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Figure 12. Comparison between the best fitting model and the BOSS DR12 measurements in the three redshift bins used in this analysis.
The errors on the data points are the diagonal of the corresponding covariance matrix. The red line represents the best fitting model to
the SGC, while the black line shows the best fitting model for the NGC. The SGC best fitting model includes a small discreteness e↵ect
mainly visible at small k. The NGC and SGC have been fit simultaneously, using the same cosmological fitting parameters. However,
the SGC and NGC have a separate amplitude nuisance parameter and di↵erent window functions, which leads to the di↵erence between
the red and black line. The reason for having separate nuisance parameters for NGC and SGC are slight di↵erences in the galaxy sample
selection (see section 2 and Alam et al. 2016). See Table 3 for more details.
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Figure 14. The best fitting models (black solid line) of the isotropic BAO analysis compared to the power spectrum monopole measure-
ments (data points). Both the model and the data have been plotted relative to the smooth model, and the data points for NGC and SGC
have been combined using the corresponding covariance matrices (see appendix B). The left panel shows the pre-reconstruction result,
while the right panel presents the post reconstruction result. Similar plots for the NGC and SGC separately are included in appendix A.
See Table 3 for more details.
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FIG. 4: Measured power spectra for the full LRG and main galaxy samples. Errors are uncorrelated and full window functions are shown
in Figure 5. The solid curves correspond to the linear theory ΛCDM fits to WMAP3 alone from Table 5 of [7], normalized to galaxy bias
b = 1.9 (top) and b = 1.1 (bottom) relative to the z = 0 matter power. The dashed curves include the nonlinear correction of [29] for
A = 1.4, with Qnl = 30 for the LRGs and Qnl = 4.6 for the main galaxies; see equation (4). The onset of nonlinear corrections is clearly
visible for k ∼

> 0.09h/Mpc (vertical line).

Our Fourier convention is such that the dimensionless
power ∆2 of [77] is given by ∆2(k) = 4π(k/2π)3P (k).

Before using these measurements to constrain cosmo-
logical models, one faces important issues regarding their
interpretation, related to evolution, nonlinearities and
systematics.

B. Clustering evolution

The standard theoretical expectation is for matter
clustering to grow over time and for bias (the rela-
tive clustering of galaxies and matter) to decrease over
time [78–80] for a given class of galaxies. Bias is also

14 L. Anderson et al.

Figure 8. The CMASS DR9 power spectra before (left) and after (right) reconstruction with the best-fit models overplotted. The vertical dotted lines show
the range of scales fitted (0.02 < k < 0.3hMpc�1), and the inset shows the BAO within this k-range, determined by dividing both model and data by the
best-fit model calculated (including window function convolution) with no BAO. Error bars indicate

p

C
ii

for the power spectrum and the rms error calculated
from fitting BAO to the 600 mocks in the inset (see Section 4.2 for details).

an estimate of the “redshift-space” power, binned into bins in k of
width 0.04hMpc

�1.

6.2 Fitting the power spectrum

We fit the observed redshift-space power spectrum, calculated as
described in Section 6, with a two component model comprising a
smooth cubic spline multiplied by a model for the BAO, following
the procedure developed by Percival et al. (2007a,c, 2010). The
model power spectrum is given by

P (k)m = P (k)smooth ⇥B
m

(k/↵), (32)

where P (k)smooth is a smooth model that fits the overall shape
of the power spectrum, and the BAO model Bm(k), calculated for
our fiducial cosmology, is scaled by the dilation parameter ↵ as
defined in Eq. 21. The calculation of the BAO model is described
in detail below. This scaling of the acoustic signal is identical to
that used in the correlation function fits, although the differing non-
linear prescriptions in (Eqns 23 & 32) means that the non-linear
BAO damping is treated in a subtly different way.

Each power spectrum model to be fitted is convolved with the
survey window function, giving our final model power spectrum to
be compared with the data. The window function for this convolu-
tion is the normalised power in a Fourier transform of the weighted
survey coverage, as defined by the random catalogue, and is calcu-
lated using the same Fourier procedure described in Section 6 (e.g.
Percival et al. 2007c). This is then fitted to express the window
function as a matrix relating the model power spectrum evaluated
at 1000 wavenumbers, k

n

, equally spaced in 0 < k < 2hMpc

�1,
to the central wavenumbers of the observed bandpowers k

i

:

P (k
i

)fit =

X

n

W (k
i

, k
n

)P (k
n

)m �W (k
i

, 0). (33)

The final term W (k
i

, 0) arises because we estimate the average
galaxy density from the sample, and is related to the integral con-
straint in the correlation function. In fact this term is smooth (as

the power of the window function is smooth), and so can be ab-
sorbed into the smooth component of the fit, and we therefore do
not explicitly include this term in our fits.

To model the overall shape of the galaxy clustering power
spectrum we use a cubic spline (Press et al. 1992), with nine nodes
fixed empirically at k = 0.001, and 0.02 < k < 0.4 with
�k = 0.05, matching that adopted in Percival et al. (2007c, 2010).
This model was tested in these papers, but we show in Section B3
that it also provides an excellent fit to the overall shape of the DR9
CMASS mock catalogues, and that there is no evidence for devia-
tions for the fits to the data.

To calculate our fiducial BAO model, we start with a linear
matter power spectrum P (k)lin, calculated using CAMB (Lewis et
al. 2000), which numerically solves the Boltzman equation describ-
ing the physical processes in the Universe before the baryon-drag
epoch. We then evolve using the HALOFIT prescription (Smith
et al. 2003), giving an approximation to the evolved power spec-
trum at the effective redshift of the survey. To extract the BAO, this
power spectrum is fitted with a model as given by Eq. 32, where we
adopt a fixed BAO model (BEH) calculated using the Eisenstein &
Hu (1998) fitting formulae at the same fiducial cosmology. Divid-
ing P (k)lin by the best-fit smooth power spectrum component from
this fit produces our BAO model, which we denote BCAMB.

We damp the acoustic oscillations to allow for non-linear ef-
fects

B
m

= (BCAMB � 1)e�k

2⌃2
nl/2

+ 1, (34)

where the damping scale ⌃

nl

is a fitted parameter. We assume
a Gaussian prior on ⌃

nl

with width ±2h�1
Mpc, centred on

8.24h�1
Mpc for pre-reconstruction fits and 4.47h�1

Mpc for
post-reconstruction fits, matching the average recovered values
from fits to the 600 mock catalogs with no prior. The exact width of
the prior is not important, but if we do not include such a prior, then
the fit can become unstable with respect to local minima at extreme
values.
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FIG. 4: Measured power spectra for the full LRG and main galaxy samples. Errors are uncorrelated and full window functions are shown
in Figure 5. The solid curves correspond to the linear theory ΛCDM fits to WMAP3 alone from Table 5 of [7], normalized to galaxy bias
b = 1.9 (top) and b = 1.1 (bottom) relative to the z = 0 matter power. The dashed curves include the nonlinear correction of [29] for
A = 1.4, with Qnl = 30 for the LRGs and Qnl = 4.6 for the main galaxies; see equation (4). The onset of nonlinear corrections is clearly
visible for k ∼

> 0.09h/Mpc (vertical line).

Our Fourier convention is such that the dimensionless
power ∆2 of [77] is given by ∆2(k) = 4π(k/2π)3P (k).

Before using these measurements to constrain cosmo-
logical models, one faces important issues regarding their
interpretation, related to evolution, nonlinearities and
systematics.

B. Clustering evolution

The standard theoretical expectation is for matter
clustering to grow over time and for bias (the rela-
tive clustering of galaxies and matter) to decrease over
time [78–80] for a given class of galaxies. Bias is also
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Fig. 11. Evolution of the metric and density perturbations as a function of the scale factor (normalized to a0 = 1 today), in the longitudinal gauge,
for modes 10−3h Mpc−1 < k < 1h Mpc−1 (from top to bottom), and for two cosmological models: !CDM (left) and !MDM (right), both with
"m = 0.147 and #! = 0.7. The integration has been performed with the code CMBFAST starting from the initial condition k3/2$ = −10−5. The
!MDM model has three degenerate neutrinos with m% = 0.46 eV, corresponding to f% = 0.1.
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Fig. 11. Evolution of the metric and density perturbations as a function of the scale factor (normalized to a0 = 1 today), in the longitudinal gauge,
for modes 10−3h Mpc−1 < k < 1h Mpc−1 (from top to bottom), and for two cosmological models: !CDM (left) and !MDM (right), both with
"m = 0.147 and #! = 0.7. The integration has been performed with the code CMBFAST starting from the initial condition k3/2$ = −10−5. The
!MDM model has three degenerate neutrinos with m% = 0.46 eV, corresponding to f% = 0.1.
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Fig. 12. Ratio of the matter power spectrum including N! = 1 or 3 degenerate massive neutrinos to that with three massless neutrinos, computed at
the scale k∗ = 5h Mpc−1 for fixed parameters ("m,#$) = (0.147, 0.70), and plotted as a function of the density fraction f!. The numerical result
is compared with the semi-analytical approximation of Eq. (141) and with the linear approximation −8f!.

equal to (1 − 3
5f!), but then it will increase progressively until unity, so that %f!=0

cdm becomes a linear function of a
or [ag(a)]. In a crude approximation, we can write

%f!=0
cdm [a0] ≃

(
a0g(a0)

(1 − f!)anr

)
%f!=0

cdm [(1 − f!)anr], (137)

but this tends to overestimate the growth of perturbations in the massless case: it assumes that right after a = anr
the logarithmic slope is equal to one, which is not true immediately. Indeed, a comparison with numerical results
shows that the total growth factor is a bit smaller,

%f!=0
cdm [a0] ≃

(
a0g(a0)

(1 − f!)
1/2anr

)
%f!=0

cdm [(1 − f!)anr]. (138)

Using this semi-analytic result, we find that the ratio between the present value of %cdm in the two models reads

%f!
cdm[a0]

%f!=0
cdm [a0]

= (1 − f!)
1/2
(

a0g(a0)

anr

)−(3/5)f!

. (139)

According to Eq. (124) this means that the total matter power spectrum is reduced by

P(k)f!

P(k)f!=0 = (1 − f!)
3
(

a0g(a0)

anr

)−(6/5)f!

. (140)

Finally, we can replace (a0/anr) by 2000m!/(1 eV) and, assuming that the mass m! is shared by a number N! of
families, we can use m! = ("!/N!)93.2 eV. We obtain an expression that depends only on (f!, N!, "m, #$)

P(k)f!

P(k)f!=0 = (1 − f!)
3[1.9 × 105g(a0)"mf!/N!]−(6/5)f! . (141)

We show in Fig. 12 that this semi-analytic expression is a very good approximation of the exact numerical result,
and also that for plausible values of ("m, N!, #$) and for f! < 0.07, it can be approximated by the well-known
linear expression [93]

P(k)f!

P(k)f!=0 ≃ −8f!. (142)
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l and matter power spectrum P(k) for three models: the neutrinoless $CDM model of section
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and a total density fraction f! = 0.1. In all models, the values of ("b, "m, #$, As, n, %) have been kept fixed.

is found to be in excellent agreement with the analytical prediction of Eq. (141). For simplicity, the growth factor
g(a0) ≃ 0.8 can even be replaced by one in Eq. (141) without changing the result significantly. The well-known
formula P(k)f!/P (k)f!=0 ≃ −8f! is a reasonable first-order approximation for 0 < f! < 0.07.

4.6. Summary of the neutrino mass effects

4.6.1. Effects on CMB and LSS power spectra for fixed ("m, #$) and degenerate masses
In Fig. 14, we show CT

l and P(k) for two models: $CDM with f! = 0 and $MDM with N! = 3 massive neutrinos
and a total density fraction f! = 0.1. We also display for comparison the neutrinoless model of Section 4.4.6. In all
models, the values of ("b, "m, #$, As, n, %) have been kept fixed, with the increase in "! being compensated by a
decrease in "cdm. There is a clear difference between the neutrinoless and massless neutrino cases, caused by a large
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equal to (1 − 3
5f!), but then it will increase progressively until unity, so that %f!=0

cdm becomes a linear function of a
or [ag(a)]. In a crude approximation, we can write

%f!=0
cdm [a0] ≃

(
a0g(a0)

(1 − f!)anr

)
%f!=0

cdm [(1 − f!)anr], (137)

but this tends to overestimate the growth of perturbations in the massless case: it assumes that right after a = anr
the logarithmic slope is equal to one, which is not true immediately. Indeed, a comparison with numerical results
shows that the total growth factor is a bit smaller,

%f!=0
cdm [a0] ≃

(
a0g(a0)

(1 − f!)
1/2anr

)
%f!=0

cdm [(1 − f!)anr]. (138)

Using this semi-analytic result, we find that the ratio between the present value of %cdm in the two models reads

%f!
cdm[a0]

%f!=0
cdm [a0]

= (1 − f!)
1/2
(

a0g(a0)

anr

)−(3/5)f!

. (139)

According to Eq. (124) this means that the total matter power spectrum is reduced by

P(k)f!

P(k)f!=0 = (1 − f!)
3
(

a0g(a0)

anr

)−(6/5)f!

. (140)

Finally, we can replace (a0/anr) by 2000m!/(1 eV) and, assuming that the mass m! is shared by a number N! of
families, we can use m! = ("!/N!)93.2 eV. We obtain an expression that depends only on (f!, N!, "m, #$)

P(k)f!

P(k)f!=0 = (1 − f!)
3[1.9 × 105g(a0)"mf!/N!]−(6/5)f! . (141)

We show in Fig. 12 that this semi-analytic expression is a very good approximation of the exact numerical result,
and also that for plausible values of ("m, N!, #$) and for f! < 0.07, it can be approximated by the well-known
linear expression [93]

P(k)f!

P(k)f!=0 ≃ −8f!. (142)

10

G. Effect of non-zero mass of neutrinos

Even when the neutrinos become non-relativistic, they have a large velocity dispersion due to their small non-zero
masses:

σ2
ν =

∫
d3q

(
q

mν

)2

fν(q)
∫

d3q fν(q)
=

15ζ(5)
ζ(3)

(
4
11

)2/3 T 2
γ,0(1 + z)2

m2
ν

≃
(
6.03 × 10−4 c

)2
(

1 eV
mν

)2

(1 + z)2. (79)

This leads to the characteristic scale.
Free-streaming scale, kFS

kFS ≡
√

3
2

aH

σν
=

0.677
(1 + z)2

mν

1 eV

√
Ωm,0(1 + z)3 + ΩΛ h Mpc−1. (80)

At the scales below the free-streaming scale, k ≪ kFS, the neutrino fluctuations do not grow, and hence the
fluctuations of the total matter is suppressed relative to those in the massless neutrino case. The suppression of linear
matter power spectrum is approximately characterized as

P (k)|fν ̸=0

P (k)|fν=0
≃ 1 − 8 fν ; fν ≡ Ων,0

Ωm,0
(81)

at z = 0. A more refined (but partly empirical) formula is given by [see Eq. (141) of Ref. [8]]:

P (k)|fν ̸=0

P (k)|fν=0
≃ (1 − fν)3

(
D1(a)
anr

)−(6/5)fν

= (1 − fν)3
{

1.9 × 105 Ων,0h2

Neff

D1(a)
a

}−(6/5)fν

. (82)

III. PROBES OF LARGE-SCALE STRUCTURE

A. Correlation function and power spectrum

B. Redshift-space distortions

Redshift space

1 + zobs ≃ (1 + z)(1 + v∥) −→ s = r +
1 + z

H(z)
v∥. (83)

For distance galaxies, the observer’s line-of-sight to the galaxy-clustering region is approximately fixed so that one
can introduce a particular direction, ẑ:

s = r +
1 + z

H(z)
(v · ẑ) ẑ. (84)

10

G. Effect of non-zero mass of neutrinos

Even when the neutrinos become non-relativistic, they have a large velocity dispersion due to their small non-zero
masses:

σ2
ν =

∫
d3q

(
q

mν

)2

fν(q)
∫

d3q fν(q)
=

15ζ(5)
ζ(3)

(
4
11

)2/3 T 2
γ,0(1 + z)2

m2
ν

≃
(
6.03 × 10−4 c

)2
(

1 eV
mν

)2

(1 + z)2. (79)

This leads to the characteristic scale.
Free-streaming scale, kFS

kFS ≡
√

3
2

aH

σν
=

0.677
(1 + z)2

mν

1 eV

√
Ωm,0(1 + z)3 + ΩΛ h Mpc−1. (80)

At the scales below the free-streaming scale, k ≪ kFS, the neutrino fluctuations do not grow, and hence the
fluctuations of the total matter is suppressed relative to those in the massless neutrino case. The suppression of linear
matter power spectrum is approximately characterized as

P (k)|fν ̸=0

P (k)|fν=0
≃ 1 − 8 fν ; fν ≡ Ων,0

Ωm,0
(81)

at z = 0. A more refined (but partly empirical) formula is given by [see Eq. (141) of Ref. [8]]:

P (k)|fν ̸=0

P (k)|fν=0
≃ (1 − fν)3

(
D1(a)
anr

)−(6/5)fν

= (1 − fν)3
{

1.9 × 105 Ων,0h2

Neff

D1(a)
a

}−(6/5)fν

. (82)

III. PROBES OF LARGE-SCALE STRUCTURE

A. Correlation function and power spectrum

B. Redshift-space distortions

Redshift space

1 + zobs ≃ (1 + z)(1 + v∥) −→ s = r +
1 + z

H(z)
v∥. (83)

For distance galaxies, the observer’s line-of-sight to the galaxy-clustering region is approximately fixed so that one
can introduce a particular direction, ẑ:
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