wjsx+o="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

⇢

<latexit sha1_base64="d5NEDm8KHJXyUbdUKDW+o/29DXg="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

C

<latexit sha1_base64="QNlrcHlAbC4C4zpN/BK3cLx6tEQ="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>
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C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

then discard



Necessary condition for no C.I.: no-signalling

Let             :A 6! D

<latexit sha1_base64="JKjqbszmHw2LdhAaRWe6C7cGnlk="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

D

<latexit sha1_base64="+VrgzObYuaOsehrb9e0Eq78SjP0="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

E

<latexit sha1_base64="8UUL5/0H5U3ZhGGYK5k9fNtjcpE="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A 0

<latexit sha1_base64="H+DZn2mwU6XfzwiMOH3Ko1aF0xg="></latexit>

Consider         ,                                                 E = I

<latexit sha1_base64="+BjVUBpym0ZsI7sAk69B0wjsx+o="></latexit>

A

<latexit sha1_base64="tHi2VgSoYCV0gtUa2D45vRBmQ7Y="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

e

<latexit sha1_base64="/T9rDiZD+6tOT09GjouBJFsrXsQ="></latexit>

⇢
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Appendix A: Proof of Lemma 1

Here we report the proof of Lemma 1.

Proof. By definition of T̃A(U ), one has
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where for the third equality we used property 3d of par-
allel composition in section II.
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Appendix A: Proof of Lemma 1

Here we report the proof of Lemma 1.

Proof. By definition of T̃A(U ), one has
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where for the third equality we used property 3d of par-
allel composition in section II.

If

3

system B0. The di↵erence between no-signalling and no
causal influence is thus hidden, as far as we understand
it from the example of classical theory, in the possibility
of interacting without disturbing.

II. CONDITIONS FOR NO CAUSAL
INFLUENCE

In the present section prove a relevant equivalent con-
dition for A 6!U B0, and then discuss some necessary
conditions. For our purposes it is useful to introduce the
following definition

Definition 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. We define the reversible channel S̃A 2
[[A1A0B0 ! A1A0B0]], where A1 ' A, as follows

A1

S̃A

A1

A0 A0

B0 B0

:=
U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

(11)

Theorem 1. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. Then A 6!U B0
if and only if S̃A factors

as

A1

S̃A

A1

A0 A0

B0 B0

=

A1

S 0
A

A1

A0 A0

B0 B0

, (12)

where S 0
A 2 [[A0

1A
0 ! A0

1A
0]]1 is reversible.

Proof. The condition in Eq. (12) is clearly necessary, as
it follows from Eq. (1) for the special case where E =
A1 ' A and A = S is the swap channel for systems A1

and A. Let us now prove that the condition is su�cient.

Let A 2 [[EA ! EA]]. By definition of S̃A, one has

E

A

E

A1

S̃A

A1 A1

S̃A

A1

A0 A0 A0

B0 B0 B0

=

U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

A1

A

B

A1

A0

B0

EE

A

U �1 U

A

=

U �1

A1

A

B

A1

A0 A

B0

A1 A1

A0

B0

EE

A

U

=

U �1

A1

A

B

A1

A0

B0

A1

A0

B0

EE

U

A

EE

A
. (13)

Now, if condition (12) holdes, the above Eq. (13) becomes

A1

A1

A0

B0

A1

B0

EE

E

A

A1

A

S 0
A

A0

E

A1 A1

S 0
A

=

A1 A1

E

A

E

A0

U �1

A A

U

A0

B0 B B0

,

from which one can easily conclude that

E

A

E

A0

U �1

A A

U

A0

B0 B B0

=

E

A 0
E

A0 A

B0 B0

,

namely condition (1) is satisfied.

3

system B0. The di↵erence between no-signalling and no
causal influence is thus hidden, as far as we understand
it from the example of classical theory, in the possibility
of interacting without disturbing.

II. CONDITIONS FOR NO CAUSAL
INFLUENCE

In the present section prove a relevant equivalent con-
dition for A 6!U B0, and then discuss some necessary
conditions. For our purposes it is useful to introduce the
following definition

Definition 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. We define the reversible channel S̃A 2
[[A1A0B0 ! A1A0B0]], where A1 ' A, as follows

A1

S̃A

A1

A0 A0

B0 B0

:=
U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

(11)

Theorem 1. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. Then A 6!U B0
if and only if S̃A factors

as

A1

S̃A

A1

A0 A0

B0 B0

=

A1

S 0
A

A1

A0 A0

B0 B0

, (12)

where S 0
A 2 [[A0

1A
0 ! A0

1A
0]]1 is reversible.

Proof. The condition in Eq. (12) is clearly necessary, as
it follows from Eq. (1) for the special case where E =
A1 ' A and A = S is the swap channel for systems A1

and A. Let us now prove that the condition is su�cient.

Let A 2 [[EA ! EA]]. By definition of S̃A, one has

E

A

E

A1

S̃A

A1 A1

S̃A

A1

A0 A0 A0

B0 B0 B0

=

U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

A1

A

B

A1

A0

B0

EE

A

U �1 U

A

=

U �1

A1

A

B

A1

A0 A

B0

A1 A1

A0

B0

EE

A

U

=

U �1

A1

A

B

A1

A0

B0

A1

A0

B0

EE

U

A

EE

A
. (13)

Now, if condition (12) holdes, the above Eq. (13) becomes

A1

A1

A0

B0

A1

B0

EE

E

A

A1

A

S 0
A

A0

E

A1 A1

S 0
A

=

A1 A1

E

A

E

A0

U �1

A A

U

A0

B0 B B0

,

from which one can easily conclude that

E

A

E

A0

U �1

A A

U

A0

B0 B B0

=

E

A 0
E

A0 A

B0 B0

,

namely condition (1) is satisfied.

<latexit sha1_base64="wqXIz6pObV41SVcDFc7MgyN1js4="></latexit>

E
<latexit sha1_base64="wqXIz6pObV41SVcDFc7MgyN1js4="></latexit>

E

3

system B0. The di↵erence between no-signalling and no
causal influence is thus hidden, as far as we understand
it from the example of classical theory, in the possibility
of interacting without disturbing.

II. CONDITIONS FOR NO CAUSAL
INFLUENCE

In the present section prove a relevant equivalent con-
dition for A 6!U B0, and then discuss some necessary
conditions. For our purposes it is useful to introduce the
following definition

Definition 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. We define the reversible channel S̃A 2
[[A1A0B0 ! A1A0B0]], where A1 ' A, as follows

A1

S̃A

A1

A0 A0

B0 B0

:=
U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

(11)

Theorem 1. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. Then A 6!U B0
if and only if S̃A factors

as

A1

S̃A

A1

A0 A0

B0 B0

=

A1

S 0
A

A1

A0 A0

B0 B0

, (12)

where S 0
A 2 [[A0

1A
0 ! A0

1A
0]]1 is reversible.

Proof. The condition in Eq. (12) is clearly necessary, as
it follows from Eq. (1) for the special case where E =
A1 ' A and A = S is the swap channel for systems A1

and A. Let us now prove that the condition is su�cient.

Let A 2 [[EA ! EA]]. By definition of S̃A, one has

E

A

E

A1

S̃A

A1 A1

S̃A

A1

A0 A0 A0

B0 B0 B0

=

U �1 U

A1

A

B

A1

A0

B0

A0 A

B0

A1

A

B

A1

A0

B0

EE

A

U �1 U

A

=

U �1

A1

A

B

A1

A0 A

B0

A1 A1

A0

B0

EE

A

U

=

U �1

A1

A

B

A1

A0

B0

A1

A0

B0

EE

U

A

EE

A
. (13)

Now, if condition (12) holdes, the above Eq. (13) becomes

A1

A1

A0

B0

A1

B0

EE

E

A

A1

A

S 0
A

A0

E

A1 A1

S 0
A

=

A1 A1

E

A

E

A0

U �1

A A

U

A0

B0 B B0

,

from which one can easily conclude that

E

A

E

A0

U �1

A A

U

A0

B0 B B0

=

E

A 0
E

A0 A

B0 B0

,

namely condition (1) is satisfied.

<latexit sha1_base64="13FbZdZNmNz8V3bttl946TYd28U="></latexit>

A

= A 6! B0

<latexit sha1_base64="dllY5txRRXp0JVBo/AfB6NtRvlk="></latexit>



Necessary condition: comb structure

• Suppose that . Then it must beA 6! B0

<latexit sha1_base64="dllY5txRRXp0JVBo/AfB6NtRvlk="></latexit>

4

A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus

A

U

A0

B B0 =
X

x2m,y2n

A x f(x, y) A0

B y g0(y)
B0

,

PP, arXiv:2012.15213 



Necessary condition: comb structure

• Suppose that             . Then it must be 
 
 
 
 

• Preparing a state of     and discarding     we obtain that

A 6! B0

<latexit sha1_base64="dllY5txRRXp0JVBo/AfB6NtRvlk="></latexit>

4

A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.
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The latter proof highlights the following chain of im-
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We discussed some general aspects of the notion of
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above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
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defined, as from Eq. (8), by two functions f(x, y) and
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defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows
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W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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A =

A1

S 0
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U

A0 A0
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. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.
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In the following sections, we will analyse cases where the
above implications become equivalences.
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We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
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=
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B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible
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where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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ing A1 on both sides by the deterministic e↵ect eA1 , we
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with
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In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.
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Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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B y h(x, y) B0

=
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This implies that, for every x, y, p(g) = �g,g0 and
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =
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W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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A1

A0

B0

A =

A1

S 0
A

A1

A

U
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B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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V

B0 =
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U
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B B0
,

and

A

W

A0

A0 =

A

S̃ 0
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=
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B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+
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B B0 =
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W
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E
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V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
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x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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B y g0(y)
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows
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B B0 =
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E
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V
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, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form
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A
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A1
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A =

A1

S 0
A
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U

A0 A0
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. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
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=
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.
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+
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+
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In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A
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B B0 =
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W
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E
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V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)
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B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A
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A0

B B0 =

A
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E
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V
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, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and
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B B0
,

and
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The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
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The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.
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+
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In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.
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A 6 U B0
, then
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. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then
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A x f(x, y) A0
z

B y h(x, y) B0

=
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B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
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=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+
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B B0 =

A

W
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E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =
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W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
h(x, y), where x 2 m and y 2 n, provided that A = m and
B = n. Let also A0 = l. Let us suppose that condition (2)
holds. Then

X

x2m,y2n,z2l

A x f(x, y) A0
z

B y h(x, y) B0

=
X

x2m,y2n,g

p(g)

A x

B y g(y) B0 .

This implies that, for every x, y, p(g) = �g,g0 and
h(x, y) = g0(y). Thus

A

U

A0

B B0 =
X

x2m,y2n

A x f(x, y) A0

B y g0(y)
B0

,
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A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible
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Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
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Eq. (14), then discard A0 via eA0 . One immediately re-
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III. CLASSICAL THEORY

We discussed some general aspects of the notion of
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and it is now easy to verify that condition (14) is satisfied
with
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B1
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.

As a consequence, while condition (14) is equivalent to
A 6 U B0, there are reversible transformations U such
that the same condition is satisfied while A !U B0.

IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
nition of a faithful state for convenience of the reader.

Definition 4. Let A 2 Sys(⇥), and  2 [[AA0]]1 a pure

state. We say that  is faithful for A if the following

mapping is injective

A
A

C 7!  

A
A

C

A0
, (18)

is injective.

Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and

with a pure faithful state for every system A.

1. Let C be a channel C 2 [[A ! C]]1. Then there exist

systems B,D, a reversible channel U 2 [[AB !
CD]]1, and a pure state ⌘ 2 [[B]]1, such that

A
C

C =

A

U

C

⌘ B D e
. (19)

We call the quadruple (B,D, ⌘,U ) a reversible di-
lation of C .

2. Let in addition ⇥ satisfy perfect discriminability,

and let T = {Ai}i2X be a test T 2 hhA ! Cii. Then

there exist U 2 [[AB ! CD]]1 reversible, ⌘ 2 [[B]]1
pure, a = {ai}i2X 2 hhD ! Iii, such that 8i 2 X

A Ai
C =

A

U

C

⌘ B D ai
. (20)

We call the 5-tuple (B,D, ⌘,U , a) a reversible dila-
tion of T.

One can prove further results about uniqueness of re-
versible dilations modulo reversible transformations on D
(see Ref. [8]), however we will consider here only the fol-
lowing lemma that will turn useful in the following, and
that highlights the main di↵erence between CT discussed
above on one hand, and QT and FT on the other hand
(as well as other theories satisfying the hypotheses).

Theorem 5 (No interaction without disturbance). Let a

theory ⇥ satisfy the same hypotheses as lemma 1, item 1.

1. If a transformation C 2 [[AB ! CB]]1 satisfies

A

C

C e

B B
=

A e
B

, (21)

there must exist a channel D 2 [[A ! C]]1 such that

A

C

C

B B
=

A
D

C

B
. (22)

2. Under the hypotheses of lemma 1, item 2, let T =
{Ti}i2X 2 hhAB ! CBii be a test such that

X

i2X

A

Ti

C e

B B
=

A e
B

. (23)

Then there must exist a test B = {Bi}i2X 2 hhA !
Cii such that

A

Ti

C

B B
=

A Bi
C

B
. (24)

Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that

A

C

C

B B
=

⌘ E

U

F e

A C

B B

.

5

and it is now easy to verify that condition (14) is satisfied
with

B0
1

B
V

B0 =
0

B1 B0
1

B
K

B0 ,

and
A A0

B1
W =

A A0

B1
U

B0
e

.

As a consequence, while condition (14) is equivalent to
A 6 U B0, there are reversible transformations U such
that the same condition is satisfied while A !U B0.

IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
nition of a faithful state for convenience of the reader.

Definition 4. Let A 2 Sys(⇥), and  2 [[AA0]]1 a pure

state. We say that  is faithful for A if the following

mapping is injective

A
A

C 7!  

A
A

C

A0
, (18)

is injective.

Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and

with a pure faithful state for every system A.

1. Let C be a channel C 2 [[A ! C]]1. Then there exist

systems B,D, a reversible channel U 2 [[AB !
CD]]1, and a pure state ⌘ 2 [[B]]1, such that

A
C

C =

A

U

C

⌘ B D e
. (19)

We call the quadruple (B,D, ⌘,U ) a reversible di-
lation of C .

2. Let in addition ⇥ satisfy perfect discriminability,

and let T = {Ai}i2X be a test T 2 hhA ! Cii. Then

there exist U 2 [[AB ! CD]]1 reversible, ⌘ 2 [[B]]1
pure, a = {ai}i2X 2 hhD ! Iii, such that 8i 2 X

A Ai
C =

A

U

C

⌘ B D ai
. (20)

We call the 5-tuple (B,D, ⌘,U , a) a reversible dila-
tion of T.

One can prove further results about uniqueness of re-
versible dilations modulo reversible transformations on D
(see Ref. [8]), however we will consider here only the fol-
lowing lemma that will turn useful in the following, and
that highlights the main di↵erence between CT discussed
above on one hand, and QT and FT on the other hand
(as well as other theories satisfying the hypotheses).

Theorem 5 (No interaction without disturbance). Let a

theory ⇥ satisfy the same hypotheses as lemma 1, item 1.

1. If a transformation C 2 [[AB ! CB]]1 satisfies

A

C

C e

B B
=

A e
B

, (21)

there must exist a channel D 2 [[A ! C]]1 such that

A

C

C

B B
=

A
D

C

B
. (22)

2. Under the hypotheses of lemma 1, item 2, let T =
{Ti}i2X 2 hhAB ! CBii be a test such that

X

i2X

A

Ti

C e

B B
=

A e
B

. (23)

Then there must exist a test B = {Bi}i2X 2 hhA !
Cii such that

A

Ti

C

B B
=

A Bi
C

B
. (24)

Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that

A

C

C

B B
=

⌘ E

U

F e

A C

B B

.



Quantum theory

• From the characterisation of Kraus decompositions of a given channel

• Also from purification

5

and it is now easy to verify that condition (14) is satisfied
with

B0
1

B
V

B0 =
0

B1 B0
1

B
K

B0 ,

and
A A0

B1
W =

A A0

B1
U

B0
e

.

As a consequence, while condition (14) is equivalent to
A 6 U B0, there are reversible transformations U such
that the same condition is satisfied while A !U B0.

IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
nition of a faithful state for convenience of the reader.

Definition 4. Let A 2 Sys(⇥), and  2 [[AA0]]1 a pure

state. We say that  is faithful for A if the following

mapping is injective

A
A

C 7!  

A
A

C

A0
, (18)

is injective.

Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and

with a pure faithful state for every system A.

1. Let C be a channel C 2 [[A ! C]]1. Then there exist

systems B,D, a reversible channel U 2 [[AB !
CD]]1, and a pure state ⌘ 2 [[B]]1, such that

A
C

C =

A

U

C

⌘ B D e
. (19)

We call the quadruple (B,D, ⌘,U ) a reversible di-
lation of C .

2. Let in addition ⇥ satisfy perfect discriminability,

and let T = {Ai}i2X be a test T 2 hhA ! Cii. Then

there exist U 2 [[AB ! CD]]1 reversible, ⌘ 2 [[B]]1
pure, a = {ai}i2X 2 hhD ! Iii, such that 8i 2 X

A Ai
C =

A

U

C

⌘ B D ai
. (20)

We call the 5-tuple (B,D, ⌘,U , a) a reversible dila-
tion of T.

One can prove further results about uniqueness of re-
versible dilations modulo reversible transformations on D
(see Ref. [8]), however we will consider here only the fol-
lowing lemma that will turn useful in the following, and
that highlights the main di↵erence between CT discussed
above on one hand, and QT and FT on the other hand
(as well as other theories satisfying the hypotheses).

Theorem 5 (No interaction without disturbance). Let a

theory ⇥ satisfy the same hypotheses as lemma 1, item 1.

1. If a transformation C 2 [[AB ! CB]]1 satisfies
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Proof. Let us start form item 1. The proof is rather
straightforward, and invokes lemma 1, the existence of
a pure faithful state, as well as essential uniqueness
of purification. First of all, by lemma 1 there exists
(E,F, ⌘,U ) with ⌘ 2 [[E]]1 pure and U 2 [[EAB ! FCB]]1
reversible such that
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As a consequence, while condition (14) is equivalent to
A 6 U B0, there are reversible transformations U such
that the same condition is satisfied while A !U B0.

IV. QUANTUM AND FERMIONIC THEORY

In the case of Quantum Theory (QT) and Fermionic
Theory (FT), it is possible to prove that the hierarchy
of three conditions of Eq. (16) collapses in three equiva-
lent conditions. That Eq. (14) is equivalent to A 6 U B0

has been proved with various techniques in the litera-
ture [3–7]. We will now prove that condition A 6 U B0

implies A 6!U B0, which is the only missing link to close
the circle of implications. The proof uses existence and
uniqueness of purification, along with existence of a pure
faithful state for every system. We remind here the defi-
nition of a faithful state for convenience of the reader.
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state. We say that  is faithful for A if the following
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Let now ⇥ be a theory with unique purification and
with a pure faithful state for every system A. Let also the
theory be such that parallel composition of pure states
is pure—a requirement often called atomicity of parallel

state composition. Under these hypotheses one can prove
that every test can be dilated to a reversible interaction of
the system with an environment in a pure state, followed
by an observation-test on the environment. The proof
is not reported here, and can be found in [8, 9], along
with the proof of the uniqueness results. The precise
statement follows.

Lemma 1. Let ⇥ be a theory with essentially unique

purification, atomicity of parallel state composition, and
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4

A. Necessary conditions

We already proved that no causal influence implies no-
signalling. Now we provide a second necessary condition
for no causal influence.

Theorem 2. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then U can be decomposed

as follows

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

, (14)

where V 2 [[B ! B0E]]1 is left-reversible and W 2 [[AE !
A0]]1 is right-reversible.

Proof. Let us consider the equivalent condition (12) for
no causal influence, and rewrite it in the following form

U

A1

A

B

A1

A0

B0

A =

A1

S 0
A

A1

A

U

A0 A0

B B0

. (15)

Applying both sides of Eq. (15) to  2 [[A]]1 and discard-
ing A1 on both sides by the deterministic e↵ect eA1 , we
obtain the thesis, with E = A0, and

A0

B
V

B0 =
 A

U

A0

B B0
,

and

A

W

A0

A0 =

A

S̃ 0
A

A1 e

A0 A0 .

The last result allows us to provide an alternative, sim-
pler proof of the fact that A 6!U B0 implies A 6 U B0.

Theorem 3. Let U 2 [[AB ! A0B0]]1 be a reversible

transformation. If A 6!U B0
, then A 6 U B0

.

Proof. It is su�cient to consider the decomposition in
Eq. (14), then discard A0 via eA0 . One immediately re-
alises that condition (2) is satisfied, with

B
C

B0
=

E e

B0 V
B0 .

The latter proof highlights the following chain of im-
plications that constitutes general scenario in an OPT,

given U 2 [[AB ! A0B0]]1 reversible.

A 6!U B0

+

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

(16)

+

A 6 U B0

In the following sections, we will analyse cases where the
above implications become equivalences.

III. CLASSICAL THEORY

We discussed some general aspects of the notion of
causal influence in classical theory in the introductory
section. Now we get back to classical theory in the light of
the results that we proved, and will show that, in classical
theory, one has the following equivalence.

Theorem 4. Let U 2 [[AB ! A0B0]]1 be reversible. If

A 6 U B0
, then

A

U

A0

B B0 =

A

W

A0

E

B
V

B0

. (17)

Proof. Let U be reversible. The transformation U is
defined, as from Eq. (8), by two functions f(x, y) and
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