Analytic approaches to
nonlinear structure formation
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Spherical collapse model



Halo formation

Suto, Kitayama, Osato, Sasaki & Suto (|6)
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Zel'dovich
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Particle trajectories in ZA
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Figure 3. A family of trajectories corresponding to the model pre-
sented in Fig. 1 is shown for the first-order (upper panel) and
second-order (lower panel) approximations. The trajectories end in
the Eulerian space-time section {y=0.5, 1) centred at a cluster,
These plots illustrate that the three-stream system that develops
after the first shell-crossing performs a self-oscillation due to the
action of self-gravity.
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Perturbation theory
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Fully Nonlinear

— Linear

Weakly nonlinear

Springel et al. ('05
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signature of massive neutrinos, ...) lies at k<0.2-0.3 h/Mpc
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Range of applicability

Methods (Gravitational evolution)

Other systematics

Fully N-body simulation

nonlinear most powerful, but extensive
(Ace i) & time-consuming

very difficult

Baryon physics

(weak lensing)
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Perturbation theory (PT)

Theory of large-scale structure based on gravitational instability

Juszkiewicz ('81),Vishniac ('83), Goroff et al. ('86),
Suto & Sasaki ('91), Jain & Bertschinger ('94), ...

Cold dark matter + baryons = pressureless & irrotational fluid

‘9—5+1v[(1+5)v]=o
Jdf a

0V 1 .
—V+av+ V-V)V =
dat a a

] Single-stream approx. of

> _
;V ¢ =4nGp, o collisionless Boltzmann eq.

standard PT
0| <« 1

» §=06W 163 466G 4.0 Gk )k 1) = (21)3 dp(k + k') P(|k|; 1)



Equations of motion

0,6+ 0; [(L+6)v'] = 0, T: conformal time

. - . (adT = dt)
0"+ Huvu + 09+ v 0;0° =0

3 d5q
A¢ = SHQ S (2m)3

P

Fourier 0:0(k,7) +0(k,7) = _/ a(q,k —q)0(q,7)o(k —q,7)
expansion 5 !
# 0-0(k,7) +HO(k,T)+ §QmH25(k,T)
PN _ —/qﬁ(q,k—q)@(qm)@(k—qﬁ)
gy + 1 .
a(qi,q2) = L (qlz %) : B(q1,q2) = 9 (1 +CI2)2 Q12 32 °
d1 41 42




Standard perturbation theory

f(a) =dInDy/dIna

Adopting the E-dS approximation, Di(a): Linear growth factor

Linear density field

_~~  (Gaussian)

5,(k) = / / (20268 (e — qu.e. — @) Fu(@rs oo @) 001 ) 50()

0, (k) — / / (27?)35g)(kql...//C;n(ql,...,qn)50(q1)...50(qn),
q1 dn /

standard PT kernel (F} = G, =1)




Recursion relation for PT kernels

fén) (kla |

. 7kn)

T = ki1 + -+ ke,

(n) _ 1
Uab o
r i ]
l‘ k2'k1 .
oA RN TN
1 1 + kik|.
7abc(k1’ k2) = 1 2 i Ik1|2_ ’
(ky-ko)lky+ks5|* .
2|k, [?|ky ] 2
0O;

L

2n+1 2
(2n 4+ 3)(n — 1) ( 3 2n )

(a, b,c) = (1,1,2)

(a, b,c) = (1,2, 1)

(a,b,c) =(2,2,2)

otherwise.

Note—. repetition of the
same subscripts (a,b,c)
indicates the sum over all
multiplet components




Power spectrum




Next-to-next-to leading order

plmn) ~ (50m)5(n))

Calculation involves multi-dimensional numerical integration
(time-consuming)



Comparison with simulations

Standard PT qualitatively
explains scale-dependent
nonlinear growth, however,

overestimates simulations
nhext-to-next-to-

P(k)/Pno—wiggle(k)

leading order (2-

overestimates at high-z, while it

turn to underestimate at low-z ’ |
‘ Linear
SPT(1—loop)

Standard PT produces ill-

0.15 02 025 0.3 . 0.4
k [h Mpc-!]

behaved PT expansion !!

... heed to be improved AT et al. ('09)




Improving P11 predictions

Basic Reorganizing standard PT expansion by introducing

idea non-perturbative statistical quantities

0o (k) 0(k; z)
initial density field (Gaussian) Evolved density field (non-Gaussian)
Initial power spectrum Observables

P(k; z)

Fo(k) B(k1, ks, ks 2)

from linear theory Nonlin.ear AR 52, K, 1, 2)
mapping -

(CMI2 Belimamaun col) of dark matter/galaxies/halos

Concept of ‘propagator’ in physics/mathematics may be useful



Propagator in physics

+ Green’s function in linear differential equations

+ Probability amplitude in quantum mechanics

Schrodinger Eq.
L5 =
(—’lh— = i Hx) ¢(33a t) =0

oY(x,t)
ot e a
Glx,t;x ,t )= Sl )
. 6 / / . / /
(—zha —I—Hw) G(z,t;2',t") = —thdp(x —x")op(t —t')

+00
W t) = / deCGlrbr Tiole t); t>1

— OO



Cosmic propagators

Propagator should carry information on
non-linear evolution & statistical properties

Evolved (non-linear) density field Crocce & Scoccimarro ('06)

<55m(k;t_> = op(k — k)W (k; 1)

500 (k)

N

Initial density field Ensemble w.r.t randomness of initial condition

Contain statistical information on evolution

(Non-linear extension of Green’s function)



Multi-point propagators

Bernardeau, Crocce & Scoccimarro ('08)

Matsubara ("I I) —— integrated PT
As a natural generalization,

Multi-point propagator

5n5m k,t —n / n
<W(55)(k)> = (2m)* 7" b (k — k)T (k- ks )
n w

With this multi-point prop.

* Building blocks of a new perturbative theory (PT) expansion

--------- [ -expansion or Wiener-Hermite expansion

* A good convergence of PT expansion is expected
(c.f. standard PT)



Power spectr'um Initial power spectrum

(2:;)3 {P(Q)(qa k —q; t)} 2 Po(q)Po(lk — ql)

+6/df§:)36q [F(?’)(p,q,k—p—q;t)rPo(p)Po(Q)Po(\k—P—QD *

Bispectrum

B(ki, ko, k3) = 203 (kq, ko) TW (k) T (ky) Py(k1) Py (ka) + cyc.

- [S/d?’q F(2)(k1 —q, Q)F(2) (ko + q, —Q)F(Q)(q — ki, —ks —q)Py(|k1 — q|) Po(|k2 + q|) Po(q)

+ 6 / d*qT®) (—ks, ks + q, —q)T® (ks — q,q)T' " (k3) Py (k2 — a|) Po(q) Po(ks) + cyc} .

&

R, &

B(ki, k2, k3) = 2 Y
kz

tree



Generic property of propagators

Crocce & Scoccimarro '06, Bernardeau et al.’08

Log (I'"V/T().)

0.1
k? [(Mpc h™')?]




Origin of Exp. damping

For Gaussian initial condition, 7 Py (k)
(0m (ks t) 0o(K")) = (00(k)do (k"))

initial power spectrum

Cross correlation between initial & evolved density fields

initial appro

Padmanabhan
etal. ('12)

----- origin of Gaussian damping in propagator




Constructing regularized propagators

e UV property (k >>1) :

F(n) k — 400 (n) —k202/2 : 3:- %ng(q)

Bernardeau, Crocce & Scoccimarro ('08), Bernardeau,Van de Rijt,Vernizzi (I I)

* IR behavior (k<<1) can be described by standard PT calculations :

F(n) e F’E?e)e s Fgrr—ll)oop i I‘g-ll)oop i

(n) k— Fo0o 1 E2 52\ P (n)
Importantly, each term behaves like 1,,, — o (- 5 V> Dtree

» A regularization scheme that reproduces both UV & IR behaviors




Regularized propagator

Bernardeau, Crocce & Scoccimarro (’12)

A global solution that satisfies both UV (k>>1) & IR (k<<I) properties:

i k2 2 > 7 k2 2
Fl(“?elgz S5 F*Ere)e {1 | QUV} _|_F§—1)00p exp{ }3 0 = /—PQQ

--------------- IR behavior is valid at |-loop level

Precision of IR behavior can be systematically improved by
including higher-loop corrections and adding counter terms

e.g., For IR behavior valid at 2-loop level,

i : = oo i bk : i kio: 7 : ke
F1(°eg): F‘Ere)e {1+2+2< 9 ) }_'_Fgl)oop{l—l_Q}_l_Fg—l)oop exp{— 9 }




Propagators in N-body simulations

compared with 'Regularized’ propagators constructed analytically

predictions up to

predictions up to |-loop order

2
2-loop order F( )(kla k2ﬁ7’ kS)
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few sec.

RegPT: fast PT code for P(k) & &(r)

(regularized)
A based on multi-point propagators at

http://www2.yukawa.kyoto-u.ac.jp/~atsushi.taruya/regpt _code.html
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Why improved PT works well?

AT, Bernardeau, Nishimichi, Codis (’12)

AT et al. (09)
e All corrections become

comparable at low-z.

Corrections are positive & localized,
shifted to higher-k for higher-loop

* Positivity is not guaranteed.

| | | | | | | | | | ] T | L Bd Tl 1 |
7=0 ] J
104 = = 104 s =
— - Standard . - s | :
2. - - B N .
> [ PT ] B _
| |
é 108 |- 1-loop Linear : é 102 k -
= - ] = C Linear :
: negativg/’”"\\n : 2-|OOP ’
. 2-loop
102 | Ve~ < P 102 positive
: // | \IC | l
102 101 10-2 10-!
k [h Mpc!] k [h Mpc1]



RegPT in modified gravity

Good convergence is ensured by
k—00 r(n) 6—]4320'(21/2
tree

a generic damping behavior in propagators ik SEL LR

Even in modified gravity, well-controlled expansion with RegPT

"

RegPT 1-loop

Linear

] | ] ] l 1l | 1| l 1l | 1| 1| | ] I
0.1 0.15 0.2 0.25 0.3

k[h Mpc-1]

N-body data: Baojiu Li AT, Nishimichi, Bernardeau,et al.(’ | 4)




Halo model
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From dark matter to galaxies

Cooray & Sheth ('02)
Assuming that galaxies in each halo follow a Poisson distribution

Pgal(k) :Pglill(k) +P§£Il(k)p m: halo mass

Pl = [ dmtom) Nt ZDI ey 2 (S / dm n(m)(Noa|m)

gal

2
P2 (k) ~ P (k) [ / dm n(m) by(m) <N,§al'm> ugal<k|m>]

gal

Needs determine observationally assuming their functional forms

For SDSS LRG or CMASS, the contributions further need to be
divided into central ands satellites, i.e., Ngal = Neen + Nsat

(e.g., Zheng et al.05)



Galaxy power spectrum

PR(k) = PRIA() 4 PR2h (1) Hikage & Yamamoto (’13)

Pth(k) — _i /den(M) <Ncen> [2<Nsat>aNFW(k; M) + <Nsat(Nsat — 1)>QNLNFW('ZC7 M)2] ;

n? dM
PR (k) = [ / A PN ) (U (N (k: M) BOD) | P (),
100 g
i = [ dM(dn/dM)Ngop(M) T
10 |

Olog M
M — My \© i
<Nsat> — fcol(M)( M, t) ) 0.1 3
Zheng et al. ('07)
0.01

1012I | II]I-II()lsl IIII1014I | Illll-lé)lsl | III]I-IIOI6
Application: RSD, Weak lensing, mock catalog,... M, [M,/h]



SDSS galaxies (z~0)
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Galaxy/halo bias
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dark matter distribugion in a rich cluster
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1= Dark Matter

3%

right, gas particles; upper left, dark matter particles; lower right, galaxies; lower left, DM cores.

FiG. 2—Distribution of gas particles, dark matter particles, galaxies, and dark halos in the volume of 75 x 75 x 30 (h~! Mpc)® model tY =0. ﬁwﬁ 9
oshikawa, et al. (Ol)



Dark Matter

F1G. 3.—Same as Fig. 2, but for z = 2

Yoshikawa, et al. (Ol)
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ON THE SPATIAL CORRELATIONS OF ABELL CLUSTERS
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ABSTRACT

If rich clusters formed where the primordial density enhancement, when averaged over an appropriate volume,
was unusually large, then they give a biased measure of the large-scale density correlation function: & ysters(7) =
AE jensity(r). The factor A is determined by the probability distribution of the density fluctuations on a rich
cluster mass scale, and if this distribution was Gaussian the correlation function is amplified. The amplification
for rich R > 1 clusters is estimated to be 4 = 10, and the predicted trend of 4 with richness agrees qualitatively
with that observed. Some implications of these results for the large-scale density correlations are discussed.

Subject headings: cosmology — galaxies: clustering

h . .
then This result may also be obtained by application of Price’s
1+¢.(r) theorem (Price 1958). For £, < 1 this expression simplifies to
_ _I_)_?-_ _ 1/2 1,2\] 2 0 2 —2
= P2 = (2/7) [erfc(v/2 )] £ (r)= (evz/zfv e~ 1/2y dy) £(r)/0?, (2)

and for v > 1

v Ooe"l/z)'zerfc' v — y§(r)/£(0) dv
! 2l - e;)eo) |

£-,(r) = (v/0?)&(r). (3)



