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Plan of talk
Review of H0 tension

ΛCDM model 
determined by Planck

Local measurement of 
the Hubble parameter

(Planck 2018 results IV)

H0 = 74.0 ± 1.4 km s−1 Mpc−1

(Riess et al. ’19)

discrepancy

H0 = 67.4 ± 0.5 km s−1 Mpc−1

• Either of them is wrong

• Both of them are correct, ΛCDM model is wrong (new physics)  

but, some (most?) of the proposed scenarios has some troubles

Possibilities

• Or both are wrong
 due to unknown systematics



Hubble parameter
Fundamental quantity characterizing the expansion of the Universe

H(t) ≡
·a(t)
a(t)

a(t) : Scale factor of 
the Universe

In particular, Hubble parameter at the present time is called

H0
A precision determination of H0 is important in cosmology, and is 
a basis to clarify the nature of dark energy or cosmic acceleration

Friedmann 
equation 3H2(t) = 8π G {ρm(t) + ρDE(t)} −

K
a2

matter dark energy curvature



(Local) measurement of H0

Hubble-Lemaître law

vrec = H0 d
Recession velocity of galaxies is linearly proportional to distance:
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(Local) measurement of H0

Hubble-Lemaître law

vrec = H0 d
Recession velocity of galaxies is linearly proportional to distance:

Distance measurement is the most difficult part :
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For closer objects (<104 light years),

an accurate measurement can be 
made by using parallax method 

(e.g., Gaia, HST)

θ
a

d = a/tan(θ/2)

Earth

d
Star

SUN
wikipedia



Distance measurements

large→nearby

small→distant

bright→nearby

faint→distant

Standard ruler

the distance measurement can be still made if we a priori  
know the size or luminosity of the objects

For much farther objects (d>104 light years), 

Standard candle

Such a object is called

Or

Note—.
There recently appears 

standard siren



Standard(izable) candles
Cepheid variable 

Type-Ia Supernova

Pulsating stars that periodically gets bright & faint

(Empirical) period-luminosity relation

Period (days)
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A type of supernova that occurs in binary systems

Tight relation between peak luminosity & decay time scale 

Lpeak

White 
dwarf

MWD ∼ MCh

Explosion



Distance ladder

Parallax Cepheid Type Ia supernova

Calibration of 
Cepheid P-L relation

Calibration of supernova 
light-curve fitting

Milkyway

https://en.wikipedia.org/wiki/Cosmic_distance_ladder#/media/File:Cosmic_distance_ladder.jpg

A role of distance anchor connecting two 
methods is crucial



SH0ES

(2011 Nobel 
Laureate)

A precision local measurement of H0 using Hubble space 
telescope (photometric obs. of Cepheid & SNe Ia)

• VLBI obs. of water masers → NGC4258 Cepheid

• 20 Detached eclipsing binaries → LMC Cepheid

• Parallaxes → Milkyway Cepheids

Distance anchors to calibrate Cepheid P-L relation:

Adam Riess
(SNe, H0, for the Equation of State of dark energy)

Riess et al. (’19)
1.9% 

precisio
n

(Large Magellanic Cepheid)

H0 = 74.03 ± 1.42 km s−1 Mpc−1



Time evolution of H0 measurement

Planck 2018 results I, modified

Planck Collaboration: The cosmological legacy of Planck

Fig. 20. Constraints on the growth rate of fluctuations, f�8, as a
function of redshift, compared to the predictions of the ⇤CDM
model constrained by Planck (from Planck Collaboration VI
2018). The f�8 measurements are: dark cyan, 6dFGS and
velocities from SNe Ia (Huterer et al. 2017); green, 6dFGRS
(Beutler et al. 2012); purple square, SDSS MGS (Howlett et al.
2015); cyan cross, SDSS LRG (Oka et al. 2014); dark red,
GAMA (Blake et al. 2013); red, BOSS DR12 (Alam et al.
2017); blue, WiggleZ (Blake et al. 2012); olive, VIPERS
(Pezzotta et al. 2017); dark blue, FastSound (Okumura et al.
2016); and orange, BOSS DR14 quasars (Zarrouk et al. 2018).
The agreement between the low-z measures and the ⇤CDM pre-
diction is very good, indicating that the model (constrained by
observations in the high-z Universe) correctly predicts the rate of
growth of large-scale structure observed in the nearby Universe.

4.3. Discord

While there are many measurements that are consistent with the
predictions of the ⇤CDM model fitted to Planck, there are also
some areas of discordance.

Within the Planck data themselves we find a preference
for a larger smoothing of the power spectrum at small scales
than the ⇤CDM model predicts (Planck Collaboration XVI
2014; Planck Collaboration XIII 2016; Planck Collaboration VI
2018). While at face value it might seem like this smoothing
is the sign of an excess amplitude of gravitational lensing, it
is also possible to fit these features through non-lensing related
e↵ects (see Planck Collaboration Int. LI 2017, for discussion).
The preference for these features is driven almost entirely by
the CMB spectra and not by the lensing reconstruction, which
is consistent with theoretical expectations. The peak smoothing
features are not statistically very significant (2–3�) and could
just be statistical fluctuations in the data. Further, the level of
significance depends upon choices made about the calibration
of the polarization channels, the sky fraction, and other analysis
choices, as discussed further in Planck Collaboration VI (2018).
This discrepancy may indicate that the best-fit parameters from
the primary CMB have fluctuated from their true values by a few
�, in which case the combination a↵orded by multiple probes
may be a more faithful measure.

We will discuss distance measurements using BAO in
Sect. 6.3. There we will see (Fig. 27) that the inferred an-
gular diameter distance to z' 2 from the auto- and cross-

Fig. 21. A compilation of measurements of H0 since 2000,
based on the historical data assembled by J. Huchra for
the NASA/HST Key Project on the Extragalactic Distance
Scale. The additional points since 2010 are from Riess et al.
(2011), Freedman et al. (2012), Rathna Kumar et al. (2015),
Riess et al. (2016), Bonvin et al. (2017), Dhawan et al. (2018),
and Riess et al. (2018a,b). The blue circles show “traditional”
measures of H0, while the cyan and red squares show H0 in-
ferred from fits to CMB data from WMAP (Bennett et al. 2011;
Hinshaw et al. 2013) and Planck. The (magenta) diamond shows
the standard siren measurement from Abbott et al. (2017a).
Inferences from the inverse distance ladder are discussed in the
text and Fig. 22. Note the tremendous increase in precision with
time, driven by improvements in methods and in data, and the
narrowing of the di↵erence between “high” and ‘’low” values of
H0.

correlation of Ly↵ measurements by the Baryon Oscillation
Spectroscopic Survey (BOSS) is discrepant with the ⇤CDM
predictions fit to Planck at about 2.3� (Bautista et al. 2017;
du Mas des Bourboux et al. 2017). Within the ⇤CDM family,
parameter changes that would improve agreement with the Ly↵
distances are highly disfavoured by Planck and the more ac-
curate, lower-redshift BAO measurements. Even within an ex-
tended class of models, it is very di�cult to fit the combina-
tion of comoving angular diameter distance, DM, and Hubble
distance, DH, inferred from the Ly↵ data (Aubourg et al. 2015).
This mild tension could be the result of either a statistical fluctu-
ation or as yet unrealized systematics in the Ly↵ measurements.
However the size of the discrepancy highlights the importance
of future measurements at these redshifts.

At lower redshift, some measures of the amplitude of clus-
tering prefer lower values than ⇤CDM normalized to Planck.
In particular the Köhlinger et al. (2017) analysis of the KiDS
cosmic-shear-only results constrains S 8 ⌘ �8(⌦m/0.3)0.5 to be
0.651 ± 0.058 (which was shifted upwards to 0.772 ± 0.034 in
an alternative analysis by Troxel et al. 2018). When combined
with galaxy data the results are 0.742 ± 0.035 or 0.800 ± 0.028
(Joudaki et al. 2018; van Uitert et al. 2018). The preferred value
from Planck plus BAO is 0.8102 ± 0.0060, which is 2.7�
higher, 1.1� higher, 1.9� higher, or basically consistent with
these results. The recent DES results (DES Collaboration et al.
2017) are consistent with both Planck and the earlier lensing re-
sults: S 8 = 0.782 ± 0.024 when analysed with the same fixed
neutrino mass assumption as Planck (Planck Collaboration VI

29

Riess et al. (’19)
H0 = 74.03 ± 1.42 km s−1 Mpc−1

Standard siren 
(GW170817)



Alternative method
We can rely on the standard cosmological model

http://www.esa.int/spaceinimages/Images/

Lambda Cold Dark Matter (ΛCDM ) model
describes both cosmic expansion & structure formation

Based on the theory of 
structure formation, 

H0 can be inferred from 
the observations of 

high-redshift universe

(Inverse distance ladder)

(with parameters including H0)
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Cosmic microwave background

Standard cosmological model

‘Relic’ radiation emitted at 380,000 years after Big-Bang

• temperature 
• polarization
• gravitational lensing 

Planck satellite (ESA) provides high-precision data of 

Tiny anisotropies offers a powerful cosmological probe

(CMB)

Planck (2009-2013)

Help tightening cosmological constraints
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-160 160 µK0.41 µK

Fig. 6. The Planck CMB sky. The top panel shows the 2018, SMICA temperature map. The middle panel shows the polarization field
as rods of varying length, superimposed on the temperature map, when both are smoothed at the 5� scale. This smoothing is done
for visibility purposes, but the enlarged region presented in Fig. 7 shows that the Planck polarization map is dominated by signal at
much smaller scales. Both these CMB maps have been masked and inpainted in regions where residuals from foreground emission
are expected to be substantial. This mask, mostly around the Galactic plane, is delineated by a grey line in the full resolution
temperature map. The bottom panel shows the Planck lensing map (derived from r�, i.e., the E mode of the lensing deflection
angle), specifically a minimum variance, Wiener filtered, map obtained from both temperature and polarization information; the
unmasked area covers 80.7 % of the sky, which is larger than that used for cosmology.
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Planck Collaboration: The cosmological legacy of Planck

Fig. 9. Planck CMB power spectra. These are foreground-subtracted, frequency-averaged, cross-half-mission angular power spectra
for temperature (top), the temperature-polarization cross-spectrum (middle), the E mode of polarization (bottom left) and the lensing
potential (bottom right). Within ⇤CDM these spectra contain the majority of the cosmological information available from Planck,
and the blue lines show the best-fitting model. The uncertainties of the TT spectrum are dominated by sampling variance, rather than
by noise or foreground residuals, at all scales below about ` = 1800 – a scale at which the CMB information is essentially exhausted
within the framework of the ⇤CDM model. The T E spectrum is about as constraining as the TT one, while the EE spectrum still
has a sizeable contribution from noise. The lensing spectrum represents the highest signal-to-noise ratio detection of CMB lensing
to date, exceeding 40�. The anisotropy power spectra use a standard binning scheme (which changes abruptly at ` = 30), but are
plotted here with a multipole axis that goes smoothly from logarithmic at low ` to linear at high `.
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Fig. 6. The Planck CMB sky. The top panel shows the 2018, SMICA temperature map. The middle panel shows the polarization field
as rods of varying length, superimposed on the temperature map, when both are smoothed at the 5� scale. This smoothing is done
for visibility purposes, but the enlarged region presented in Fig. 7 shows that the Planck polarization map is dominated by signal at
much smaller scales. Both these CMB maps have been masked and inpainted in regions where residuals from foreground emission
are expected to be substantial. This mask, mostly around the Galactic plane, is delineated by a grey line in the full resolution
temperature map. The bottom panel shows the Planck lensing map (derived from r�, i.e., the E mode of the lensing deflection
angle), specifically a minimum variance, Wiener filtered, map obtained from both temperature and polarization information; the
unmasked area covers 80.7 % of the sky, which is larger than that used for cosmology.
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Planck Collaboration: The cosmological legacy of Planck

and joint temperature- and polarization-based convergence maps
plus the simulations, response functions, and masks necessary to
use them for cosmological science. We also release the joint CIB
map, the likelihood, and parameter chains.

3. The ⇤CDM model

Probably the most striking characteristic to emerge from the last
few decades of cosmological research is the almost unreason-
able e↵ectiveness of the minimal 6-parameter ⇤CDM model in
accounting for cosmological observations over many decades
in length scale and across more than 10 Gyr of cosmic time.
Though many of the ingredients of the model remain highly
mysterious from a fundamental physics point of view, ⇤CDM
is one of our most successful phenomenological models. As we
will discuss later, it provides a stunning fit to an ensemble of
cosmological observations on scales ranging from Mpc to the
Hubble scale, and from the present day to the epoch of last scat-
tering.

The ⇤CDM model rests upon a number of assumptions,
many of which can be directly tested with Planck data. With the
model tested and the basic framework established, Planck pro-
vides the strongest constraints on the six parameters that specify
the model (Tables 6 and 7). Indeed of these six parameters all
but one – the optical depth – is now known to sub-percent preci-
sion.15

Table 6. The 6-parameter ⇤CDM model that best fits the com-
bination of data from Planck CMB temperature and polarization
power spectra (including lensing reconstruction), with and with-
out BAO data (see text). A number of convenient derived param-
eters are also given in the lower part of the table. Note that these
best fits can di↵er by small amounts from the central values of
the confidence limits in Table 7.

Parameter Planck alone Planck + BAO

⌦bh
2 . . . . . . . . . . . . . 0.022383 0.022447

⌦ch
2 . . . . . . . . . . . . . 0.12011 0.11923

100✓MC . . . . . . . . . . . 1.040909 1.041010
⌧ . . . . . . . . . . . . . . . . 0.0543 0.0568
ln(1010

As) . . . . . . . . . 3.0448 3.0480
ns . . . . . . . . . . . . . . . 0.96605 0.96824

H0 [km s�1Mpc�1] . . . 67.32 67.70
⌦⇤ . . . . . . . . . . . . . . 0.6842 0.6894
⌦m . . . . . . . . . . . . . . 0.3158 0.3106
⌦mh

2 . . . . . . . . . . . . . 0.1431 0.1424
⌦mh

3 . . . . . . . . . . . . . 0.0964 0.0964
�8 . . . . . . . . . . . . . . . 0.8120 0.8110
�8(⌦m/0.3)0.5 . . . . . . 0.8331 0.8253
zre . . . . . . . . . . . . . . . 7.68 7.90
Age [Gyr] . . . . . . . . . 13.7971 13.7839

15For ns this claim depends upon the conventional choice that ns = 1
represents scale-invariance.

Table 7. Parameter confidence limits from Planck CMB tem-
perature, polarization and lensing power spectra, and with the
inclusion of BAO data. The first set of rows gives 68 % limits for
the base-⇤CDM model, while the second set gives 68 % con-
straints on a number of derived parameters (as obtained from the
constraints on the parameters used to specify the base-⇤CDM
model). The third set below the double line gives 95 % limits for
some 1-parameter extensions to the ⇤CDM model. More details
can be found in Planck Collaboration VI (2018).

Parameter Planck alone Planck + BAO

⌦bh
2 . . . . . . . . . . 0.02237 ± 0.00015 0.02242 ± 0.00014

⌦ch
2 . . . . . . . . . . 0.1200 ± 0.0012 0.11933 ± 0.00091

100✓MC . . . . . . . . 1.04092 ± 0.00031 1.04101 ± 0.00029
⌧ . . . . . . . . . . . . . 0.0544 ± 0.0073 0.0561 ± 0.0071
ln(1010

As) . . . . . . 3.044 ± 0.014 3.047 ± 0.014
ns . . . . . . . . . . . . 0.9649 ± 0.0042 0.9665 ± 0.0038

H0 . . . . . . . . . . . 67.36 ± 0.54 67.66 ± 0.42
⌦⇤ . . . . . . . . . . . 0.6847 ± 0.0073 0.6889 ± 0.0056
⌦m . . . . . . . . . . . 0.3153 ± 0.0073 0.3111 ± 0.0056
⌦mh

2 . . . . . . . . . . 0.1430 ± 0.0011 0.14240 ± 0.00087
⌦mh

3 . . . . . . . . . . 0.09633 ± 0.00030 0.09635 ± 0.00030
�8 . . . . . . . . . . . . 0.8111 ± 0.0060 0.8102 ± 0.0060
�8(⌦m/0.3)0.5 . . . 0.832 ± 0.013 0.825 ± 0.011
zre . . . . . . . . . . . . 7.67 ± 0.73 7.82 ± 0.71
Age[Gyr] . . . . . . 13.797 ± 0.023 13.787 ± 0.020
r⇤[Mpc] . . . . . . . . 144.43 ± 0.26 144.57 ± 0.22
100✓⇤ . . . . . . . . . 1.04110 ± 0.00031 1.04119 ± 0.00029
rdrag[Mpc] . . . . . . 147.09 ± 0.26 147.57 ± 0.22
zeq . . . . . . . . . . . . 3402 ± 26 3387 ± 21

keq[Mpc�1] . . . . . . 0.010384 ± 0.000081 0.010339 ± 0.000063

⌦K . . . . . . . . . . . �0.0096 ± 0.0061 0.0007 ± 0.0019
⌃m⌫ [eV] . . . . . . . < 0.241 < 0.120
Ne↵ . . . . . . . . . . . 2.89+0.36

�0.38 2.99+0.34
�0.33

r0.002 . . . . . . . . . . < 0.101 < 0.106

3.1. Assumptions underlying ⇤CDM

A complete list of the assumptions underlying the⇤CDM model
is not the goal of this section, but below we list several of the
major assumptions.

A1 Physics is the same throughout the observable Universe.
A2 General Relativity (GR) is an adequate description of grav-

ity.
A3 On large scales the Universe is statistically the same ev-

erywhere (initially an assumption, or “principle,” but now
strongly implied by the near isotropy of the CMB).

A4 The Universe was once much hotter and denser and has been
expanding since early times.

A5 There are five basic cosmological constituents:
(a) Dark energy that behaves just like the energy density of

the vacuum.
(b) Dark matter that is pressureless (for the purposes of

forming structure), stable and interacts with normal mat-
ter only gravitationally.
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-160 160 µK0.41 µK

Fig. 6. The Planck CMB sky. The top panel shows the 2018, SMICA temperature map. The middle panel shows the polarization field
as rods of varying length, superimposed on the temperature map, when both are smoothed at the 5� scale. This smoothing is done
for visibility purposes, but the enlarged region presented in Fig. 7 shows that the Planck polarization map is dominated by signal at
much smaller scales. Both these CMB maps have been masked and inpainted in regions where residuals from foreground emission
are expected to be substantial. This mask, mostly around the Galactic plane, is delineated by a grey line in the full resolution
temperature map. The bottom panel shows the Planck lensing map (derived from r�, i.e., the E mode of the lensing deflection
angle), specifically a minimum variance, Wiener filtered, map obtained from both temperature and polarization information; the
unmasked area covers 80.7 % of the sky, which is larger than that used for cosmology.
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Fig. 9. Planck CMB power spectra. These are foreground-subtracted, frequency-averaged, cross-half-mission angular power spectra
for temperature (top), the temperature-polarization cross-spectrum (middle), the E mode of polarization (bottom left) and the lensing
potential (bottom right). Within ⇤CDM these spectra contain the majority of the cosmological information available from Planck,
and the blue lines show the best-fitting model. The uncertainties of the TT spectrum are dominated by sampling variance, rather than
by noise or foreground residuals, at all scales below about ` = 1800 – a scale at which the CMB information is essentially exhausted
within the framework of the ⇤CDM model. The T E spectrum is about as constraining as the TT one, while the EE spectrum still
has a sizeable contribution from noise. The lensing spectrum represents the highest signal-to-noise ratio detection of CMB lensing
to date, exceeding 40�. The anisotropy power spectra use a standard binning scheme (which changes abruptly at ` = 30), but are
plotted here with a multipole axis that goes smoothly from logarithmic at low ` to linear at high `.
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and joint temperature- and polarization-based convergence maps
plus the simulations, response functions, and masks necessary to
use them for cosmological science. We also release the joint CIB
map, the likelihood, and parameter chains.

3. The ⇤CDM model

Probably the most striking characteristic to emerge from the last
few decades of cosmological research is the almost unreason-
able e↵ectiveness of the minimal 6-parameter ⇤CDM model in
accounting for cosmological observations over many decades
in length scale and across more than 10 Gyr of cosmic time.
Though many of the ingredients of the model remain highly
mysterious from a fundamental physics point of view, ⇤CDM
is one of our most successful phenomenological models. As we
will discuss later, it provides a stunning fit to an ensemble of
cosmological observations on scales ranging from Mpc to the
Hubble scale, and from the present day to the epoch of last scat-
tering.

The ⇤CDM model rests upon a number of assumptions,
many of which can be directly tested with Planck data. With the
model tested and the basic framework established, Planck pro-
vides the strongest constraints on the six parameters that specify
the model (Tables 6 and 7). Indeed of these six parameters all
but one – the optical depth – is now known to sub-percent preci-
sion.15

Table 6. The 6-parameter ⇤CDM model that best fits the com-
bination of data from Planck CMB temperature and polarization
power spectra (including lensing reconstruction), with and with-
out BAO data (see text). A number of convenient derived param-
eters are also given in the lower part of the table. Note that these
best fits can di↵er by small amounts from the central values of
the confidence limits in Table 7.

Parameter Planck alone Planck + BAO

⌦bh
2 . . . . . . . . . . . . . 0.022383 0.022447

⌦ch
2 . . . . . . . . . . . . . 0.12011 0.11923

100✓MC . . . . . . . . . . . 1.040909 1.041010
⌧ . . . . . . . . . . . . . . . . 0.0543 0.0568
ln(1010

As) . . . . . . . . . 3.0448 3.0480
ns . . . . . . . . . . . . . . . 0.96605 0.96824

H0 [km s�1Mpc�1] . . . 67.32 67.70
⌦⇤ . . . . . . . . . . . . . . 0.6842 0.6894
⌦m . . . . . . . . . . . . . . 0.3158 0.3106
⌦mh

2 . . . . . . . . . . . . . 0.1431 0.1424
⌦mh

3 . . . . . . . . . . . . . 0.0964 0.0964
�8 . . . . . . . . . . . . . . . 0.8120 0.8110
�8(⌦m/0.3)0.5 . . . . . . 0.8331 0.8253
zre . . . . . . . . . . . . . . . 7.68 7.90
Age [Gyr] . . . . . . . . . 13.7971 13.7839

15For ns this claim depends upon the conventional choice that ns = 1
represents scale-invariance.

Table 7. Parameter confidence limits from Planck CMB tem-
perature, polarization and lensing power spectra, and with the
inclusion of BAO data. The first set of rows gives 68 % limits for
the base-⇤CDM model, while the second set gives 68 % con-
straints on a number of derived parameters (as obtained from the
constraints on the parameters used to specify the base-⇤CDM
model). The third set below the double line gives 95 % limits for
some 1-parameter extensions to the ⇤CDM model. More details
can be found in Planck Collaboration VI (2018).

Parameter Planck alone Planck + BAO

⌦bh
2 . . . . . . . . . . 0.02237 ± 0.00015 0.02242 ± 0.00014

⌦ch
2 . . . . . . . . . . 0.1200 ± 0.0012 0.11933 ± 0.00091

100✓MC . . . . . . . . 1.04092 ± 0.00031 1.04101 ± 0.00029
⌧ . . . . . . . . . . . . . 0.0544 ± 0.0073 0.0561 ± 0.0071
ln(1010

As) . . . . . . 3.044 ± 0.014 3.047 ± 0.014
ns . . . . . . . . . . . . 0.9649 ± 0.0042 0.9665 ± 0.0038

H0 . . . . . . . . . . . 67.36 ± 0.54 67.66 ± 0.42
⌦⇤ . . . . . . . . . . . 0.6847 ± 0.0073 0.6889 ± 0.0056
⌦m . . . . . . . . . . . 0.3153 ± 0.0073 0.3111 ± 0.0056
⌦mh

2 . . . . . . . . . . 0.1430 ± 0.0011 0.14240 ± 0.00087
⌦mh

3 . . . . . . . . . . 0.09633 ± 0.00030 0.09635 ± 0.00030
�8 . . . . . . . . . . . . 0.8111 ± 0.0060 0.8102 ± 0.0060
�8(⌦m/0.3)0.5 . . . 0.832 ± 0.013 0.825 ± 0.011
zre . . . . . . . . . . . . 7.67 ± 0.73 7.82 ± 0.71
Age[Gyr] . . . . . . 13.797 ± 0.023 13.787 ± 0.020
r⇤[Mpc] . . . . . . . . 144.43 ± 0.26 144.57 ± 0.22
100✓⇤ . . . . . . . . . 1.04110 ± 0.00031 1.04119 ± 0.00029
rdrag[Mpc] . . . . . . 147.09 ± 0.26 147.57 ± 0.22
zeq . . . . . . . . . . . . 3402 ± 26 3387 ± 21

keq[Mpc�1] . . . . . . 0.010384 ± 0.000081 0.010339 ± 0.000063

⌦K . . . . . . . . . . . �0.0096 ± 0.0061 0.0007 ± 0.0019
⌃m⌫ [eV] . . . . . . . < 0.241 < 0.120
Ne↵ . . . . . . . . . . . 2.89+0.36

�0.38 2.99+0.34
�0.33

r0.002 . . . . . . . . . . < 0.101 < 0.106

3.1. Assumptions underlying ⇤CDM

A complete list of the assumptions underlying the⇤CDM model
is not the goal of this section, but below we list several of the
major assumptions.

A1 Physics is the same throughout the observable Universe.
A2 General Relativity (GR) is an adequate description of grav-

ity.
A3 On large scales the Universe is statistically the same ev-

erywhere (initially an assumption, or “principle,” but now
strongly implied by the near isotropy of the CMB).

A4 The Universe was once much hotter and denser and has been
expanding since early times.

A5 There are five basic cosmological constituents:
(a) Dark energy that behaves just like the energy density of

the vacuum.
(b) Dark matter that is pressureless (for the purposes of

forming structure), stable and interacts with normal mat-
ter only gravitationally.
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Hubble parameter
(in units of km/s/Mpc)



H0 tension
Planck CMB measurement 
assuming ΛCDM model

Local measurement by SH0ES 
(distance ladder)

(Planck 2018 results IV)(Riess et al. ’19)

H0 = 74.0 ± 1.4 km s−1 Mpc−1 H0 = 67.4 ± 0.5 km s−1 Mpc−1

Deviation of Planck H0 from local measurement is at 4.4σ level
(99.999% for Gaussian errors)

Discrepancy remains statistically significant even if other 
parameters are allowed to vary.

This is actually not the first to highlight the discrepancy

vs
Model-independent

(spatial curvature, dark energy EOS, neutrino mass, …)



Time evolution of competing H0

Local measurements prefer a large H0, while CMB prefer a small H0

 
Figures: 

Figure 1: The Current Tension in the Determination of Ho   

 

 

Figure 1: Recent values of Ho as a function of publication date since the Hubble Key 

Project (adapted from Beaton et al. 2016). Symbols in blue represent values of Ho 

determined in the nearby universe with a calibration based on the Cepheid distance scale. 

Symbols in red represent derived values of Ho based on an adopted cosmological model 

and measurements of the CMB. The blue and red shaded regions show the evolution of 

the uncertainties in these values, which have been decreasing for both methods. The most 

recent measurements disagree at greater than 3-σ.  
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Fig. 22. Base-⇤CDM 68 % marginalized parameter constraints for various combinations of power spectrum ranges (all using
plik lite and also including low-` polarization “lowE”). Points marked with a cross are from 2  `  801, while points marked
with a circle are from ` � 802. Dotted errors are the result from 30  `  801, without the Commander large-scale temperature
likelihood, showing that ` < 30 pulls the low-multipole parameters further from the joint result. Points marked with a star are
from ` � 802 combined with the lensing likelihood, showing that constraining the lensing amplitude pulls all the results from high
multipoles towards better consistency with the results from lower multipoles. The grey horizontal band shows the combined 68 %
constraint from Planck TT,TE,EE+lowE+lensing.

it was identified a posteriori, but PPL15 suggest a significance
of about 2.8 % after maximizing over extremal ` ranges found in
simulations. This could be an indication of new physics at large
scales, for example associated with a sharp feature in the infla-
tionary potential (as considered by Peiris et al. 2003, and many
subsequent researchers). Alternatively, it could just be a statis-
tical fluctuation, which is our baseline assumption. However,
since the dip is a relatively unusual fluctuation and it is near one
end of the multipole range, it tends to pull cosmological param-
eters more than would be expected in typical realizations of a
⇤CDM cosmology. This needs to be borne in mind in assessing
parameter shifts between low and high multipoles.

WMAP measured the CMB temperature fluctuations up to
` ⇡ 800 (Bennett et al. 2013). The higher-resolution data from
Planck substantially increases the multipole range of the temper-
ature power spectrum out to ` ⇡ 2500. Cosmological parameters
are therefore expected to shift (usually towards the truth) from
the mean posterior values measured by WMAP, together with a
reduction in the error bars. This is what is seen, with the Planck

values of H0 and ns decreasing, and ⌦m and ⌦mh
2 increasing,

along with substantially smaller errors. However as noted in
PCP13 the magnitudes of the shifts appear to be slightly larger
than might be expected statistically, assuming the base-⇤CDM
cosmology. This stimulated additional work on the consistency
of the Planck power spectra reported in PPL15 and to further in-
vestigations of the consistency of cosmological parameters mea-
sured from high and low multipoles from Planck (Addison et al.
2016; Planck Collaboration Int. LI 2017). As noted in the intro-
duction, there is a very good agreement between Planck and
WMAP temperature maps on the scales observed by WMAP
(Planck Collaboration I 2016; Huang et al. 2018), but an incon-
sistency with high multipoles could indicate either new physics
beyond ⇤CDM, or the presence of some unidentified systemat-
ics associated with the Planck data and/or the foreground model.
Planck Collaboration Int. LI (2017) find that although some cos-
mological parameters di↵er by more than 2� between ` < 800

and ` > 800, accounting for the multi-dimensional parameter
space including correlations between parameters, the shifts are
at the 10 % level and hence not especially unusual. Nonetheless,
parameter shifts, particularly in the fluctuation amplitude and
Hubble parameter (which are directly relevant for the ⇤CDM-
comparison with external data, as discussed in Sect. 5) are worth
a brief re-examination using the additional information provided
by the Planck polarization spectra.

Constraints on cosmological parameters from power spectra
at high multipoles require a foreground model. Previous stud-
ies have shown that results are not very sensitive to the spe-
cific assumptions that are made within the broad context of
slowly varying foreground spectra expected on physical grounds
(Addison et al. 2016; Planck Collaboration Int. LI 2017). In this
section, we use the plik lite Planck likelihood, described
in detail in PPL18, which has the standard Plik foreground
and nuisance parameters marginalized out without further as-
sumptions on the cosmology.24 For standard model extensions
plik lite accurately reproduces results from the full Plik
likelihood. It allows us to explore the high-` likelihood account-
ing for foreground uncertainties, but with the foregrounds con-
strained in a sensible way from their spectra over the full mul-
tipole range. We consider the multipole ranges `  801 and
` � 802 (corresponding to the boundary of one of the plik lite
bins), so that the low-multipole range is roughly comparable to
WMAP and the two ranges have similar statistical power on
most parameters. Results splitting at ` ⇡ 1000 are similar, but
with larger errors in the high multipole range.

Figure 21 shows a comparison of the high and low multipole
ranges, both for temperature (lower triangle, as previously dis-
cussed by Addison et al. 2016 and Planck Collaboration Int. LI

24We do not attempt to quantify likelihood modelling di↵erences in
this section, but a CamSpec-based likelihood gives slightly less tension
between high and low multipoles (especially with polarization), associ-
ated with the weaker preference for AL > 1, as discussed in more detail
in Sect. 6.2.
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it was identified a posteriori, but PPL15 suggest a significance
of about 2.8 % after maximizing over extremal ` ranges found in
simulations. This could be an indication of new physics at large
scales, for example associated with a sharp feature in the infla-
tionary potential (as considered by Peiris et al. 2003, and many
subsequent researchers). Alternatively, it could just be a statis-
tical fluctuation, which is our baseline assumption. However,
since the dip is a relatively unusual fluctuation and it is near one
end of the multipole range, it tends to pull cosmological param-
eters more than would be expected in typical realizations of a
⇤CDM cosmology. This needs to be borne in mind in assessing
parameter shifts between low and high multipoles.

WMAP measured the CMB temperature fluctuations up to
` ⇡ 800 (Bennett et al. 2013). The higher-resolution data from
Planck substantially increases the multipole range of the temper-
ature power spectrum out to ` ⇡ 2500. Cosmological parameters
are therefore expected to shift (usually towards the truth) from
the mean posterior values measured by WMAP, together with a
reduction in the error bars. This is what is seen, with the Planck

values of H0 and ns decreasing, and ⌦m and ⌦mh
2 increasing,

along with substantially smaller errors. However as noted in
PCP13 the magnitudes of the shifts appear to be slightly larger
than might be expected statistically, assuming the base-⇤CDM
cosmology. This stimulated additional work on the consistency
of the Planck power spectra reported in PPL15 and to further in-
vestigations of the consistency of cosmological parameters mea-
sured from high and low multipoles from Planck (Addison et al.
2016; Planck Collaboration Int. LI 2017). As noted in the intro-
duction, there is a very good agreement between Planck and
WMAP temperature maps on the scales observed by WMAP
(Planck Collaboration I 2016; Huang et al. 2018), but an incon-
sistency with high multipoles could indicate either new physics
beyond ⇤CDM, or the presence of some unidentified systemat-
ics associated with the Planck data and/or the foreground model.
Planck Collaboration Int. LI (2017) find that although some cos-
mological parameters di↵er by more than 2� between ` < 800

and ` > 800, accounting for the multi-dimensional parameter
space including correlations between parameters, the shifts are
at the 10 % level and hence not especially unusual. Nonetheless,
parameter shifts, particularly in the fluctuation amplitude and
Hubble parameter (which are directly relevant for the ⇤CDM-
comparison with external data, as discussed in Sect. 5) are worth
a brief re-examination using the additional information provided
by the Planck polarization spectra.

Constraints on cosmological parameters from power spectra
at high multipoles require a foreground model. Previous stud-
ies have shown that results are not very sensitive to the spe-
cific assumptions that are made within the broad context of
slowly varying foreground spectra expected on physical grounds
(Addison et al. 2016; Planck Collaboration Int. LI 2017). In this
section, we use the plik lite Planck likelihood, described
in detail in PPL18, which has the standard Plik foreground
and nuisance parameters marginalized out without further as-
sumptions on the cosmology.24 For standard model extensions
plik lite accurately reproduces results from the full Plik
likelihood. It allows us to explore the high-` likelihood account-
ing for foreground uncertainties, but with the foregrounds con-
strained in a sensible way from their spectra over the full mul-
tipole range. We consider the multipole ranges `  801 and
` � 802 (corresponding to the boundary of one of the plik lite
bins), so that the low-multipole range is roughly comparable to
WMAP and the two ranges have similar statistical power on
most parameters. Results splitting at ` ⇡ 1000 are similar, but
with larger errors in the high multipole range.

Figure 21 shows a comparison of the high and low multipole
ranges, both for temperature (lower triangle, as previously dis-
cussed by Addison et al. 2016 and Planck Collaboration Int. LI

24We do not attempt to quantify likelihood modelling di↵erences in
this section, but a CamSpec-based likelihood gives slightly less tension
between high and low multipoles (especially with polarization), associ-
ated with the weaker preference for AL > 1, as discussed in more detail
in Sect. 6.2.
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4. The Hubble Constant

Following the distance ladder and additional constraints
provided in R16, we can use this LMC Cepheid P–L relation to
help calibrate the luminosity of SNeIa and determine the value
of H0. Among the three geometric sources previously used
by R16 for this purpose, masers in NGC 4258, MW parallaxes,
and LMC DEBs, the latter yielded the lowest individual value
of H0, 72.04±2.67 km s−1 Mpc−1. This LMC-derived cali-
bration employed 785 Cepheids observed from the ground
from M15 and the eight DEBs from Pietrzyński et al.
(2013). R16 assumed a systematic uncertainty between the
ground and HST-based zero-point of σ=0.03 mag, an
estimate in good agreement with the empirical result of a
0.04 mag ground-to-space difference found in Section 2. This
relative zero-point error limited the available precision well
above the apparent error in the mean distance of the LMC
Cepheid ground sample of 0.08 mag/ 785 or 0.003 mag, an
order of magnitude lower than the zero-point uncertainty. This
uncertainty was also significant compared to the previous LMC
distance uncertainty from Pietrzyński et al. (2013) of
0.045 mag, resulting in a combined error of 0.054 mag from
the prior LMC calibration route.

Here we use both the ground and HST sample of LMC
Cepheids together, as each provides an important and
complementary constraint. The 70 LMC Cepheids observed
with HST alone constrain the error in the mean relative to
Cepheids observed by HST in SNIa hosts to a precision of just
under 0.01 mag. After including the 0.0263 mag uncertainty of
the DEB-based distance from Pietrzyński et al. (2019) and the
uncertainty from the CRNL, the total error becomes 0.028 mag
(1.28% in distance; see Table 4), about half the uncertainty of
the LMC combination used in R16. The much larger ground-
measured sample is still very valuable, considered simulta-
neously, to constrain the slope of the P–L. The slope was
constrained in R16 from the ground-based sample to
σ∼0.01 mag/dex (or σ∼0.02 mag/dex for two slopes if a
break was allowed), which is independent of its σ=0.03 mag
zero-point uncertainty. Fitting the distance ladder with the
system of equations given in R16 and retaining the systematic
zero-point uncertainty for only the ground-based sample
optimally leverages both samples. For each Cepheid with a
ground and space-based measurement, we include a covariance
term equal to the square of the intrinsic LMC dispersion
measured here of 0.07 mag to account for this correlated error.

For the ground-based sample, we include the differences in
projected distance to the line of nodes using the model of
Pietrzyński et al. (2019) and their mean LMC distance of
μ=18.477±0.0263 mag based on the DEBs, which have
already been corrected to the line of nodes. For all LMC
Cepheids, we assume a mean [Fe/H]=−0.30 dex, which is
chosen to be between the mean of −0.33 dex from 22 objects
observed spectroscopically by Romaniello et al. (2008) and
−0.27 dex, which is the mean of the photometric metallicity
map of Choudhury et al. (2016) at the positions of the Cepheids
from M15. This is slightly different than the value of −0.25 dex
adopted by R16. Following Anderson & Riess (2018), we have
also included a small correction of 0.0074 mag for the
additional mean flux statistically and physically associated
with Cepheids that is not resolved at the distances of the SNIa
hosts but that is resolved in the closer LMC, as discussed in
Section 4. This is in addition to the use in R16 of artificial star

measurements to account for mean additional light due to
chance superposition on crowded backgrounds.
Using only the LMC distance from Pietrzyński et al. (2019)

to geometrically calibrate the Cepheid luminosities, we find
74.22±1.82 km s−1 Mpc−1including its systematic uncer-
tainty calculated by the analysis variants method given
in R16. The value is higher than the value of
72.04±2.67 km s−1 Mpc−1 from R16 by 2.2 km s−1 Mpc−1

(about 0.8σ or 2.9%) due primarily to the 1% decrease in the
LMC distance between Pietrzyński et al. (2013, 2019) (which
increases H0 by 1%) and a ∼2% increase from the use of the
HST photometric system for the Cepheids. The overall
uncertainty in H0 using the geometric LMC calibrations has
declined by 40%, 25% because of the improved LMC distance
and 15% because of the use of a single photometric system,
which nullifies the relative zero-point uncertainty. Because the
LMC Cepheids have a lower metallicity than those in SN Ia
hosts (or the MW or NGC 4258), there is an additional
uncertainty of 0.9% when using the LMC as an anchor due to
the uncertainty in the empirically constrained luminosity–
metallicity relation. These improvements together make the
LMC, with a 2.4% total uncertainty in H0, comparable in
precision (actually better) as an anchor of the distance ladder to
the use of all MW Cepheid parallaxes, with the masers in NGC
4258 somewhat lower at 3.4% uncertainty; all are individually
consistent within 1.3σ in terms of their independent geometric
distance uncertainties.
In Table 5 we also list the result of combining the LMC with

the MW Cepheid parallaxes (R18a), with the masers in NGC
4258, and every combination of using only a pair of anchors.
These two-anchor (or one-anchor-out) combinations now have
a smaller range of 1.07 km s−1 Mpc−1 (compared to
2.42 km s−1 Mpc−1 in R16) because of the increase in the
result from the LMC. Indeed, leaving out any one of three
anchors by choice, which is a reasonable test of robustness,
changes H0 by only ∼0.5 km s−1 Mpc−1 or <0.7%. For those
inclined to disfavor any one anchor, these combinations offer a
best result without the influence of the given anchor.
However, the best and preferred result comes from including

all three anchors, giving 74.03±1.42 km s−1 Mpc−1, a total
uncertainty of 1.91%including systematics. Compared to the
predicted value of H0 of 67.4±0.5 km s−1 Mpc−1 from the
Planck Collaboration et al. (2018) CMB data in concert with
the cosmological model, ΛCDM, this measurement differs by
4.4σ (P=99.999%), as shown in Figure 4.

Table 5
Best Estimates of H0 Including Systematics

Anchor(s) Value Δ Plancka+
(km s−1 Mpc−1) ΛCDM(σ)

LMC 74.22±1.82 3.6

Two anchors

LMC + NGC 4258 73.40±1.55 3.7
LMC + MW 74.47±1.45 4.6
NGC 4258 + MW 73.94±1.58 3.9

Three anchors (preferred)

NGC 4258 + MW + LMC 74.03±1.42 4.4

Note.
a H0=67.4±0.5 km s−1 Mpc−1(Planck Collaboration et al. 2018).
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Proposed scenarios

• Change of background CMB temperature

• Strongly self-interacting neutrinos with Neff~4

• Early dark energy @ rad-matter equality
Poulin, Smith, Karwal & Kamionkowski (’19)

Kreisch, Cyr-Rachine & Doré (’19)

Ivanov, Ali-Haimoud & Lesgourgues (’20); Bose & Lombrizer (’20)

• Time varying electron mass Sekiguchi & Takahashi (’20)

• Nonlinear small-scale fluctuations by primordial magnetic field
Jedamzik & Pogosian (’20)

Incomplete

• Early-time modification of gravity Braglia et al. (’20)

• Late-time modification of gravity De Felice, Mukohyama & Pookkillath (’20)

De Felice, Geng, Pookkillath & Yin (’20)(Generalized Proca, MTMG)
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Early dark energy
Adding a tiny amount of dark energy at the time 
of pre-recombination epoch

Poulin et al. (’19)

⟹ zc ≃ 5,000 & fEDE(ac) ≡
ρEDE

ρtot ac

≃ 0.05
• S8 tension remains significant

→ zc ≃ 5,000 & fEDE(ac) ≡
ρEDE

ρtot ac

≃ 0.05
imprint of leq on the power spectra relatively unchanged.
An increase in ωcdm leaves rs=rD roughly unaffected but
this ratio cannot be kept fully fixed. This brings us to our
main conclusion: the favored EDE model is the one that,
while maximizing the decrease in rs, minimizes [In
practice, a relatively small shift in rs=rD is allowed as
long as a small shift in ns can compensate for it, leading to a
mild shift in the best-fit value of ns (see Table II).] the
change in rs=rD. Using these scaling laws, for n ¼ 3 a
resolution of the Hubble tension will roughly require
δωcdm ≃ 0.01 and fEDEðacÞ ≃ 0.1 at log10ðacÞ ≃ −3.7.
Strikingly, this crude estimate agrees well with the best-
fit values in Table II. This analysis also explains why n ¼ 3
is favored over the n ¼ 2 and n → ∞ case. Moreover, we
can understand why the EDE cosmology is a “better”
resolution of the Hubble tension than increasing the
effective number Neff of neutrino degrees of freedom:

the effects of an additional radiation energy density can be
read off of Fig. 2 for the n ¼ 2 case at log10ðacÞ ≪ −4.5. In
that case, the EDE simply behaves like additional radiation
all relevant times. One can see that rs=rD is significantly
affected, leading to additional tension with the data, as
previously noted in Ref. [58].
We find that it is essential to consistently include

perturbations in the EDE fluid. Neglecting perturbations
is inconsistent with the requirement of overall energy
conservation and therefore leads to unphysical features
in the CMB power spectra which restrict the success
of the resolution. This, in part, explains why a former
study [35] did not find a good fit to the CMB for
fEDEðac≃10−3.5Þ∼5%.
In Fig. 3, we show the residuals of the CMB TT (top

panel) and EE (bottom panel) power spectra calculated in
the best-fit EDE model with respect to our best-fit ΛCDM
(i.e., fit on all datasets). One can see that the EDE leads to

TABLE II. The mean (best-fit) $1σ error of the cosmological parameters reconstructed from our combined analysis in each model.

Parameter ΛCDM n ¼ 2 n ¼ 3 n ¼ ∞
100θs 1.04198ð1.04213Þ $ 0.0003 1.04175ð1.0414Þþ0.00046

−0.00064 1.04138ð1.0414Þ $ 0.0004 1.04159ð1.04149Þ $ 0.00035
100ωb 2.238ð2.239Þ $ 0.014 2.244ð2.228Þþ0.019

−0.022 2.255ð0.258Þ $ 0.022 2.257ð2.277Þ $ 0.024
ωcdm 0.1179ð0.1177Þ $ 0.0012 0.1248ð0.1281Þþ0.003

−0.0041 0.1272ð0.1299Þ$0.0045 0.1248ð0.1249Þ $ 0.0041
109As 2.176ð2.14Þ $ 0.051 2.185ð2.230Þ $ 0.056 2.176ð2.177Þ $ 0.054 2.151ð2.177Þ $ 0.051
ns 0.9686ð0.9687Þ $ 0.0044 0.9768ð0.9828Þþ0.0065

−0.0072 0.9812ð0.9880Þ $ 0.0080 0.9764ð0.9795Þ $ 0.0073
τreio 0.075ð0.068Þ $ 0.013 0.075ð0.083Þ $ 0.013 0.068ð0.068Þ $ 0.013 0.062ð0.066Þ $ 0.014
log10ðacÞ & & & −4.136ð−3.728Þþ0.57

−0.013 −3.737ð−3.696Þþ0.110
−0.094 −3.449ð−3.509Þþ0.047

−0.11
fEDEðacÞ & & & 0.028ð0.044Þþ0.011

−0.016 0.050ð0.058Þþ0.024
−0.019 0.054ð0.057Þþ0.031

−0.027
rsðzrecÞ 145.05ð145.1Þ $ 0.26 141.4ð139.8Þþ2

−1.5 140.3ð138.9Þþ1.9
−2.3 141.6ð141.3Þþ1.8

−2.1
S8 0.824ð0.814Þ $ 0.012 0.826ð0.836Þ $ 0.014 0.838ð0.842Þ $ 0.015 0.836ð0.839Þ $ 0.015
H0 68.18ð68.33Þ $ 0.54 70.3ð71.1Þ $ 1.2 70.6ð71.6Þ $ 1.3 69.9ð70Þ $ 1.1

FIG. 2. The variation of the scales that are “fixed” by the CMB
data with respect to fEDEðacÞ as a function of ac with all other
cosmological parameters fixed at their Planck best-fit values [6].
The colored bands indicate the marginalized 1σ range of ac for
each EDE model considered here.

FIG. 3. Residuals of the CMB TT (top panel) and EE (bottom
panel) power spectra calculated in the best-fit EDE model with
respect to ΛCDM, obtained from our MCMC analyses. Blue
points show residuals of Planck data, while orange bands show
the binned Cosmic Variance with the same bins and weights
as Planck.
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main conclusion: the favored EDE model is the one that,
while maximizing the decrease in rs, minimizes [In
practice, a relatively small shift in rs=rD is allowed as
long as a small shift in ns can compensate for it, leading to a
mild shift in the best-fit value of ns (see Table II).] the
change in rs=rD. Using these scaling laws, for n ¼ 3 a
resolution of the Hubble tension will roughly require
δωcdm ≃ 0.01 and fEDEðacÞ ≃ 0.1 at log10ðacÞ ≃ −3.7.
Strikingly, this crude estimate agrees well with the best-
fit values in Table II. This analysis also explains why n ¼ 3
is favored over the n ¼ 2 and n → ∞ case. Moreover, we
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resolution of the Hubble tension than increasing the
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FIG. 2. The variation of the scales that are “fixed” by the CMB
data with respect to fEDEðacÞ as a function of ac with all other
cosmological parameters fixed at their Planck best-fit values [6].
The colored bands indicate the marginalized 1σ range of ac for
each EDE model considered here.

FIG. 3. Residuals of the CMB TT (top panel) and EE (bottom
panel) power spectra calculated in the best-fit EDE model with
respect to ΛCDM, obtained from our MCMC analyses. Blue
points show residuals of Planck data, while orange bands show
the binned Cosmic Variance with the same bins and weights
as Planck.
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An increase in ωcdm leaves rs=rD roughly unaffected but
this ratio cannot be kept fully fixed. This brings us to our
main conclusion: the favored EDE model is the one that,
while maximizing the decrease in rs, minimizes [In
practice, a relatively small shift in rs=rD is allowed as
long as a small shift in ns can compensate for it, leading to a
mild shift in the best-fit value of ns (see Table II).] the
change in rs=rD. Using these scaling laws, for n ¼ 3 a
resolution of the Hubble tension will roughly require
δωcdm ≃ 0.01 and fEDEðacÞ ≃ 0.1 at log10ðacÞ ≃ −3.7.
Strikingly, this crude estimate agrees well with the best-
fit values in Table II. This analysis also explains why n ¼ 3
is favored over the n ¼ 2 and n → ∞ case. Moreover, we
can understand why the EDE cosmology is a “better”
resolution of the Hubble tension than increasing the
effective number Neff of neutrino degrees of freedom:
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all relevant times. One can see that rs=rD is significantly
affected, leading to additional tension with the data, as
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study [35] did not find a good fit to the CMB for
fEDEðac≃10−3.5Þ∼5%.
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FIG. 3. Residuals of the CMB TT (top panel) and EE (bottom
panel) power spectra calculated in the best-fit EDE model with
respect to ΛCDM, obtained from our MCMC analyses. Blue
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ferences in ⌃8. The significance of these shifts however depends
on which values from the distributions are compared with each
other. For example, for the no z-bin 5 case we find larger devia-
tions if we consider the maximum of the marginal distribution or
the MAP values. In Appendix B.2 we perform a series of internal
consistency tests which do not flag the di↵erences between these
redshift bins as statistically significant.

When removing redshift bins we see that the constraining
power does not change by more than 0.15� unless the fifth bin
is removed (right panel of Fig. 8). Without this bin our errorbars
inflate by 60%. This shows that the inclusion of higher-redshift
bins is crucial for increasing the statistical power of a cosmic
shear analysis.

4.3. Internal consistency

In this section we summarise our internal consistency results.
For details see Appendix B.1 and Appendix B.2.

Our cosmological analysis has been performed indepen-
dently, using three sets of two-point statistics. We do not expect
to find the exact same constraints from these statistics, since they
place di↵erent weights on a given angular scale. That said, the
statistics are measured within the same survey volume and using
the same galaxies, so that it is reasonable to assume some level of
redundancy between these measurements. Given these two com-
peting factors, it is not immediately clear what level of variation
is expected. In other words, are the results in Table 3 consistent?
Or is the di↵erence between S 8 constraints caused by systematic
e↵ects being picked up by one statistic but not another?

To answer these questions, we apply a series of tests on mock
data realisations, produced from multivariate Gaussian distribu-
tions. In our primary test we draw correlated noise realisations
given the full covariance, including cross-correlations between
2PCFs, COSEBIs and band powers, estimated from the Salmo
simulations (see Fig. B.1). We choose a fiducial cosmology and
create 100 realisations of the data vector, including all three sets
of two-point statistics. We analyse each set and realisation sep-
arately with a similar setup to our fiducial analysis explained in
Sect. 3 and derive parameter constraints. We compare the maxi-
mum of the marginal distributions for S 8 between the two-point
statistics for each realisation and find that the distribution of
�S 8 := S

stat1
8 � S

stat2
8 , where S

stat1/2
8 are the maximum marginal

values for one of the statistics, is only 20�30% narrower than the
width of the marginal distributions for S 8 per two-point statis-
tic. Therefore, we conclude that di↵erences of up to 0.7 � 0.8�
between the results of COSEBIs, 2PCFs and band powers are
expected to occur frequently (for about 68% of the realisations).
For our KiDS-1000 analysis we find the maximum �S 8 for the
marginal posterior modes of COSEBIs and 2PCFs, which is a
di↵erence of about 0.4�.

Among the significantly constrained parameters in our data
analysis, only AIA displays a notable di↵erence, with the
marginal posterior peaking roughly at double the value for band
powers in comparison with correlation functions and COSEBIs.
In our mock analysis we see di↵erences of this level or higher in
AIA in 5% of the cases. Given the full consistency between the
S 8 values we conclude that the results between the three sets of
summary statistics are in agreement.

While the two-point statistics have di↵erent scale sensitivi-
ties, we expect their response to biases in the redshift distribu-
tions to be similar, as that will mainly a↵ect the relative ampli-
tude of the data vectors. H20b conducted tests of the KiDS-1000
redshift distributions by comparing them with simulations as
well as cross-correlations with clustering-redshifts as discussed
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1. KiDS-1000 COSEBIs

2. KiDS-1000 band power

3. KiDS-1000 2PCFs

4. KV450 gold (Wright et al. 2020)
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7. HSC-Y1 (Hikage et al. 2019)
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Fig. 9. Comparison between S 8 values for di↵erent surveys. All results
are shown for both multivariate maximum posterior (MAP) and PJ-HPD
(upper solid bar), as well as the marginal mode and the marginal S 8
credible interval (lower dot-dashed bar). The top three points show our
fiducial KiDS-1000 results. The next four show a selection of recent
cosmic shear analyses from external data as well as previous KiDS data
releases. We note that S 8 does not fully capture the degeneracy direc-
tion for all of the analysis above (see the discussion in Sect. 4.1 and
Appendix A). The last entry shows the Planck 2018 (TT,TE,EE+lowE)
constraints. An extended version of this plot can be found in Ap-
pendix A.

in Sect. 3 and Sect. 4.2. However, we note that these tests are not
very sensitive to discrepancies that may exist in the tails of the
redshift distributions, beyond their impact on the mean redshift.

We also follow the methodology of Köhlinger et al. (2019)
and perform three tiers of Bayesian consistency tests, compar-
ing the cosmological inference from all bin combinations in-
volving a given redshift bin with that from the remainder of
the data vector. We find consistent results between all redshift
bins, except for the second tomographic bin which covers the
range 0.3 < zB < 0.5. Analyses using this bin and its cross-
correlations, compared to using all other bins, produce results
that conflict by up to 3� in some parameters (for more details
see Sect. B.2). Also in Fig. A.3 we see that the data favours a
�z,2 parameter that shift the redshift distribution of this bin to
larger values. While this inconsistency warrants further investi-
gation in the future, we find that removing the second redshift
bin, or indeed the first and second bin, from the analysis has a
negligible impact on the cosmological parameter constraints (see
Sect. 4.2.5).

4.4. Comparison with other surveys

In this section we compare our parameter constraints with previ-
ous results from cosmic shear surveys and Planck. Figure 9 con-
trasts our S 8 constraints with a selection of recent cosmic shear
results shown in green (see Fig. A.4 for an extended selection).
The final entry shows the Planck results. For each case we show
two sets of error bars, corresponding to the marginal highest-
posterior density region and the PJ-HPD. Since we do not have
a good estimate of the MAP from the public chains, we do not
show best-fitting values for the external cosmic shear results.

Of the external cosmic shear data, the Wright et al. (2020b)
result is the closest to our methodology in terms of the calibra-
tion of the redshift distributions. This KV450 analysis employed
2PCFs measured on less than half of the imaging area that we
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Table 3. Goodness of fit and S 8 constraints.

�2 DoF p-value S 8, best fit + PJ-HPD S 8, max +Marginal
COSEBIs 82.2 75 � 4.5 0.160 0.759+0.024

�0.021 0.758+0.017
�0.026

Band Power 152.1 120 � 4.5 0.013 0.760+0.016
�0.038 0.761+0.021

�0.033

2PCFs 260.3 225 � 4.5 0.034 0.764+0.018
�0.017 0.765+0.019

�0.017

Notes. �2 and p-values (probability to exceed the given �2 value) for the best-fitting parameters, given the e↵ective number of degrees of freedom
(DoF). The e↵ective number of parameters is estimated using a �2 fitted to results of mock data analysis. The first column shows which statistic is
used. In the fifth column we show the multivariate maximum posterior (MAP) for S 8 = �8(⌦m/0.3)0.5 and its 68% credible interval (CI) calculated
using its projected joint highest posterior density (PJ-HPD). In the rightmost column we show the peak of the marginal distribution of S 8 and its
associated 68% credible interval.

Table 4. Best-fit ⌃8 and ⌦m–�8 degeneracy line.

fitted ↵ ⌃8, best fit + PJ-HPD ⌃8, max +Marginal
COSEBIs 0.54 0.753+0.026

�0.016 0.752+0.017
�0.021

Band Power 0.58 0.765+0.018
�0.024 0.756+0.020

�0.020

2PCFs 0.51 0.762+0.018
�0.017 0.763+0.019

�0.017

Notes. ⌃8 = �8(⌦m/0.3)↵ values with fitted ↵ to the �8 and ⌦m posterior samples for each set of statistics. The second column shows the best-
fitting ↵, the third shows the best-fitting ⌃8 for that ↵ and its credible interval PJ-HPD. The last column shows the maximum and 1� region around
it for the marginal distribution of ⌃8. We note that the values of ⌃8 between di↵erent statistics cannot be directly compared with each other, since
they correspond to di↵erent values of ↵.
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Fig. 6. Marginalised constraints for the joint distributions of �8 and ⌦m (left), as well as S 8 and ⌦m (right). The 68% and 95% credible regions
are shown for COSEBIs (orange), band powers (pink) and the 2PCFs (cyan). Planck (2018, TT,TE,EE+lowE) results are shown in red.

We then compare all of these setups with a zero �m case (“no
�m”) to fully capture the impact of this nuisance parameter17.

Comparing the ⌃8 values for these di↵erent choices, we see
an at most 0.5� shift corresponding to the “free m correlated”
results of the 2PCFs. With the “no �m” and “free m 0.02” cases
we do not see a significant change in ⌃8. The impact of the un-

17 For all the cases where �m is not included in the covariance matrix,
the fiducial m correction is applied to the theory rather than the data
vectors.

certainty on m on the standard deviations of the marginal distri-
butions of ⌃8 is at most 10%.

4.2.2. Photometric redshift uncertainty

Another component of the data that is calibrated using simula-
tions is the mean of the SOM redshift distribution of galaxies
in each tomographic bin. In the fiducial chains we allow for a
free �z parameter per redshift bin, but with correlated informa-
tive priors, through the covariance matrix between the �z values

Article number, page 13 of 32

Asgari et al. (’20)

Planck

Ωm

Weak lensing
(KiDS-1000)

S 8

S8 ≡ σ8(Ωm/0.3)0.5



S8 tension
Yet another tension with Planck CMB

Weak-lensing observations prefer a larger S8 than that of Planck

S8 ≡ σ8(Ωm/0.3)0.5

RMS fluctuation 
amplitude at 8 Mpc/h

Density parameter of 
(non-relativistic) matter

Light

Foreground large-scale 
structure

‘Lensed’ galaxy 
images

Background 
galaxies

A&A proofs: manuscript no. KiDS1000_cosmic_shear

ferences in ⌃8. The significance of these shifts however depends
on which values from the distributions are compared with each
other. For example, for the no z-bin 5 case we find larger devia-
tions if we consider the maximum of the marginal distribution or
the MAP values. In Appendix B.2 we perform a series of internal
consistency tests which do not flag the di↵erences between these
redshift bins as statistically significant.

When removing redshift bins we see that the constraining
power does not change by more than 0.15� unless the fifth bin
is removed (right panel of Fig. 8). Without this bin our errorbars
inflate by 60%. This shows that the inclusion of higher-redshift
bins is crucial for increasing the statistical power of a cosmic
shear analysis.

4.3. Internal consistency

In this section we summarise our internal consistency results.
For details see Appendix B.1 and Appendix B.2.

Our cosmological analysis has been performed indepen-
dently, using three sets of two-point statistics. We do not expect
to find the exact same constraints from these statistics, since they
place di↵erent weights on a given angular scale. That said, the
statistics are measured within the same survey volume and using
the same galaxies, so that it is reasonable to assume some level of
redundancy between these measurements. Given these two com-
peting factors, it is not immediately clear what level of variation
is expected. In other words, are the results in Table 3 consistent?
Or is the di↵erence between S 8 constraints caused by systematic
e↵ects being picked up by one statistic but not another?

To answer these questions, we apply a series of tests on mock
data realisations, produced from multivariate Gaussian distribu-
tions. In our primary test we draw correlated noise realisations
given the full covariance, including cross-correlations between
2PCFs, COSEBIs and band powers, estimated from the Salmo
simulations (see Fig. B.1). We choose a fiducial cosmology and
create 100 realisations of the data vector, including all three sets
of two-point statistics. We analyse each set and realisation sep-
arately with a similar setup to our fiducial analysis explained in
Sect. 3 and derive parameter constraints. We compare the maxi-
mum of the marginal distributions for S 8 between the two-point
statistics for each realisation and find that the distribution of
�S 8 := S

stat1
8 � S

stat2
8 , where S

stat1/2
8 are the maximum marginal

values for one of the statistics, is only 20�30% narrower than the
width of the marginal distributions for S 8 per two-point statis-
tic. Therefore, we conclude that di↵erences of up to 0.7 � 0.8�
between the results of COSEBIs, 2PCFs and band powers are
expected to occur frequently (for about 68% of the realisations).
For our KiDS-1000 analysis we find the maximum �S 8 for the
marginal posterior modes of COSEBIs and 2PCFs, which is a
di↵erence of about 0.4�.

Among the significantly constrained parameters in our data
analysis, only AIA displays a notable di↵erence, with the
marginal posterior peaking roughly at double the value for band
powers in comparison with correlation functions and COSEBIs.
In our mock analysis we see di↵erences of this level or higher in
AIA in 5% of the cases. Given the full consistency between the
S 8 values we conclude that the results between the three sets of
summary statistics are in agreement.

While the two-point statistics have di↵erent scale sensitivi-
ties, we expect their response to biases in the redshift distribu-
tions to be similar, as that will mainly a↵ect the relative ampli-
tude of the data vectors. H20b conducted tests of the KiDS-1000
redshift distributions by comparing them with simulations as
well as cross-correlations with clustering-redshifts as discussed
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Fig. 9. Comparison between S 8 values for di↵erent surveys. All results
are shown for both multivariate maximum posterior (MAP) and PJ-HPD
(upper solid bar), as well as the marginal mode and the marginal S 8
credible interval (lower dot-dashed bar). The top three points show our
fiducial KiDS-1000 results. The next four show a selection of recent
cosmic shear analyses from external data as well as previous KiDS data
releases. We note that S 8 does not fully capture the degeneracy direc-
tion for all of the analysis above (see the discussion in Sect. 4.1 and
Appendix A). The last entry shows the Planck 2018 (TT,TE,EE+lowE)
constraints. An extended version of this plot can be found in Ap-
pendix A.

in Sect. 3 and Sect. 4.2. However, we note that these tests are not
very sensitive to discrepancies that may exist in the tails of the
redshift distributions, beyond their impact on the mean redshift.

We also follow the methodology of Köhlinger et al. (2019)
and perform three tiers of Bayesian consistency tests, compar-
ing the cosmological inference from all bin combinations in-
volving a given redshift bin with that from the remainder of
the data vector. We find consistent results between all redshift
bins, except for the second tomographic bin which covers the
range 0.3 < zB < 0.5. Analyses using this bin and its cross-
correlations, compared to using all other bins, produce results
that conflict by up to 3� in some parameters (for more details
see Sect. B.2). Also in Fig. A.3 we see that the data favours a
�z,2 parameter that shift the redshift distribution of this bin to
larger values. While this inconsistency warrants further investi-
gation in the future, we find that removing the second redshift
bin, or indeed the first and second bin, from the analysis has a
negligible impact on the cosmological parameter constraints (see
Sect. 4.2.5).

4.4. Comparison with other surveys

In this section we compare our parameter constraints with previ-
ous results from cosmic shear surveys and Planck. Figure 9 con-
trasts our S 8 constraints with a selection of recent cosmic shear
results shown in green (see Fig. A.4 for an extended selection).
The final entry shows the Planck results. For each case we show
two sets of error bars, corresponding to the marginal highest-
posterior density region and the PJ-HPD. Since we do not have
a good estimate of the MAP from the public chains, we do not
show best-fitting values for the external cosmic shear results.

Of the external cosmic shear data, the Wright et al. (2020b)
result is the closest to our methodology in terms of the calibra-
tion of the redshift distributions. This KV450 analysis employed
2PCFs measured on less than half of the imaging area that we
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Table 3. Goodness of fit and S 8 constraints.

�2 DoF p-value S 8, best fit + PJ-HPD S 8, max +Marginal
COSEBIs 82.2 75 � 4.5 0.160 0.759+0.024

�0.021 0.758+0.017
�0.026

Band Power 152.1 120 � 4.5 0.013 0.760+0.016
�0.038 0.761+0.021

�0.033

2PCFs 260.3 225 � 4.5 0.034 0.764+0.018
�0.017 0.765+0.019

�0.017

Notes. �2 and p-values (probability to exceed the given �2 value) for the best-fitting parameters, given the e↵ective number of degrees of freedom
(DoF). The e↵ective number of parameters is estimated using a �2 fitted to results of mock data analysis. The first column shows which statistic is
used. In the fifth column we show the multivariate maximum posterior (MAP) for S 8 = �8(⌦m/0.3)0.5 and its 68% credible interval (CI) calculated
using its projected joint highest posterior density (PJ-HPD). In the rightmost column we show the peak of the marginal distribution of S 8 and its
associated 68% credible interval.

Table 4. Best-fit ⌃8 and ⌦m–�8 degeneracy line.

fitted ↵ ⌃8, best fit + PJ-HPD ⌃8, max +Marginal
COSEBIs 0.54 0.753+0.026

�0.016 0.752+0.017
�0.021

Band Power 0.58 0.765+0.018
�0.024 0.756+0.020

�0.020

2PCFs 0.51 0.762+0.018
�0.017 0.763+0.019

�0.017

Notes. ⌃8 = �8(⌦m/0.3)↵ values with fitted ↵ to the �8 and ⌦m posterior samples for each set of statistics. The second column shows the best-
fitting ↵, the third shows the best-fitting ⌃8 for that ↵ and its credible interval PJ-HPD. The last column shows the maximum and 1� region around
it for the marginal distribution of ⌃8. We note that the values of ⌃8 between di↵erent statistics cannot be directly compared with each other, since
they correspond to di↵erent values of ↵.
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Fig. 6. Marginalised constraints for the joint distributions of �8 and ⌦m (left), as well as S 8 and ⌦m (right). The 68% and 95% credible regions
are shown for COSEBIs (orange), band powers (pink) and the 2PCFs (cyan). Planck (2018, TT,TE,EE+lowE) results are shown in red.

We then compare all of these setups with a zero �m case (“no
�m”) to fully capture the impact of this nuisance parameter17.

Comparing the ⌃8 values for these di↵erent choices, we see
an at most 0.5� shift corresponding to the “free m correlated”
results of the 2PCFs. With the “no �m” and “free m 0.02” cases
we do not see a significant change in ⌃8. The impact of the un-

17 For all the cases where �m is not included in the covariance matrix,
the fiducial m correction is applied to the theory rather than the data
vectors.

certainty on m on the standard deviations of the marginal distri-
butions of ⌃8 is at most 10%.

4.2.2. Photometric redshift uncertainty

Another component of the data that is calibrated using simula-
tions is the mean of the SOM redshift distribution of galaxies
in each tomographic bin. In the fiducial chains we allow for a
free �z parameter per redshift bin, but with correlated informa-
tive priors, through the covariance matrix between the �z values
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Summary
H0 tension appears manifest and gets serious 

since the CMB measurements by Planck

• Low-z measurements prefer higher H0

• Hi-z measurements prefer lower H0 (based on ΛCDM model)

(model-indept. distance ladder)

New physics ?

Another tension (S8 tension) is now highlighted
and has to be solved simultaneously (if possible)

Planck has some internal anomalies

Unknown systematics ?
• AL (lensing) anomaly
• Curvature anomaly

SH0ES internal inconsistencies G. Efstathiou (’20)

but most of the (early-time) solutions has troubles



Planck internal anomalies

Allowing the lensing amplitude to 
vary gives a larger best-fit valuePlanck Collaboration: Cosmological parameters
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Fig. 3. CMB lensing-potential power spectrum, as measured by
Planck (see PL2018 for a detailed description of this measure-
ment). Orange points show the full range of scales reconstructed
with a logarithmic binning, while grey bands show the error and
multipole range of the conservative band powers used for the
likelihood, with black points showing the average multipole of
the band weight. The solid line shows the best ⇤CDM fit to the
conservative points alone, and the dot-dashed line shows the pre-
diction from the best fit to the Planck CMB power spectra alone.
The dashed line shows the prediction from the best fit to the
CMB power spectra when the lensing amplitude AL is also var-
ied (AL = 1.19 for the best-fit model; see Sect. 6.2 for a detailed
discussion of AL).

sibly also systematic di↵erences between individual frequencies
that we were unable to resolve. Multipoles at L < 8 are very
sensitive to the large mean-field correction on these scales, and
hence are sensitive to the fidelity of the simulations used to esti-
mate the mean field. As described above, our baseline cosmolog-
ical results therefore conservatively use only the multipole range
8  L  400.

The Planck measurements of C
��
L

are plotted in Fig. 3, where
they are compared to the predicted spectrum from the best-fitting
base-⇤CDM model of Sect. 3, and Fig. 4 shows the correspond-
ing broad redshift ranges that contribute to the lensing band pow-
ers in the ⇤CDM model. Fig. 3 shows that the lensing data are in
excellent agreement with the predictions inferred from the CMB
power spectra in the base-⇤CDM model (�2

e↵ = 8.9 for 9 binned
conservative band-power measurements, �2

e↵ = 14.0 for 14 bins
over the full multipole range; we discuss agreement in exten-
sions to the ⇤CDM model in more detail below). The lensing
data prefer lensing power spectra that are slightly tilted towards
less power on small scales compared to the best fit to the CMB
power spectra. This small tilt pulls joint constraints a small frac-
tion of an error bar towards parameters that give a lower lensing
amplitude on small scales. Parameter results from the full mul-
tipole range would be a little tighter and largely consistent with
the conservative band powers, although preferring slightly lower
fluctuation amplitudes (see PL2018).

As described in detail in PL2018, the lensing likelihood (in
combination with some weak priors) can alone provide ⇤CDM

Fig. 4. Contributions to the conservative CMB lensing band
powers (see text and Fig. 3) as a function of redshift in
the base-⇤CDM model (evaluated here, and only here, using
the Limber approximation (LoVerde & Afshordi 2008) on all
scales). Multipole ranges of the corresponding band powers are
shown in the legend.

parameter constraints that are competitive with current galaxy
lensing and clustering, measuring

�8⌦
0.25
m = 0.589 ± 0.020 (68 %, Planck lensing). (5)

Combined with BAO (see Sect. 5.1 below) and a baryon density
prior to break the main degeneracy between H0,⌦m, and �8 (de-
scribed in PL2015), individual parameters H0, ⌦m, and �8 can
also separately be constrained to a precision of a few percent. We
use ⌦bh

2 = 0.0222 ± 0.0005 (motivated by the primordial deu-
terium abundance measurements of Cooke et al. 2018, see also
Sect. 7.6), which gives

H0 = 67.9+1.2
�1.3 km s�1Mpc�1,

�8 = 0.811 ± 0.019,

⌦m = 0.303+0.016
�0.018,

9>>>>=
>>>>;

68 %, lensing+BAO. (6)

The constraints of Eq. (5) and (6) in are in very good agreement
with the estimates derived from the Planck power spectra and are
independent of how the Planck power spectra depend on the cos-
mological model at high multipoles. This is a strong test of the
internal consistency of the Planck data. The Planck lensing con-
straints in Eqs. (5) and (6), and the consistency of these results
with the Planck power spectrum likelihoods, should be borne in
mind when comparing Planck results with other astrophysical
data (e.g., direct measurements of H0 and galaxy shear surveys,
see Sect. 5).

In this paper we focus on joint constraints with the main
Planck power spectrum results, where the lensing power spec-
trum tightens measurements of the fluctuation amplitude and im-
proves constraints on extended models, especially when allow-
ing for spatial curvature.

A peculiar feature of the Planck TT likelihood, reported in
PCP13 and PCP15, is the favouring of high values for the lens-
ing consistency parameter AL (at about 2.5�). This result is dis-
cussed in detail in Sect. 6.2. It is clear from Fig. 3, however, that
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2017), and new results for the combined temperature-
polarization likelihood (upper triangle). Part of the di↵erence be-
tween the low- and high-multipole ranges is caused by the large-
scale temperature dip discussed above; if we exclude multipoles
` < 30 (unfilled grey contours), the contours from `  801 shift
towards the area of consistency with the high multipoles. This
could indicate that the low-multipole results have been pulled
unusually far from the truth by the large-scale power spectrum
dip; if so, the WMAP temperature results would also have been
pulled at a similar (but not identical) level. The region of overlap
of the high- and low-multipole parameter constraints is consis-
tent with constraints from the nearly-independent combination
of EE polarization and lensing with a conservative ⌦bh

2 prior
(green contours). This is consistent with a statistical fluctuation
pulling the low and high multipoles in opposite directions, so
that their intersection is closer to the truth if ⇤CDM is correct.

Figure 22 shows marginalized individual parameter con-
straints, and also a comparison with the results from the polariza-
tion likelihoods at high and low multipoles. The ` � 802 temper-
ature results pull parameters to a region of higher matter density
and fluctuation amplitude (and to lower ns and H0) than the lower
multipole range, and predict a CMB lensing amplitude parame-
ter �8⌦

0.25
m = 0.649 ± 0.018. This is in tension with the CMB

lensing-reconstruction measurement of �8⌦
0.25
m = 0.589± 0.020

at 2.2� (as pointed out by Addison et al. 2016 with 2015 data;
also see the closely-related discussion in the next subsection).
As shown in Fig. 22, combining the ` � 802 CMB likelihood
with the lensing reconstruction, all parameter results move back
towards the same region of parameter space as combining with
`  801, consistent with the high-` temperature result having
fluctuated high along the main degeneracy direction. As dis-
cussed in Sects. 2.3 and 3.3, the combined CMB power spec-
trum results over the full multipole range are consistent with the
lensing likelihood.

It is also interesting to compare to parameter constraints
from the CMB power spectrum multipoles `  801 combined
with the lensing and BAO, which gives

H0 = (67.85 ± 0.52) km s�1Mpc�1,

�8 = 0.8058 ± 0.0063,
⌦m = 0.3081 ± 0.0065.

9>>>>=
>>>>;

68 %, TT,TE,EE
[`  801]+lowE
+lensing+BAO.

(35)

These results are entirely independent of the cosmological pa-
rameter fit to the ` � 801 power spectra, but agree well at the
1� level with the full joint results in Table 1 (which have sim-
ilar errors on these parameters). An equivalent result could be
obtained using WMAP data after replacing their low-` polariza-
tion with the Planck HFI measurement (i.e., lowE).

For the temperature likelihoods, the di↵erence between the
low- and high-multipole constraints remains evident, with ⌦mh

2

di↵ering at the 2.8� level. Adding polarization, the results from
the multipole ranges are more consistent, as shown in Fig. 22,
though the di↵erence in ⌦mh

2 is still unusual at the roughly
2� level. However, the shifts in the di↵erent parameters are all
highly correlated, due to partial parameter degeneracies, so the
significance of any individual large shift is lower after account-
ing for the number of parameters (Planck Collaboration Int. LI
2017). The internal tensions between multipole ranges appear to
be consistent with moderate statistical fluctuations, related to the
low-` dip at large scales and correlated with the lensing ampli-
tude on small scales. The large-scale feature is well determined
by both WMAP and Planck and very robustly measured. The
internal consistency of the Planck power spectra between dif-
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Fig. 23. Constraints on the value of the consistency parameter
AL, as a single-parameter extension to the base-⇤CDM model,
using various combinations of Planck data. When only power
spectrum data are used, AL > 1 is favoured at about 3�, but
including the lensing reconstruction the result is consistent at
2� with AL = 1. The dotted lines show equivalent results for
the CamSpec likelihood, which peak slightly nearer to AL = 1,
indicating some sensitivity of the AL results to choices made in
constructing the high-multipole likelihoods.

ferent frequencies and detectors (PPL15, PPL18) argues against
systematics driving large parameter shifts at high multipoles.
Equation (35) also demonstrates that any e↵ect from the high-
multipole spectra alone cannot be pulling our baseline parame-
ters by more than about 1�. In the next subsection we describe
in more detail the apparent preference for a higher lensing am-
plitude, and the features in the observed spectrum that could be
responsible for it.

6.2. Lensing smoothing and AL

In addition to the direct measurement of CMB lensing described
in Sect. 2.3 and PL2018, lensing can be seen in the Planck CMB
power spectra via the lensing-induced smoothing of the acous-
tic peaks and transfer of power to the damping tail. This e↵ect
is modelled in our main parameter analysis, and can be calcu-
lated accurately from the unlensed CMB power spectra and the
CMB lensing potential power spectrum in each model (Seljak
1996; Lewis & Challinor 2006). Interesting consistency checks
include testing if the amplitude of the smoothing e↵ect in the
CMB power matches expectation and whether the amplitude of
the smoothing is consistent with that measured by the lensing
reconstruction. To do this, the theoretical prediction for the lens-
ing spectrum in each model is often scaled by an “AL” consis-
tency parameter, where the theoretical expectation is that AL = 1
(Calabrese et al. 2008).

As shown in Fig. 3, the Planck lensing-reconstruction power
spectrum is consistent with the amplitude expected for ⇤CDM
models that fit the CMB spectra, so the Planck lensing measure-
ment is compatible with AL = 1. However, the distributions of
AL inferred from the CMB power spectra alone are shown in
Fig. 23 for various di↵erent data combinations, and these indi-
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tailed discussion of the implications for specific inflation models
see Planck Collaboration X (2018).

If we allow running of the spectral index in addition to ten-
sor modes, the constraint on r0.002 weakens if we use only the
Planck likelihood; a negative running allows ns at large scales to
shift to higher values, lowering the large-scale scalar amplitude,
and hence allowing a larger tensor contribution. Inclusion of the
BK14 likelihood significantly reduces the extent of this degen-
eracy by constraining the tensor amplitude more directly, giving

r0.002 < 0.16,

dns/d ln k = �0.008+0.014
�0.015,

9>=
>;

95 %, TT,TE,EE+lowE
+lensing, (45a)

r0.002 < 0.072,

dns/d ln k = �0.007+0.013
�0.014,

9>=
>;

95 %, TT,TE,EE+lowE
+lensing+BK14+BAO. (45b)

The combination of Planck and BK14 robustly constrain the
tensor ratio to be small, with r0.002 <⇠ 0.07. The implications
for inflation are slightly more model dependent as a result of
degeneracies between ns and additional parameters in extended
⇤CDM models. However, as shown in Table 5, the extensions
of ⇤CDM that we consider in this paper cannot substantially
shift the value of the spectral index when the tensor amplitude is
small, so the overall conclusions are unlikely to change substan-
tially in extended models.

7.3. Spatial curvature

The base-⇤CDM model assumes that the spatial hypersurfaces
are flat, such as would be predicted (to within measurable pre-
cision) by the simplest inflationary models. This is a prediction
that can be tested to high accuracy by the combination of CMB
and BAO data (the CMB alone su↵ers from a geometric degener-
acy, which is weakly broken with the addition of CMB lensing).
This is illustrated in Fig. 29.

The combination of the Planck temperature and polarization
power spectra give

⌦K = �0.056+0.028
�0.018 (68 %, Planck TT+lowE), (46a)

⌦K = �0.044+0.018
�0.015 (68 %, Planck TT,TE,EE+lowE), (46b)

an apparent detection of curvature at well over 2�. The 99 %
probability region for the TT,TE,EE+lowE result is �0.095 <
⌦K < �0.007, with only about 1/10000 samples at ⌦K � 0. This
is not entirely a volume e↵ect, since the best-fit �2 changes by
��2

e↵ = �11 compared to base ⇤CDM when adding the one ad-
ditional curvature parameter. The reasons for the pull towards
negative values of ⌦K are discussed at length in PCP15 and
Sect. 6.2. They are essentially the same as those that lead to the
preference for AL > 1, although slightly exacerbated in the case
of curvature, since the low multipoles also fit the low-` temper-
ature likelihood slightly better if ⌦K < 0. As with the AL > 1
preference, the joint Planck polarization result is not robust at
the approximately 0.5� level to modelling of the polarization
likelihoods, with the CamSpec TT,TE,EE+lowE likelihood giv-
ing ⌦K = �0.037+0.019

�0.014.
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Fig. 29. Constraints on a non-flat universe as a minimal ex-
tension to the base-⇤CDM model. Points show samples from
the Planck TT,TE,EE+lowE chains coloured by the value of
the Hubble parameter and with transparency proportional to the
sample weight. Dashed lines show the corresponding 68 % and
95 % confidence contours that close away from the flat model
(vertical line), while dotted lines are the equivalent contours
from the alternative CamSpec likelihood. The solid dashed line
shows the constraint from adding Planck lensing, which pulls the
result back towards consistency with flat (within 2�). The filled
contour shows the result of also adding BAO data, which makes
the full joint constraint very consistent with a flat universe.

Closed models predict substantially higher lensing ampli-
tudes than in ⇤CDM, so combining with the lensing reconstruc-
tion (which is consistent with a flat model) pulls parameters back
into consistency with a spatially flat universe to well within 2�:

⌦K = �0.0106 ± 0.0065 (68 %, TT,TE,EE+lowE
+lensing). (47a)

The constraint can be further sharpened by combining the Planck

data with BAO data; this convincingly breaks the geometric de-
generacy to give

⌦K = 0.0007 ± 0.0019 (68 %, TT,TE,EE+lowE
+lensing+BAO). (47b)

The joint results suggests our Universe is spatially flat to a 1�
accuracy of 0.2 %.

7.4. Dark energy and modified gravity

The late-time accelerated expansion of the Universe (Riess et al.
1998; Perlmutter et al. 1999) is still considered one of the most
mysterious aspects of the standard cosmology. In the base
⇤CDM model the acceleration is driven by a cosmological con-
stant, added into the Einstein equations of General Relativity
(GR, Einstein 1917). Although ⇤CDM fits the data well, ⇤ is
a phenomenological parameter without an underlying theoret-
ical basis to explain its value (though see Weinberg 1987). In
addition, the empirically required value of ⇤ marks our epoch
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tailed discussion of the implications for specific inflation models
see Planck Collaboration X (2018).
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Figure 4.1: The panel to the left shows 68 and 95% contours in the H0 � b plane for the
solutions of Eqs. (4.2a) (red contours) and (4.3a) (blue contours). The joint solution for the
NGC 4258 and LMC anchors ( Eq. (4.4a)) is shown by the grey contours. The horizontal
and vertical bands shows 1� and 2� ranges of the Planck value of H0 (Eq. (1.2) ) and M31
PL slope (Eq. (2.4)). The plot to the right shows the 68% and 95% constraints on the NGC
4258 and LMC distance moduli from the joint fit. The geometric distance moduli of Eqs.
(3.1) and (3.2) are shown by the dotted lines.

fit slope closer to b = �3.3; as a consequence their best fits are intermediate between the ‘no
prior’ and ‘slope prior’ results 16. The joint solution of Eq. (4.4a) is actually quite close to
the R19 solution of Eq. (1.1) and is higher than the Planck value by 4.5�.

The ‘no prior’ solutions are shown by the left hand panel of Fig. 4.1. One might think
that the blue and red contours are consistent with each other, but in fact, all of SN data
and almost all of the Cepheid data are common to both analyses. The difference between
these two solutions reflects the tension between the LMC and NGC 4258 anchor distances
discussed in Sect. 3.1. The joint fit (grey contours) tries to share this tension, but lies closer
to the LMC fit because the LMC anchor carries more weight than NGC 4258. The joint
fit then leads to a value of H0 that is strongly in tension with Planck. However, there is
a statistical inconsistency in the joint fit. This is illustrated by the right hand plot in Fig.
4.1 which shows constraints on the LMC and NGC 4258 distance moduli from the joint fit.
These parameters are, of course, highly correlated, but one can see that the geometrical best
fit values (shown by the intersection of the dotted lines) sits well outside the 95% contours.
This is the statistically more rigorous way of quantifying the discrepancy discussed in Sect.
3.1, including metallicity effects.

4.2 The SH0ES degeneracy and values of H0

At this point, one might follow R16 and argue that the safest way to proceed is to average
over distance anchors. However, this is extremely dangerous if one or more of the distance

16
There are other minor differences, for example in R19, the SH0ES team include the ground based LMC

data to better constrain the slope of the PL relation; they also include the NGC 4258 photometry when

using the LMC or MW parallaxes as distance anchors, which only affects the slope of the PL relation. These

differences are unimportant for our purposes.
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