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Plan of talk

Motivation

Galaxy ellipticity fields as a novel probe of cosmology :

Improved modeling in redshift space
Measurements & future forecast

Summary

Intrinsic galaxy shapes and alignments as cosmological probes, 
alternative or complementary to conventional galaxy clustering



Mapping large-scale structure

✓ Spectroscopic surveys✓ Imaging surveys
Galaxy surveys play a major role

Subaru
(DES, HSC, KiDS, …) (BOSS, DESI, Euclid, Subaru-PFS,…)

https://dc.watch.impress.co.jp/docs/review/special/545930.html https://www.nao.ac.jp/research/project/pfs.html

Subaru PFS

→ Redshift of galaxy→ picture of galaxies



Mapping large-scale structure

Galaxy 
2D map

Galaxy 
3D map

Redshift Imaging 
surveys

 Spectroscopic 
surveys

Galaxy surveys play a major role



Mapping large-scale structure
 Imaging surveys

Information of LSS we can get

Earth
θ

zRedshift

Earth
θImage

These information have been so far treated separately
In this talk, we consider the benefit of combining these information

2D galaxy density field  +  projected shapes/alignments

3D galaxy density field

 (As a function of angular position)

 (As a function of angular position & redshift)

 Spectroscopic surveys



Characterizing galaxy shape/alignment

∫ d2θ Iobs(θ) θi θjIij ≡

Ellipticity

Second moment 
of galaxy image

θx

θy

Galaxies are not circular, are aligned in a certain direction

Intensity

(Traceless & offdiagonal)

γ+ > 0

γ+ < 0
γ× > 0

γ× < 0

 Have been long used in weak-lensing analysis  What is extra benefit  ?→
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As a simple characterization, 

γ× ≡
2 Ixy

Ixx + Iyy
γ+ ≡

Ixx − Iyy

Ixx + Iyy
,



Characterizing galaxy shape/alignment

∫ d2θ Iobs(θ) θi θjIij ≡

Ellipticity

Second moment 
of galaxy image

θx

θy

Galaxies are not circular, are aligned in a certain direction

Intensity

(Traceless & offdiagonal)

γ+ ≡ 1 − (b/a)2

1 + (b/a)2 cos(2φ), γ× ≡ 1 − (b/a)2

1 + (b/a)2 sin(2φ)

 Have been long used in weak-lensing analysis  What is extra benefit  ?→
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As a simple characterization, 
φ

a

b

Minor-to-major 
axis ratio

γ+ > 0

γ+ < 0
γ× > 0

γ× < 0



Galaxy density & intrinsic ellipticity fields

z (Line-of-sight)

x

y

Galaxy density + ellipticity fields
 3D version of CMB anisotropies (temperature & polarizations)≈

These are supposed to be more informative than CMB



TNG Simulations

Distance

Galaxy clustering

Galaxy density & intrinsic ellipticity fields9

galaxies are supposed to be aligned with the 
tidal force field of large-scale structure

Galaxies are known to follow the mass density field of large-scale structure (LSS)

(i.e.,  is a tracer field of LSS)δg

Likewise,

(i.e.,  is also a tracer field)γ+/×

γ+/×

γ+/×

δg

γ+/×



Ellipticity field as cosmological probe

Probing parity violation signature Philcox et al. (2024); Kurita, Jamieson, Komatsu & Schmidt (’26)

Imprint of  primordial Non-Gaussianity (by higher spin fields)
Schmidt, Chisari & Dvorkin (’15); Kogai, Matsubara, Nishizawa & Urakawa (’18);  
Kogai,  Akitsu, Schmidt & Urakawa (’21); Akitsu, et al. (’21); Kurita & Takada (’23)

Tightening cosmological parameter constraints
Chisari and Dvorkin (’13); AT & Okumura (’20); Okumura & AT (’22); Shim, Okumura & AT (‘25ab)

Long-wavelength gravitational waves

Imprint of relativistic effects Saga, Okumura, AT & Inoue (’23)

Schimit & Jeong (’12); Schimit Pajer & Zaldarriaga (’14); Chisari, Dvorkin & Schmidt (’14); 
Biagetti M, Orlando G (’20); Akitsu, Li & Okumura (’23)

Probing dark matter self-interaction Harvey, Chisari, Robertson & McCarthy (’21)

Long-wavelength primordial magnetic field Saga, Shiraishi, Akitsu & Okumura (’24)

(See also Bakx et al. (’26), Shim et al. (’25), Yu, Shim & Song (’26))



Two-point statistics
Observables: δg(x) γ+/×(x)

galaxy density field galaxy ellipticity field
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Combining the information from imaging & spectroscopic surveys, 

 3D comoving position constructed 
from angular position  and redshift 
x :

θ z

Two-point 
statistics

ξgg(r) ≡ ⟨δg(x1) δg(x2)⟩

ξg+(r) ≡ ⟨δg(x1) γ+(x2)⟩

ξ±(r) ≡ ⟨γ+(x1) γ+(x2) ± γ×(x1) γ×(x2)⟩
(r ≡ x1 − x2)

GG correlation

GI correlation

II correlation

New !

 vanishes by symmetryξg×

Other statistics are worth for further investigation (e.g., Minkowski tensors)



Two-point statistics
Observables: δg(x) γ+/×(x)

galaxy density field galaxy ellipticity field
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Combining the information from imaging & spectroscopic surveys, 

Pgg(k)

PgE(k)

PEE(k), PBB(k) ( ≃ 0)

GG correlation

GI correlation

II correlation

New !

 vanishes by symmetryPgB

Other statistics are worth for further investigation (e.g., Minkowski tensors)

Fourier counterpart

(Power spectra)

γE + i γB = e−i 2ϕk{γ+ + i γ×}
E/B-mode decomposition

Two-point 
statistics



Evidence of gravity-induced ellipticity
Measurement of GI correlation for elliptical galaxies
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Where do Luminous Red Galaxies form?

Luminous red galaxy
(LRG)SDSS LRG @ z~0.33

Not aligned

Aligned

A
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d

N
ot
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d

Okumura & Li (’09)
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Figure 1. Projected galaxy–galaxy correlation function for the LRG sample at
0.16 < z < 0.36. For comparison, the data of Zehavi et al. (2005) and Hirata
et al. (2007) are also plotted.

We measure the projected correlation function from the LRG
sample, wgg(rp) =

∫
ξgg(rp, Π)dΠ, where ξgg(rp, Π) is the

galaxy autocorrelation function as a function of separations
perpendicular (rp) and parallel (Π) to the line of sight and is
measured using the Landy & Szalay (1993) estimator. Figure 1
shows the comparison of our measured wgg with the previous
work by Zehavi et al. (2005). Very good agreement between the
two studies confirmed that our selection functions work well on
the scales of interests in this work.

To measure the GI function of LRGs, we also need informa-
tion on their shapes. The ellipticity of galaxies is determined
by the SDSS photometric pipeline called photo and defined as
the ellipticity of the 25 mag arcsec−2 isophote in the r band
(Stoughton et al. 2002). The point-spread function has been
corrected when measuring the shapes (Lupton et al. 2001). The
components of the ellipticity are defined as

(
e+
e×

)
= 1 − q2

1 + q2

(
cos 2β
sin 2β

)
, (1)

where q is the ratio of minor and major axes and β is the position
angle of the ellipticity from the north celestial pole to east.

3. GRAVITATIONAL SHEAR–INTRINSIC ELLIPTICITY
CORRELATION OF LRGS

To estimate the GI correlation, we adopt the formalism
developed by Mandelbaum et al. (2006) and Hirata et al. (2007).
The generalized Landy & Szalay (1993) estimator is used for
estimating the GI correlation function,

ξg+(rp, Π) = S+(D − R)
RR

, (2)

where RR is the normalized counts of random–random pairs in
a particular bin in the space of (rp, Π). S+D is the sum over all
pairs of the + component of shear in (rp, Π),

S+D =
∑

i ̸=j |rp,Π

e+(j |i)
2R

, (3)

where the ellipticity component of jth LRG, e+(j |i), is redefined
relative to the direction to the ith LRG and thus corresponds to
the elongation along the direction, and R = 1 −σ 2

SN = 1 −⟨e2
+⟩

is the shear responsivity (e.g., Bernstein & Jarvis 2002) and
R ≈ 0.947 for our LRG sample. S+R is calculated likewise

1

 10

 10  100

w
g

+
(r

p
)

Angular scale at z=0.5 (arcmins)

q=0 LRG
mock( =0)
mock( =35)

-0.2
-0.1

0
 0.1
 0.2

 10  100

w
g

×(
r p

)

rp (h-1Mpc)

Figure 2. Projected GI correlation functions from the SDSS central LRGs,
wg+(rp) and wg×(rp). The dashed and solid lines are respectively the model
predictions for wg+ obtained from the mock LRGs with σθ = 0◦ and 35◦. Mixed
logarithmic and linear scalings are used for the vertical axis. The horizontal axis
at the top shows the corresponding angular scale when the transverse separations
are located at z = 0.5.

using a catalog of randomly distributed points in the survey
region. Finally, the projected GI correlation function is obtained
by doing the projection along the radial direction,

wg+(rp) =
∫ Πmax

−Πmax

ξg+(rp, Π)dΠ. (4)

We adopt Πmax = 80 h−1 Mpc, but changing Πmax from 60
to 100 h−1 Mpc does not significantly change wg+(rp) for
rp < 100 h−1 Mpc. Positive wg+(rp) means that the major axes
of LRGs tend to point toward overdensities at a transverse scale
rp. wg+ is related to the density–intrinsic ellipticity correlation
function wδ+ through the galaxy bias bg as wg+ = bgwδ+ on
large scales (Mandelbaum et al. 2006; Hirata et al. 2007; see
also Section 5). wg×(rp) is also calculated in the same way and
used for a test of systematics because wg×(rp) should be zero
on all scales.

The resulting GI correlation functions for the observed central
LRGs are shown in Figure 2. The error bars represent 1σ errors
estimated from 93 jackknifed realizations. Here, the axis ratio
q in Equation (1) is set to be zero. This is equivalent to the
assumption that a galaxy is a line along its major axis. In this
case, the shear responsivity becomes R = 1 − ⟨cos2 2β⟩ = 0.5.
Clear detection of the GI correlation wg+ can be seen up to large
scales. Note that when our result is compared with the previous
work of Hirata et al. (2007), the difference of the q factor and
thus of R must be taken into account. The prescription of q = 0
and its relationship with that of q > 0 will be discussed in
Section 4.3. From the plots of wg× in Figure 2, we confirm that
all the values are consistent with zero at the 2σ confidence level.
We thus discuss the GI correlation only in terms of wg+ in the
following analysis.

4. COMPARISON TO MODEL PREDICTIONS

4.1. Modeled Gravitational Shear–Intrinsic Ellipticity
Correlation Function

To make model predictions for the GI correlation, we fol-
low the same methodology as in Okumura et al. (2009). We
use a halo catalog constructed from a high-resolution cosmo-
logical simulation with 10243 particles in a cubic box of side
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Figure 1. Projected galaxy–galaxy correlation function for the LRG sample at
0.16 < z < 0.36. For comparison, the data of Zehavi et al. (2005) and Hirata
et al. (2007) are also plotted.

We measure the projected correlation function from the LRG
sample, wgg(rp) =

∫
ξgg(rp, Π)dΠ, where ξgg(rp, Π) is the

galaxy autocorrelation function as a function of separations
perpendicular (rp) and parallel (Π) to the line of sight and is
measured using the Landy & Szalay (1993) estimator. Figure 1
shows the comparison of our measured wgg with the previous
work by Zehavi et al. (2005). Very good agreement between the
two studies confirmed that our selection functions work well on
the scales of interests in this work.

To measure the GI function of LRGs, we also need informa-
tion on their shapes. The ellipticity of galaxies is determined
by the SDSS photometric pipeline called photo and defined as
the ellipticity of the 25 mag arcsec−2 isophote in the r band
(Stoughton et al. 2002). The point-spread function has been
corrected when measuring the shapes (Lupton et al. 2001). The
components of the ellipticity are defined as

(
e+
e×

)
= 1 − q2

1 + q2

(
cos 2β
sin 2β

)
, (1)

where q is the ratio of minor and major axes and β is the position
angle of the ellipticity from the north celestial pole to east.

3. GRAVITATIONAL SHEAR–INTRINSIC ELLIPTICITY
CORRELATION OF LRGS

To estimate the GI correlation, we adopt the formalism
developed by Mandelbaum et al. (2006) and Hirata et al. (2007).
The generalized Landy & Szalay (1993) estimator is used for
estimating the GI correlation function,

ξg+(rp, Π) = S+(D − R)
RR

, (2)

where RR is the normalized counts of random–random pairs in
a particular bin in the space of (rp, Π). S+D is the sum over all
pairs of the + component of shear in (rp, Π),

S+D =
∑

i ̸=j |rp,Π

e+(j |i)
2R

, (3)

where the ellipticity component of jth LRG, e+(j |i), is redefined
relative to the direction to the ith LRG and thus corresponds to
the elongation along the direction, and R = 1 −σ 2

SN = 1 −⟨e2
+⟩

is the shear responsivity (e.g., Bernstein & Jarvis 2002) and
R ≈ 0.947 for our LRG sample. S+R is calculated likewise
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Figure 2. Projected GI correlation functions from the SDSS central LRGs,
wg+(rp) and wg×(rp). The dashed and solid lines are respectively the model
predictions for wg+ obtained from the mock LRGs with σθ = 0◦ and 35◦. Mixed
logarithmic and linear scalings are used for the vertical axis. The horizontal axis
at the top shows the corresponding angular scale when the transverse separations
are located at z = 0.5.

using a catalog of randomly distributed points in the survey
region. Finally, the projected GI correlation function is obtained
by doing the projection along the radial direction,

wg+(rp) =
∫ Πmax

−Πmax

ξg+(rp, Π)dΠ. (4)

We adopt Πmax = 80 h−1 Mpc, but changing Πmax from 60
to 100 h−1 Mpc does not significantly change wg+(rp) for
rp < 100 h−1 Mpc. Positive wg+(rp) means that the major axes
of LRGs tend to point toward overdensities at a transverse scale
rp. wg+ is related to the density–intrinsic ellipticity correlation
function wδ+ through the galaxy bias bg as wg+ = bgwδ+ on
large scales (Mandelbaum et al. 2006; Hirata et al. 2007; see
also Section 5). wg×(rp) is also calculated in the same way and
used for a test of systematics because wg×(rp) should be zero
on all scales.

The resulting GI correlation functions for the observed central
LRGs are shown in Figure 2. The error bars represent 1σ errors
estimated from 93 jackknifed realizations. Here, the axis ratio
q in Equation (1) is set to be zero. This is equivalent to the
assumption that a galaxy is a line along its major axis. In this
case, the shear responsivity becomes R = 1 − ⟨cos2 2β⟩ = 0.5.
Clear detection of the GI correlation wg+ can be seen up to large
scales. Note that when our result is compared with the previous
work of Hirata et al. (2007), the difference of the q factor and
thus of R must be taken into account. The prescription of q = 0
and its relationship with that of q > 0 will be discussed in
Section 4.3. From the plots of wg× in Figure 2, we confirm that
all the values are consistent with zero at the 2σ confidence level.
We thus discuss the GI correlation only in terms of wg+ in the
following analysis.

4. COMPARISON TO MODEL PREDICTIONS

4.1. Modeled Gravitational Shear–Intrinsic Ellipticity
Correlation Function

To make model predictions for the GI correlation, we fol-
low the same methodology as in Okumura et al. (2009). We
use a halo catalog constructed from a high-resolution cosmo-
logical simulation with 10243 particles in a cubic box of side
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Figure 1. Projected galaxy–galaxy correlation function for the LRG sample at
0.16 < z < 0.36. For comparison, the data of Zehavi et al. (2005) and Hirata
et al. (2007) are also plotted.

We measure the projected correlation function from the LRG
sample, wgg(rp) =

∫
ξgg(rp, Π)dΠ, where ξgg(rp, Π) is the

galaxy autocorrelation function as a function of separations
perpendicular (rp) and parallel (Π) to the line of sight and is
measured using the Landy & Szalay (1993) estimator. Figure 1
shows the comparison of our measured wgg with the previous
work by Zehavi et al. (2005). Very good agreement between the
two studies confirmed that our selection functions work well on
the scales of interests in this work.

To measure the GI function of LRGs, we also need informa-
tion on their shapes. The ellipticity of galaxies is determined
by the SDSS photometric pipeline called photo and defined as
the ellipticity of the 25 mag arcsec−2 isophote in the r band
(Stoughton et al. 2002). The point-spread function has been
corrected when measuring the shapes (Lupton et al. 2001). The
components of the ellipticity are defined as

(
e+
e×

)
= 1 − q2

1 + q2

(
cos 2β
sin 2β

)
, (1)

where q is the ratio of minor and major axes and β is the position
angle of the ellipticity from the north celestial pole to east.

3. GRAVITATIONAL SHEAR–INTRINSIC ELLIPTICITY
CORRELATION OF LRGS

To estimate the GI correlation, we adopt the formalism
developed by Mandelbaum et al. (2006) and Hirata et al. (2007).
The generalized Landy & Szalay (1993) estimator is used for
estimating the GI correlation function,

ξg+(rp, Π) = S+(D − R)
RR

, (2)

where RR is the normalized counts of random–random pairs in
a particular bin in the space of (rp, Π). S+D is the sum over all
pairs of the + component of shear in (rp, Π),

S+D =
∑

i ̸=j |rp,Π

e+(j |i)
2R

, (3)

where the ellipticity component of jth LRG, e+(j |i), is redefined
relative to the direction to the ith LRG and thus corresponds to
the elongation along the direction, and R = 1 −σ 2

SN = 1 −⟨e2
+⟩

is the shear responsivity (e.g., Bernstein & Jarvis 2002) and
R ≈ 0.947 for our LRG sample. S+R is calculated likewise
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Figure 2. Projected GI correlation functions from the SDSS central LRGs,
wg+(rp) and wg×(rp). The dashed and solid lines are respectively the model
predictions for wg+ obtained from the mock LRGs with σθ = 0◦ and 35◦. Mixed
logarithmic and linear scalings are used for the vertical axis. The horizontal axis
at the top shows the corresponding angular scale when the transverse separations
are located at z = 0.5.

using a catalog of randomly distributed points in the survey
region. Finally, the projected GI correlation function is obtained
by doing the projection along the radial direction,

wg+(rp) =
∫ Πmax

−Πmax

ξg+(rp, Π)dΠ. (4)

We adopt Πmax = 80 h−1 Mpc, but changing Πmax from 60
to 100 h−1 Mpc does not significantly change wg+(rp) for
rp < 100 h−1 Mpc. Positive wg+(rp) means that the major axes
of LRGs tend to point toward overdensities at a transverse scale
rp. wg+ is related to the density–intrinsic ellipticity correlation
function wδ+ through the galaxy bias bg as wg+ = bgwδ+ on
large scales (Mandelbaum et al. 2006; Hirata et al. 2007; see
also Section 5). wg×(rp) is also calculated in the same way and
used for a test of systematics because wg×(rp) should be zero
on all scales.

The resulting GI correlation functions for the observed central
LRGs are shown in Figure 2. The error bars represent 1σ errors
estimated from 93 jackknifed realizations. Here, the axis ratio
q in Equation (1) is set to be zero. This is equivalent to the
assumption that a galaxy is a line along its major axis. In this
case, the shear responsivity becomes R = 1 − ⟨cos2 2β⟩ = 0.5.
Clear detection of the GI correlation wg+ can be seen up to large
scales. Note that when our result is compared with the previous
work of Hirata et al. (2007), the difference of the q factor and
thus of R must be taken into account. The prescription of q = 0
and its relationship with that of q > 0 will be discussed in
Section 4.3. From the plots of wg× in Figure 2, we confirm that
all the values are consistent with zero at the 2σ confidence level.
We thus discuss the GI correlation only in terms of wg+ in the
following analysis.

4. COMPARISON TO MODEL PREDICTIONS

4.1. Modeled Gravitational Shear–Intrinsic Ellipticity
Correlation Function

To make model predictions for the GI correlation, we fol-
low the same methodology as in Okumura et al. (2009). We
use a halo catalog constructed from a high-resolution cosmo-
logical simulation with 10243 particles in a cubic box of side
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0.16 < z < 0.36. For comparison, the data of Zehavi et al. (2005) and Hirata
et al. (2007) are also plotted.

We measure the projected correlation function from the LRG
sample, wgg(rp) =

∫
ξgg(rp, Π)dΠ, where ξgg(rp, Π) is the

galaxy autocorrelation function as a function of separations
perpendicular (rp) and parallel (Π) to the line of sight and is
measured using the Landy & Szalay (1993) estimator. Figure 1
shows the comparison of our measured wgg with the previous
work by Zehavi et al. (2005). Very good agreement between the
two studies confirmed that our selection functions work well on
the scales of interests in this work.

To measure the GI function of LRGs, we also need informa-
tion on their shapes. The ellipticity of galaxies is determined
by the SDSS photometric pipeline called photo and defined as
the ellipticity of the 25 mag arcsec−2 isophote in the r band
(Stoughton et al. 2002). The point-spread function has been
corrected when measuring the shapes (Lupton et al. 2001). The
components of the ellipticity are defined as

(
e+
e×

)
= 1 − q2

1 + q2

(
cos 2β
sin 2β

)
, (1)

where q is the ratio of minor and major axes and β is the position
angle of the ellipticity from the north celestial pole to east.

3. GRAVITATIONAL SHEAR–INTRINSIC ELLIPTICITY
CORRELATION OF LRGS

To estimate the GI correlation, we adopt the formalism
developed by Mandelbaum et al. (2006) and Hirata et al. (2007).
The generalized Landy & Szalay (1993) estimator is used for
estimating the GI correlation function,

ξg+(rp, Π) = S+(D − R)
RR

, (2)

where RR is the normalized counts of random–random pairs in
a particular bin in the space of (rp, Π). S+D is the sum over all
pairs of the + component of shear in (rp, Π),

S+D =
∑

i ̸=j |rp,Π

e+(j |i)
2R

, (3)

where the ellipticity component of jth LRG, e+(j |i), is redefined
relative to the direction to the ith LRG and thus corresponds to
the elongation along the direction, and R = 1 −σ 2

SN = 1 −⟨e2
+⟩

is the shear responsivity (e.g., Bernstein & Jarvis 2002) and
R ≈ 0.947 for our LRG sample. S+R is calculated likewise
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Figure 2. Projected GI correlation functions from the SDSS central LRGs,
wg+(rp) and wg×(rp). The dashed and solid lines are respectively the model
predictions for wg+ obtained from the mock LRGs with σθ = 0◦ and 35◦. Mixed
logarithmic and linear scalings are used for the vertical axis. The horizontal axis
at the top shows the corresponding angular scale when the transverse separations
are located at z = 0.5.

using a catalog of randomly distributed points in the survey
region. Finally, the projected GI correlation function is obtained
by doing the projection along the radial direction,

wg+(rp) =
∫ Πmax

−Πmax

ξg+(rp, Π)dΠ. (4)

We adopt Πmax = 80 h−1 Mpc, but changing Πmax from 60
to 100 h−1 Mpc does not significantly change wg+(rp) for
rp < 100 h−1 Mpc. Positive wg+(rp) means that the major axes
of LRGs tend to point toward overdensities at a transverse scale
rp. wg+ is related to the density–intrinsic ellipticity correlation
function wδ+ through the galaxy bias bg as wg+ = bgwδ+ on
large scales (Mandelbaum et al. 2006; Hirata et al. 2007; see
also Section 5). wg×(rp) is also calculated in the same way and
used for a test of systematics because wg×(rp) should be zero
on all scales.

The resulting GI correlation functions for the observed central
LRGs are shown in Figure 2. The error bars represent 1σ errors
estimated from 93 jackknifed realizations. Here, the axis ratio
q in Equation (1) is set to be zero. This is equivalent to the
assumption that a galaxy is a line along its major axis. In this
case, the shear responsivity becomes R = 1 − ⟨cos2 2β⟩ = 0.5.
Clear detection of the GI correlation wg+ can be seen up to large
scales. Note that when our result is compared with the previous
work of Hirata et al. (2007), the difference of the q factor and
thus of R must be taken into account. The prescription of q = 0
and its relationship with that of q > 0 will be discussed in
Section 4.3. From the plots of wg× in Figure 2, we confirm that
all the values are consistent with zero at the 2σ confidence level.
We thus discuss the GI correlation only in terms of wg+ in the
following analysis.

4. COMPARISON TO MODEL PREDICTIONS

4.1. Modeled Gravitational Shear–Intrinsic Ellipticity
Correlation Function

To make model predictions for the GI correlation, we fol-
low the same methodology as in Okumura et al. (2009). We
use a halo catalog constructed from a high-resolution cosmo-
logical simulation with 10243 particles in a cubic box of side
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Figure 1. Projected galaxy–galaxy correlation function for the LRG sample at
0.16 < z < 0.36. For comparison, the data of Zehavi et al. (2005) and Hirata
et al. (2007) are also plotted.

We measure the projected correlation function from the LRG
sample, wgg(rp) =

∫
ξgg(rp, Π)dΠ, where ξgg(rp, Π) is the

galaxy autocorrelation function as a function of separations
perpendicular (rp) and parallel (Π) to the line of sight and is
measured using the Landy & Szalay (1993) estimator. Figure 1
shows the comparison of our measured wgg with the previous
work by Zehavi et al. (2005). Very good agreement between the
two studies confirmed that our selection functions work well on
the scales of interests in this work.

To measure the GI function of LRGs, we also need informa-
tion on their shapes. The ellipticity of galaxies is determined
by the SDSS photometric pipeline called photo and defined as
the ellipticity of the 25 mag arcsec−2 isophote in the r band
(Stoughton et al. 2002). The point-spread function has been
corrected when measuring the shapes (Lupton et al. 2001). The
components of the ellipticity are defined as

(
e+
e×

)
= 1 − q2

1 + q2

(
cos 2β
sin 2β

)
, (1)

where q is the ratio of minor and major axes and β is the position
angle of the ellipticity from the north celestial pole to east.

3. GRAVITATIONAL SHEAR–INTRINSIC ELLIPTICITY
CORRELATION OF LRGS

To estimate the GI correlation, we adopt the formalism
developed by Mandelbaum et al. (2006) and Hirata et al. (2007).
The generalized Landy & Szalay (1993) estimator is used for
estimating the GI correlation function,

ξg+(rp, Π) = S+(D − R)
RR

, (2)

where RR is the normalized counts of random–random pairs in
a particular bin in the space of (rp, Π). S+D is the sum over all
pairs of the + component of shear in (rp, Π),

S+D =
∑

i ̸=j |rp,Π

e+(j |i)
2R

, (3)

where the ellipticity component of jth LRG, e+(j |i), is redefined
relative to the direction to the ith LRG and thus corresponds to
the elongation along the direction, and R = 1 −σ 2

SN = 1 −⟨e2
+⟩

is the shear responsivity (e.g., Bernstein & Jarvis 2002) and
R ≈ 0.947 for our LRG sample. S+R is calculated likewise
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Figure 2. Projected GI correlation functions from the SDSS central LRGs,
wg+(rp) and wg×(rp). The dashed and solid lines are respectively the model
predictions for wg+ obtained from the mock LRGs with σθ = 0◦ and 35◦. Mixed
logarithmic and linear scalings are used for the vertical axis. The horizontal axis
at the top shows the corresponding angular scale when the transverse separations
are located at z = 0.5.

using a catalog of randomly distributed points in the survey
region. Finally, the projected GI correlation function is obtained
by doing the projection along the radial direction,

wg+(rp) =
∫ Πmax

−Πmax

ξg+(rp, Π)dΠ. (4)

We adopt Πmax = 80 h−1 Mpc, but changing Πmax from 60
to 100 h−1 Mpc does not significantly change wg+(rp) for
rp < 100 h−1 Mpc. Positive wg+(rp) means that the major axes
of LRGs tend to point toward overdensities at a transverse scale
rp. wg+ is related to the density–intrinsic ellipticity correlation
function wδ+ through the galaxy bias bg as wg+ = bgwδ+ on
large scales (Mandelbaum et al. 2006; Hirata et al. 2007; see
also Section 5). wg×(rp) is also calculated in the same way and
used for a test of systematics because wg×(rp) should be zero
on all scales.

The resulting GI correlation functions for the observed central
LRGs are shown in Figure 2. The error bars represent 1σ errors
estimated from 93 jackknifed realizations. Here, the axis ratio
q in Equation (1) is set to be zero. This is equivalent to the
assumption that a galaxy is a line along its major axis. In this
case, the shear responsivity becomes R = 1 − ⟨cos2 2β⟩ = 0.5.
Clear detection of the GI correlation wg+ can be seen up to large
scales. Note that when our result is compared with the previous
work of Hirata et al. (2007), the difference of the q factor and
thus of R must be taken into account. The prescription of q = 0
and its relationship with that of q > 0 will be discussed in
Section 4.3. From the plots of wg× in Figure 2, we confirm that
all the values are consistent with zero at the 2σ confidence level.
We thus discuss the GI correlation only in terms of wg+ in the
following analysis.

4. COMPARISON TO MODEL PREDICTIONS

4.1. Modeled Gravitational Shear–Intrinsic Ellipticity
Correlation Function

To make model predictions for the GI correlation, we fol-
low the same methodology as in Okumura et al. (2009). We
use a halo catalog constructed from a high-resolution cosmo-
logical simulation with 10243 particles in a cubic box of side
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Fig. 12 Top: Examples of some large-scale intrinsic alignments measurements in the literature, employing
a galaxy density-shape correlation function, wg+ , as a function of comoving transverse separation between
galaxies, rp . The samples called “Main” refer to the SDSS main (flux-limited) spectroscopic sample, divided
into two subsamples, both at intermediate (Milky Way-type) luminosities. The red sample results use the
sample from Hirata et al. (2007), but were re-measured by Joachimi et al. (2011) using a different colour cut
that is more consistent with ones used by later works. The WiggleZ results come from Mandelbaum et al.
(2011), and the LOWZ (a low-redshift sample from the SDSS BOSS survey) results come from Singh et al.
(2014). Bottom: A comparison of the observed density-shape correlation for LRGs in SDSS, a prediction
from the MassiveBlack-II (MB-II) hydrodynamic simulation, and the non-linear alignment model. As shown,
both hydrodynamic simulations and this simple analytic model are well able to reproduce the scaling of
the observed density-shape correlations with separation. The data and predictions have been normalised by
the linear galaxy bias, here referred to as blin, relating the galaxy and matter overdensities, δg = blinδ. The
analytic model labelled ‘NLA’ corresponds to a slightly modified version of Eq. (16); see also Bridle and
King (2007). Bottom figure based on data from Tenneti et al. (2015), with credit to Sukhdeep Singh

6.3 Late-Type Galaxies

The alignment of late-type galaxies follows an equally persuasive physical picture, but there
are two competing mechanisms as possible explanations. Late-type spiral galaxies have
formed a galactic disc which, depending on the angle of inclination, is perceived to have
a certain ellipticity. The inclination of the disc must be determined by its angular momen-
tum, but how the angular momentum is ultimately linked to the surrounding large-scale

Joachimi et al. (’15)

SDSS main

BOSS  LOWZ

(early type) （GI correlation）

Projected correlation

⟨δgγI
+⟩

No clear correlation signal is detected 
for late-type galaxies

Galaxy-IA correlation

WiggleZ

Joachimi et al. (’11)
Mandelaum et al. (’11)
Singh et al.  (’14)

ELG is also the case (but see next slide)

Behaviors of IA correlation crucially depend on galaxy type and how you measure IA



A novel shape estimator
Inertia tensor of building blocks (subhalos): Shi, Osato, Kurita & Takada (’21)

Shape measurement can be extended to star-forming galaxies (ELG) & clusters

xn i : 2D position of surrounding 
building blocks
weight func. (  flux)∝

such as gas cooling and heating, star formation, stellar
evolution, and chemical enrichment, SN feedback, black hole
growth, active galactic nuclei feedback, and cosmic magnetic
field (see Weinberger et al. 2017; Pillepich et al. 2018b for
details).

2.2. ELG Selection

Galaxies in TNG300 are identified using the Friends-
of-Friends and SUBFIND algorithms (Davis et al. 1985;
Springel et al. 2001). We select hypothetical ELGs from a
ranked list of the star formation rate (SFR) of galaxies until
their comoving number density matches

( )n h10 Mpcg
4 1 3= - - - , a typical number density of ELGs that

upcoming surveys such as PFS and DESI are designed to have.
The SFR ranked selection roughly corresponds to a selection of
ELGs based on the [O II] emission-line strengths (Gonzalez-
Perez et al. 2020; K. Osato & T. Okumura 2021, in
preparation). Here the SFR of each galaxy in the simulation
is defined by the spontaneous SFR within the twice half-stellar-
mass–radius. In this work, we focus mainly on ELGs at z= 1.5,
as a representative redshift of PFS and DESI surveys. We will
also use ELGs at different redshifts z= 0.5, 1, and 2, selected
in the same way, to study the redshift dependence of their IA
signals. Table 1 shows properties of ELGs used in our study.
More than 67% of the ELGs reside in central subhalos and are
massive in the stellar mass.

3. Method: Image Simulation and Aperture-based Shape
Estimator

3.1. An Image Simulation of ELGs

In the following we assume that both imaging and spectro-
scopic data for ELGs in the sample are available; a spectro-
scopic redshift of each ELG, via an identification of the
emission-line(s) such as an [O II] line, and an imaging data
around each ELG, including surrounding galaxies that do not
necessarily have spectroscopic redshifts. Here the spectro-
scopic redshifts are needed to measure the 3D power spectrum
of ELG’s IA effect, and the images are needed to characterize
shapes of the regions surrounding ELGs for the IA measure-
ments. Such imaging and spectroscopic surveys for the same
region of the sky are available for ongoing and upcoming
surveys such as the Subaru Hyper Suprime-Cam (HSC) and
PFS surveys. We below describe a method to simulate an
imaging data of each ELG region that is seen with a ground-
based telescope such as the Subaru HSC.
We first carry out a ray-tracing simulation of each ELG

region in TNG300 to obtain the projected image. We use all the
stellar particles contained in a cubic box of ( )h1 Mpc1 3-

volume around each ELG at the center. The spectral energy
distributions (SEDs) of the stellar population are modeled with
the stellar population synthesis code PÉGASE.3 (Fioc &
Rocca-Volmerange 2019). Each stellar particle represents a
single age stellar population. First, we construct the table of
SEDs for different metallicities Z= [0.0, 0.0001, 0.0004,
0.004, 0.008, 0.02, 0.05, 0.1] up to the age of 100Myr. Then,
for each particle, we allocate SEDs by linearly interpolating the
table with respect to the metallicity and age. The attenuation
due to diffuse interstellar medium and dust is taken into
account in PÉGASE.3. Using the rest-frame luminosity per
unit wavelength and the luminosity distance to the galaxy
redshift (e.g., z= 1.5), we calculate the observer-frame flux per
unit wavelength. Then we include the filter transmission to
calculate the noise-free and PSF-free photon counts in each
pixel of the simulated image, taking the x3-direction as the line-
of-sight (LOS) direction, as shown in the left panel of Figure 1.
In doing these we assume the atmosphere transparency of 1.0,
the aperture of the 8.2 m Subaru Telescope, the total system
throughput of 0.5, t 1200 sexp = for the exposure time, and the

Table 1
Properties of ELGs in Illustris-TNG300, Studied in this Work

z Mlogá ñ Mlog haloá ñ SFRá ñ fcen AIA σò

0.5 10.39 13.20 25.75 0.667 15.39 ± 2.96 0.43
1.0 10.41 13.04 47.78 0.682 15.26 ± 2.89 0.41
1.5 10.42 12.88 71.64 0.741 12.86 ± 2.83 0.39
2.0 10.41 12.67 94.01 0.798 15.45 ± 2.84 0.40

Note. We show the redshift (z), average stellar mass (Må), average host halo
mass (M200), average SFR, the central galaxy fraction, IA strength (AIA), and
the rms ellipticities per component (σò). Here Må and Mhalo are in units of
h−1Me, and SFR is in units of Me yr−1.

Figure 1. A simulated i-band image of the region around an example ELG at z = 1.5, made from the TNG300 simulation data. Left panel: the original image of the
ELG region. Middle: the simulated image taking into account the 0.6″ FWHM seeing effect, the total system throughput of the Subaru telescope (0.5), and the sky
background noise at the Subaru site, assuming t 1200 sexp = for the exposure time and the i-band filter transmission. Right: similar to the middle panel, but it shows
only the pixels with S/N > 3 within an aperture of radius 500 h−1 kpc around the ELG. The legend gives the stellar mass and the half-stellar-mass–radius of the ELG,
and the halo mass and the virial radius of the host halo.
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GI cross power 
spectrum

more than a tenfold boost in the ( )P E
0

d amplitude over the range
of k bins we consider. Recalling that the TNG300 simulation
has a small volume of ( )h0.0086 Gpc1 3~ - , this result means
that upcoming galaxy surveys covering more than ( )h1 Gpc1 3-

volume enables a significant detection of the IA signal. The IA
signal in smaller k bins contains cleaner cosmological
information, and a fitting of the model (Equation (5)) with
the measured power spectrum over the three lowest k bins (up
to k; 0.4 hMpc−1) gives AIA= 12.86± 2.83, 4.5σ detection,
while AIA for the standard method is consistent with a null
detection at 2σ level (AIA= 3.2± 2.0). Is this new IA estimator
optimal? To address this question, Figure 2 also shows the IA
power spectrum for DM halos hosting ELGs, where we use the
parent halos even for satellite ELGs (the member DM particles)
to characterize the halo shapes centered on each ELG. The DM
halo gives AIA= 15.7± 2.4, which is very similar to the IA
signal of ELGs. The good agreement between the flux based
aperture inertia tensor and the DM halo particle based inertia
tensor suggests that the light distribution follows the matter
distribution, which is supported by the good correlations
(although with scatters) between the ellipticities calculated
using light and matter distributions as shown in Appendix A.
This is also consistent with the results shown in Shin et al.
(2021) and O’Neil et al. (2021), where they show the baryons
trace the matter distribution well using a Dark Energy Survey
(DES) lensing profile and IllustrisTNG hydro-simulation
separately. Also, the stronger IA signal with our aperture-
based inertia tensor is in consistent with the picture that the
outer region of galaxies/satellites in galaxy groups are more
aligned with the large-scale tidal field as revealed by previous
studies (Singh & Mandelbaum 2016; van Uitert et al. 2017).

Table 1 summarizes the IA signal for ELGs at different
redshifts, z= 0.5, 1.0, 1.5, and 2.0. Note that all ELG samples
have the fixed number density of ( )h10 Mpc4 1 3- - . The ELG
samples at all the redshifts give a clear detection of AIA.
Figure 3 shows the ratio of the IA power spectrum to the matter

power spectrum. The figure shows that the IA signals are
detected over the range of k bins, with very weak redshift
dependence. The redshift evolution of AIA depends on the
sample selection and redshift, as shown in Figure 6 of Kurita
et al. (2021). In our previous work in Shi et al. (2021), we
found that AIA shows very weak redshift dependence for the
galaxy samples of a fixed stellar mass range across z= 0.3 to
z= 2. The mean stellar mass varies within ∼0.3 dex from
z= 0.5 to z= 2 for the ELGs, as listed in Table 1. The weak
redshift dependence in the ELG IA signals is thus consistent
with our previous studies. In addition the ratio displays very
weak k dependence up to k∼ 1 hMpc−1, which is in agreement
with the prediction of nonlinear alignment model.
In Appendix B we also show how the results change with

varying aperture sizes and the S/N cuts in the pixels that are
needed to define the aperture-based shapes of ELGs. Figures 3
and B2 show that the findings we described above hold for
these different definitions of the ELG shapes.

5. Discussion and Summary

In this paper we proposed an aperture-based estimator to
characterize shapes of ELGs (more exactly star-forming
galaxies) for extracting the IA signals of ELGs. We applied
the method to star-forming galaxies simulated in IllustrisTNG,
one of the state-of-the-art cosmological hydrodynamical
simulations, and showed that the method allows for a
significant detection of the IA effect even from the small
simulation volume. This method gives about tenfold boost in
the IA amplitude compared to that of the conventional method.
We also found a significant detection of the IA signals, with
almost similar amplitude and S/Ns, for all the ELG samples
over the wide range of redshifts up to z= 2. This is quite
encouraging because the new method opens up an opportunity
to study the IA signals of star-forming galaxies over redshifts
where the cosmic star formation activity is violent, and the
measured IA signals can be used to probe cosmology and
physics of galaxy formation. This method is relevant for
upcoming imaging and spectroscopic galaxy surveys: Subaru
HSC, PFS, DESI, Vera C. Rubin Observatory Legacy Survey
of Space and Time (LSST), Euclid, and the Roman Space
Telescope.
In order to characterize the shape of each ELG region, we

need to properly estimate the background noise in each field
and then use the pixels that are greater than a certain threshold
(S/N> 3 used in this paper). Defining the uniform background
noise over the entire survey region is not so obvious, as it
depends on the depth and sky brightness of each pointing in
each field. As long as the background estimation is random
between different fields, this does not cause any systematic
effect in the IA measurement. If the background estimation
varies with different fields in a correlated way with large-scale
structures for some reason (e.g., contribution from light of
galaxies in each field), it would cause the systematic effect. For
the similar reason, any projection effect of foreground/
background (physically unassociated) galaxies in each ELG
region relevant for the shape estimation causes only statistical
noise in the IA measurement. A practical application of the
method to actual data would be quite valuable and will be our
future work.

We thank R. K. Sheth and Elisa Chisari for enlightening
discussion/comments on this work. J. Shi thanks Junyao Li for

Figure 2. The monopole moment of the cross-power spectrum between matter
and the galaxy E-mode shape, ( )( )P kE

0
d , for ELGs at z = 1.5. The red triangles

show the result when using the aperture shape estimator (Equation (1)). For
comparison the open diamonds show the result when using the standard
method of shape estimator (Equation (2)) for the same sample of ELGs, and the
squares show the result using the standard method for the host halos using DM
particles centered on each ELG.
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This method is robust even in the presence 
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(Ishikawa et al. ’23)

（see also Ishikawa, AT et al. ’24)



Anisotropies in ellipticity correlations
Okumura, AT & Nishimichi (’20)

(See also Kurita et al. ’21)

GI & II correlations exhibit intrinsic anisotropies along the line-of-sight direction
Interesting and important features

GI and II correlations for (sub-)halos in simulations @ z=0.3 
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Linear alignment (LA) model
Anisotropic features in simulations can be nicely described by linear model

• Beyond linear order, EFT description has been developed

Catelan et al. (’01) 
Hirata & Seljak (’04)
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(Vlah et al. ’20, ’21; Bakx, et al. ’23)

• Anisotropic GI & II correlations can be analytically expressed (Okumura & AT ’20)
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Analytical expressions

L126 T. Okumura and A. Taruya

cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where yℓm(k̂) ≡
√

4π/(2ℓ + 1)Yℓm(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r∥)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r ≃

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,ℓ(r),

become non-zero only if ℓ = 0 or ℓ = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ yℓm(k̂)yℓ1m1 (k̂)yℓ2m2 (k̂) =

4π

(
ℓ ℓ1 ℓ2

0 0 0

)(
ℓ ℓ1 ℓ2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of yℓm, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ℓ and ξ−, ℓ, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where yℓm(k̂) ≡
√

4π/(2ℓ + 1)Yℓm(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r∥)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r ≃

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,ℓ(r),

become non-zero only if ℓ = 0 or ℓ = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ yℓm(k̂)yℓ1m1 (k̂)yℓ2m2 (k̂) =

4π

(
ℓ ℓ1 ℓ2

0 0 0

)(
ℓ ℓ1 ℓ2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of yℓm, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ℓ and ξ−, ℓ, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where yℓm(k̂) ≡
√

4π/(2ℓ + 1)Yℓm(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r∥)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r ≃

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,ℓ(r),

become non-zero only if ℓ = 0 or ℓ = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ yℓm(k̂)yℓ1m1 (k̂)yℓ2m2 (k̂) =

4π

(
ℓ ℓ1 ℓ2

0 0 0

)(
ℓ ℓ1 ℓ2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of yℓm, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ℓ and ξ−, ℓ, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where yℓm(k̂) ≡
√

4π/(2ℓ + 1)Yℓm(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r∥)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r ≃

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,ℓ(r),

become non-zero only if ℓ = 0 or ℓ = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ yℓm(k̂)yℓ1m1 (k̂)yℓ2m2 (k̂) =

4π

(
ℓ ℓ1 ℓ2

0 0 0

)(
ℓ ℓ1 ℓ2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of yℓm, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ℓ and ξ−, ℓ, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where yℓm(k̂) ≡
√

4π/(2ℓ + 1)Yℓm(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r∥)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r ≃

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,ℓ(r),

become non-zero only if ℓ = 0 or ℓ = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ yℓm(k̂)yℓ1m1 (k̂)yℓ2m2 (k̂) =

4π

(
ℓ ℓ1 ℓ2

0 0 0

)(
ℓ ℓ1 ℓ2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of yℓm, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ℓ and ξ−, ℓ, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where yℓm(k̂) ≡
√

4π/(2ℓ + 1)Yℓm(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r∥)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r ≃

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,ℓ(r),

become non-zero only if ℓ = 0 or ℓ = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ yℓm(k̂)yℓ1m1 (k̂)yℓ2m2 (k̂) =

4π

(
ℓ ℓ1 ℓ2

0 0 0

)(
ℓ ℓ1 ℓ2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of yℓm, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ℓ and ξ−, ℓ, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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2 IN T R I N S I C A L I G N M E N T STAT I S T I C S

In this section, we briefly describe the statistics used to characterize
IAs.

First, the two components of the ellipticity of each galaxy (or
cluster) are given as

γ(+,×)(x) = 1 − (β/α)2

1 + (β/α)2
(cos(2θ ), sin(2θ )), (1)

where β/α is the minor-to-major axial ratio, θ is the position angle
of the ellipticity defined on the plane normal to the line-of-sight
direction, and the ellipticity is also defined on the projected plane
(see fig. 1 of Okumura et al. 2019 for the illustration of these
quantities, and note θ ̸= cos −1µ). Sometimes the superscript I is
added to γ +, × to distinguish intrinsic ellipticities from the cosmic
shear components in weak lensing surveys. However, we omit it
because lensing is not considered in this Letter.

The II correlation of galaxies has four components, and one of
the four, ξ++, is defined as (Croft & Metzler 2000; Heavens et al.
2000)

1 + ξ++(r) =
〈
[1 + δg(x1)][1 + δg(x2)]γ+(x1)γ+(x2)

〉
, (2)

where r = x2 − x1. The other components, such as ξ× × and ξ+×,
are defined in the same way by replacing two and one γ + in
equation (2) with γ ×, respectively. By combining ξ++ an ξ× ×,
we can also define ξ±(r) as

ξ±(r) = ξ++(r) ± ξ××(r). (3)

The cross-correlation functions of density and ellipticity fields,
namely GI correlations, are defined as (Hirata & Seljak 2004)

1 + ξgi(r) =
〈
[1 + δg(x1)][1 + δg(x2)]γi(x2)

〉
, (4)

where i = { +, ×}. Since the distances to objects are measured
through redshift in galaxy surveys, the density field is affected by
their velocities, known as redshift-space distortions (RSDs) (Kaiser
1987; Hamilton 1998). Thus, the superscripts R and S are added
to ξ g + to denote the GI correlation in real and redshift space,
respectively.

We also consider the velocity alignment statistic corresponding
to the GI correlation, the density-weighted, velocity-intrinsic ellip-
ticity (VI) correlation (Okumura et al. 2019),

ξvi(r) =
〈
[1 + δg(x1)][1 + δg(x2)]v∥(x1)γi(x2)

〉
, (5)

where i = { +, ×} and v! denotes the line-of-sight component of
the velocity field, v∥(x) ≡ v(x) · x̂ (hat denotes a unit vector). As is
the case with the ellipticity field, the velocity field is not affected
by RSDs in linear theory, ξ S

v+ = ξR
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real space because
observable shapes of galaxies are the line-of-sight projection.
Moreover, RSDs induce further anisotropies to the the GI corre-
lation function. Thus, we consider the multipole moments of the
correlation functions (Hamilton 1992):

Xℓ(r) = 2ℓ + 1
2

∫ 1

−1
dµX(r)Pℓ(µ), (6)

where X is any of the statistics introduced above, and µ is the di-
rectional cosine between the vector r and the line-of-sight direction
x̂. Below, we use r⊥ and r! to express, respectively, the separations
perpendicular and parallel to the line-of-sight direction. These are
related to r and µ through r2 = r2

⊥ + r2
∥ and µ = r!/r. Throughout

this Letter, we assume the distant-observer approximation, and
particularly take z-axis to be the line-of-sight direction so that
x̂1 = x̂2 ≡ x̂.

3 L I N E A R A L I G N M E N T M O D E L

The most commonly used model for IA studies on large scales is
the LA model (Catelan et al. 2001; Hirata & Seljak 2004). In this
model, the intrinsic ellipticity (equation 1) is assumed to follow the
linear relation with the Newtonian potential, (P,

γ(+,×)(x) = − C1

4πG

(
∇2

x − ∇2
y , 2∇x∇y

)
(P (x), (7)

where G is the Newtonian gravitational constant, C1 parameterizes
the strength of IA. The observed ellipticity field is density weighted,
[1 + δg(x)]γ(+,×)(x) (Section 2). However, the density-weighting
term δg(x)γ (x) is sub-dominant on large scales and is usually ig-
nored. We also do not consider this term because we are interested in
the large-scale behaviours. In Fourier space, equation (7) becomes

γ(+,×)(k) = −C̃1

(
k2

x − k2
y, 2kxky

)

k2
δ(k), (8)

where C̃1(z) ≡ a2C1ρ̄(z)/D̄(z), ρ̄ is the mean mass density of the
Universe, D̄ ∝ (1 + z)D(z), and D(z) is the linear growth factor.

The three-dimensional cross-correlation function between the
density field and the ellipticity is given in the LA model as (Okumura
et al. 2019)

ξg+(r) = C̃1bg cos (2φ)
∫ ∞

0

k⊥dk⊥

2π2
J2(k⊥r⊥)

×
∫ ∞

0
dk∥

k2
⊥

k2
Pδδ(k) cos (k∥r∥), (9)

where k2
⊥ = k2

x + k2
y , k! = kz, φ is the azimuthal angle of the

projected separation vector on the celestial sphere, measured from
the x-axis, J2 is the Bessel function with second order, Pδδ is the auto
power spectrum of density and bg is the linear galaxy bias parameter.
Likewise, the II and VI correlation functions are expressed using
the Bessel function (see Blazek et al. 2011 and Okumura et al. 2019,
respectively). Here and in what follows, we keep the φ-dependence
explicitly for clarity and completeness when a statistic is newly
derived, and we set φ = 0 when the multipole moments are further
derived.

4 N E W F O R M U L A S F O R IA STAT I S T I C S W I T H
L I N E A R A L I G N M E N T M O D E L

In this section we present formulas of the IA statistics, namely the
GI, II and VI correlation functions in the LA model. We also show
the results of the numerical calculations at z = 0.3, for which we set
the parameter C̃1 to C̃1/a

2 = 1.5, as determined by Okumura et al.
(2019) for dark matter haloes with the mass greater than 1014 M⊙.

For later convenience, we newly introduce a quantity ,
(n)
XY,ℓ(r)

defined by

,
(n)
XY,ℓ(r) = (aHf )n

∫ ∞

0

k2−ndk

2π2
PXY (k)jℓ(kr), (10)

where XY = {δδ, δ-, --}, - is the velocity-divergence field
defined by -(x) = −∇ · v/(aHf ), H(a) is the Hubble parameter
and f is the linear growth rate, given by f ≡ dln D/dln a. The
quantities Pδ- and P-- are the cross power spectrum of density and
velocity divergence and the autospectrum of the latter, respectively.
In the linear theory limit, Pδδ = Pδ- = P--.

4.1 GI correlation

The conventional expression of alignment statistics in the LA model,
such as equation (9) for the GI correlation, was derived by adopting
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2 IN T R I N S I C A L I G N M E N T STAT I S T I C S

In this section, we briefly describe the statistics used to characterize
IAs.

First, the two components of the ellipticity of each galaxy (or
cluster) are given as

γ(+,×)(x) = 1 − (β/α)2

1 + (β/α)2
(cos(2θ ), sin(2θ )), (1)

where β/α is the minor-to-major axial ratio, θ is the position angle
of the ellipticity defined on the plane normal to the line-of-sight
direction, and the ellipticity is also defined on the projected plane
(see fig. 1 of Okumura et al. 2019 for the illustration of these
quantities, and note θ #= cos −1µ). Sometimes the superscript I is
added to γ +, × to distinguish intrinsic ellipticities from the cosmic
shear components in weak lensing surveys. However, we omit it
because lensing is not considered in this Letter.

The II correlation of galaxies has four components, and one of
the four, ξ++, is defined as (Croft & Metzler 2000; Heavens et al.
2000)

1 + ξ++(r) =
〈
[1 + δg(x1)][1 + δg(x2)]γ+(x1)γ+(x2)

〉
, (2)

where r = x2 − x1. The other components, such as ξ× × and ξ+×,
are defined in the same way by replacing two and one γ + in
equation (2) with γ ×, respectively. By combining ξ++ an ξ× ×,
we can also define ξ±(r) as

ξ±(r) = ξ++(r) ± ξ××(r). (3)

The cross-correlation functions of density and ellipticity fields,
namely GI correlations, are defined as (Hirata & Seljak 2004)

1 + ξgi(r) =
〈
[1 + δg(x1)][1 + δg(x2)]γi(x2)

〉
, (4)

where i = { +, ×}. Since the distances to objects are measured
through redshift in galaxy surveys, the density field is affected by
their velocities, known as redshift-space distortions (RSDs) (Kaiser
1987; Hamilton 1998). Thus, the superscripts R and S are added
to ξ g + to denote the GI correlation in real and redshift space,
respectively.

We also consider the velocity alignment statistic corresponding
to the GI correlation, the density-weighted, velocity-intrinsic ellip-
ticity (VI) correlation (Okumura et al. 2019),

ξvi(r) =
〈
[1 + δg(x1)][1 + δg(x2)]v‖(x1)γi(x2)

〉
, (5)

where i = { +, ×} and v! denotes the line-of-sight component of
the velocity field, v‖(x) ≡ v(x) · x̂ (hat denotes a unit vector). As is
the case with the ellipticity field, the velocity field is not affected
by RSDs in linear theory, ξ S

v+ = ξR
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real space because
observable shapes of galaxies are the line-of-sight projection.
Moreover, RSDs induce further anisotropies to the the GI corre-
lation function. Thus, we consider the multipole moments of the
correlation functions (Hamilton 1992):

X'(r) = 2' + 1
2

∫ 1

−1
dµX(r)P'(µ), (6)

where X is any of the statistics introduced above, and µ is the di-
rectional cosine between the vector r and the line-of-sight direction
x̂. Below, we use r⊥ and r! to express, respectively, the separations
perpendicular and parallel to the line-of-sight direction. These are
related to r and µ through r2 = r2

⊥ + r2
‖ and µ = r!/r. Throughout

this Letter, we assume the distant-observer approximation, and
particularly take z-axis to be the line-of-sight direction so that
x̂1 = x̂2 ≡ x̂.

3 L I N E A R A L I G N M E N T M O D E L

The most commonly used model for IA studies on large scales is
the LA model (Catelan et al. 2001; Hirata & Seljak 2004). In this
model, the intrinsic ellipticity (equation 1) is assumed to follow the
linear relation with the Newtonian potential, (P,

γ(+,×)(x) = − C1

4πG

(
∇2

x − ∇2
y , 2∇x∇y

)
(P (x), (7)

where G is the Newtonian gravitational constant, C1 parameterizes
the strength of IA. The observed ellipticity field is density weighted,
[1 + δg(x)]γ(+,×)(x) (Section 2). However, the density-weighting
term δg(x)γ (x) is sub-dominant on large scales and is usually ig-
nored. We also do not consider this term because we are interested in
the large-scale behaviours. In Fourier space, equation (7) becomes

γ(+,×)(k) = −C̃1

(
k2

x − k2
y, 2kxky

)

k2
δ(k), (8)

where C̃1(z) ≡ a2C1ρ̄(z)/D̄(z), ρ̄ is the mean mass density of the
Universe, D̄ ∝ (1 + z)D(z), and D(z) is the linear growth factor.

The three-dimensional cross-correlation function between the
density field and the ellipticity is given in the LA model as (Okumura
et al. 2019)

ξg+(r) = C̃1bg cos (2φ)
∫ ∞

0

k⊥dk⊥

2π2
J2(k⊥r⊥)

×
∫ ∞

0
dk‖

k2
⊥

k2
Pδδ(k) cos (k‖r‖), (9)

where k2
⊥ = k2

x + k2
y , k! = kz, φ is the azimuthal angle of the

projected separation vector on the celestial sphere, measured from
the x-axis, J2 is the Bessel function with second order, Pδδ is the auto
power spectrum of density and bg is the linear galaxy bias parameter.
Likewise, the II and VI correlation functions are expressed using
the Bessel function (see Blazek et al. 2011 and Okumura et al. 2019,
respectively). Here and in what follows, we keep the φ-dependence
explicitly for clarity and completeness when a statistic is newly
derived, and we set φ = 0 when the multipole moments are further
derived.

4 N E W F O R M U L A S F O R IA STAT I S T I C S W I T H
L I N E A R A L I G N M E N T M O D E L

In this section we present formulas of the IA statistics, namely the
GI, II and VI correlation functions in the LA model. We also show
the results of the numerical calculations at z = 0.3, for which we set
the parameter C̃1 to C̃1/a

2 = 1.5, as determined by Okumura et al.
(2019) for dark matter haloes with the mass greater than 1014 M*.

For later convenience, we newly introduce a quantity ,
(n)
XY,'(r)

defined by

,
(n)
XY,'(r) = (aHf )n

∫ ∞

0

k2−ndk

2π2
PXY (k)j'(kr), (10)

where XY = {δδ, δ-, --}, - is the velocity-divergence field
defined by -(x) = −∇ · v/(aHf ), H(a) is the Hubble parameter
and f is the linear growth rate, given by f ≡ dln D/dln a. The
quantities Pδ- and P-- are the cross power spectrum of density and
velocity divergence and the autospectrum of the latter, respectively.
In the linear theory limit, Pδδ = Pδ- = P--.

4.1 GI correlation

The conventional expression of alignment statistics in the LA model,
such as equation (9) for the GI correlation, was derived by adopting
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shape noise due to the scatter in the intrinsic shapes and
measurement uncertainties.

4. Setup and Results

For our forecast, we consider a deep galaxy survey like
Prime Focus Spectrograph (PFS; M. Takada et al. 2014), which
scans a wide range of redshift 0.6� z < 2.4, aiming to probe
the redshift evolution of DE. Furthermore, it allows precise IA
measurements, aided by the Hyper Suprime-Cam imaging
survey (H. Aihara et al. 2018; S. Miyazaki et al. 2018). We
briefly discuss forecast results assuming a Euclid-like wide
survey (R. Laureijs et al. 2011) to comment on how our results
change depending on survey geometries, e.g., deep PFS-like
and wide Euclid-like surveys. Parameters characterizing the
PFS-like and Euclid-like surveys and their observed galaxies
(i.e., ¯V n,s g, and bg) are set following Table 2 in M. Takada
et al. (2014) and Euclid Collaboration et al. (2020),
respectively. We set AIA = 18 and σγ = 0.2, assuming the
IA estimator developed for emission-line galaxies (ELGs;
J. Shi et al. 2021b) and high-quality shape information
(H. Aihara et al. 2018; S. Miyazaki et al. 2018), respectively.
Note that this estimator effectively measures shapes similar to
the host dark matter halo shapes from the light distribution
around ELGs within the aperture radius. The maximum
wavenumber for the analysis is = -k h0.2 Mpcmax

1, with
h defined as the present-day Hubble constant divided by
100 km s−1 Mpc−1. The Planck-15 compressed likelihood
(Planck Collaboration et al. 2016) is included as a cosmic
microwave background (CMB) prior.

In Figure 1, we show the 2D constraints on the DE
parameters obtained from IA, GC, and their combination for
the most extended dynamical DE model, i.e., w0waCDM+(Ωk,
mν, γ). It demonstrates that IA can provide cosmological
constraints on the DE parameters although its constraining
power is relatively weaker than that of GC. However, when IA
is combined with GC, the ellipse for GC shrinks noticeably,

implying an improvement in the DE constraints due to extra
information from IA. In such a case, the figure of merit (FoM)
for the DE parameters increases roughly by 57%, where it is
defined as ( ˜ )º FFoM det w w0 a with a sub-Fisher matrix, F̃w w0 a.
We obtain the sub-Fisher matrix by marginalizing the
full-Fisher matrix over parameters other than w0 and wa
(A. Albrecht et al. 2006). Moreover, adding IA also impacts the
direction of degeneracy between the DE parameters. This is
because IA exhibits a different degeneracy direction from that
of GC, suggesting the potential of IA to weaken the parameter
degeneracy.
Such improvement with FS IA in DE constraints is not

limited to the most extended dynamical DE model. Figure 2
exemplifies the cosmological benefit of IA in constraining the
simplest w0waCDM model and its one-parameter extensions.
We also display 2D constraints involving As. For the one-
parameter extended models, ellipses become larger than those
in the simplest model. This is because adding an extra
cosmological parameter newly introduces additional parameter
degeneracies, leading to a larger uncertainty. However, in all
four models, IA significantly tightens 2D constraints involving
the DE and As parameters. Relative to the GC-only cases, the
gains in DE FoM with IA range from 44% to 47% in these
models. Similarly, the contours involving As also shrink
substantially with IA, suggesting the efficacy of IA in
constraining As. It is worth noting that IA significantly
decreases correlation coefficients for w0-As and wa-As, likely
indicating the reduced degeneracies for those parameter pairs.
For the 2D constraints and degeneracies of other cosmological
parameter pairs, we direct the readers to Figure 7 in J. Shim
et al. (2024).
Let us now examine the improvement in 1D marginalized

constraints with IA. As can be seen in the left panel of Figure 3,
for all dynamical DE models investigated, DE and As
constraints are substantially improved with IA. The

Figure 1. 2D confidence ellipses for DE EOS parameters of the most extended
dynamical DE model, w0waCDM+(Ωk, mν, γ) assuming a PFS-like survey.
Contours represent 1σ confidence regions, and the CMB prior is included. The
contour for “IA” is obtained from PEE and PgE.

Figure 2. 2D confidence ellipse contours for the DE EOS and As parameters for
w0waCDM and its one-parameter extension, including CMB prior. 1σ
confidence contours are shown. Correlation coefficient ρXY for a pair of
cosmological parameters, X and Y, is calculated as /r = C C CXY XY XX YY using
the error covariance matrix, ( ˜ )= -C FXY XY

1.
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Unlocking the power spectrum shape information, IA statistics can provide 
significant benefits in tightening cosmological parameters beyond CDM modelΛ

PFS-like 
survey

improvement is particularly significant for wa, tightened at least
by 25% in all cases. The w0 constraints are improved nearly by
30% in flat dynamical DE models but noticeably less in nonflat
models. Overall, the DE FoM improvement ranges from 42%
to 57%, depending on extra parameters added to the w0waCDM
model. Such improvements in FS DE constraint are note-
worthy, as they are comparable to those predicted in
geometric/dynamical analyses (A. Taruya & T. Okumura
2020; T. Okumura & A. Taruya 2022), where the absence of
FS information results in inherently weaker constraints, leaving
significantly more room for IA to improve cosmological
constraints.

The reduction in marginalized error for As is at the 17%–
19% level in DE models without MG, but it becomes 1%–7%
weaker in γ-added models. Such model-dependent improve-
ments can be attributed to the increased parameter degeneracies
in the joint analysis, as shown by the changes in correlation
coefficients in Table 1. Adding IA information noticeably
increases the correlation coefficients for w0-Ωk, wa-mν, and
As-γ, implying that IA strengthens their degeneracies. Thus, the
contribution of IA becomes less effective in the presence of a
particular extra parameter, e.g., Ωk, mν, and γ, due to its
strengthened degeneracies with the DE EOS or As parameters.

In the right panel of Figure 3, we show the marginalized
errors in the joint analysis. The marginalized error on As is at
percent level in all models. At the same time, w0 and wa can be
constrained at 10%–19% and 39%–43% levels, respectively.
We note that our joint FS DE constraints are about 2–4 times
tighter than those from the joint geometric/dynamical analysis
with a similar survey setup (T. Okumura & A. Taruya 2022).
As expected, the fractional errors increase when more extra
cosmological parameters are added to the w0waCDM model.
The parameter-degeneracy-dependent trend is again found in
the marginalized errors. For instance, the marginalized errors
on w0 become noticeably larger in nonflat models, at least by
30% compared to those in flat cases. This can be explained by
w0’s strongest degeneracy with Ωk than mν or γ, which remains
the strongest even after combined with IA. Thus, the w0
constraints become substantially worse in the presence of
curvature. Similarly, the existence of massive neutrinos

worsens wa constraints roughly by 10% compared to the cases
without the massive neutrinos. Again, this likely originates
from the tightest correlation of wa with mν. A similar
explanation can be applied to the As constraints becoming
weaker in models with γ.

5. Conclusions

Unveiling the true nature of DE has entered into a new era as
DE may be dynamic rather than static, as suggested by the
recent BAO (A. G. Adame et al. 2025) and FS analyses (DESI
Collaboration et al. 2024b; M. Ishak et al. 2024) by the DESI
collaboration. Thus, tightening the current DE constraints will
play a pivotal role in ultimately identifying DE.
In this Letter, we investigated the efficacy of IA in

improving DE EOS and As constraints, leveraging its
cosmological information complementary to GC (A. Taruya
& T. Okumura 2020; T. Okumura & A. Taruya 2022; J. Shim
et al. 2024). For the first time, we have demonstrated that FS IA
information significantly tightens the FS GC constraints on
various extensions of the dynamical DE model. Specifically,
1D marginalized constraints on w0 and wa are improved by
15%–30% and 26%–29%, achieving 42%–57% of DE FoM
gains. Such enhancement with FS IA, relative to FS GC,
represents a remarkable advancement given that FS GC
information can already substantially improve geometric DE
constraints, e.g., DESI’s FS GC (DESI Collaboration et al.
2024b) tightening the DE FoM roughly by 20% from its BAO-
based constraints (A. G. Adame et al. 2025).
Our joint FS analysis forecasts a 10% level of marginalized

(fractional) error on w0 in flat w0waCDM models. The
constraints are exacerbated in nonflat models, yielding 19%
level precision in the most extended dynamical DE model. The
wa constraints are weaker, on average around 40% level
precision, becoming more uncertain in the presence of massive
neutrinos. For the simplest w0waCDM or w0waCDM+mν

models, our joint constraints on w0 and wa are 12%–35% and
5%–40% weaker than those from the DESI’s FS GC results
(DESI Collaboration et al. 2024b), depending on their choices
of supernova Type Ia (SN Ia) data. However, it should be noted
that we only added FS IA to FS GC, whereas in DESI
Collaboration et al. (2024b), FS GC is combined with the BAO
and SN Ia results that more directly probe the nature of DE. It is
also worth noting that the joint analysis with IA makes DE
constraints robust against adding MG to the flat dynamical DE
mode. In such a model, FS GC alone would lead to weaker DE
constraints without further supplementary probes, e.g., weak
gravitational lensing (M. Ishak et al. 2024).
We tested the robustness of our forecasts by examining how

survey geometry and fiducial assumptions—specifically the
shape-noise level, IA amplitude, and maximum wavenumber—
affect the cosmological utility of IA. For a Euclid-like wide

Figure 3. Improvement in 1D marginalized constraints with IA (left) and FS
joint constraints (right), assuming a PFS-like survey with CMB prior included.
Joint constraints as fractional errors, σi/θi, are shown. For wa, we show their
actual error, σi, since its fiducial value, θi, is zero.

Table 1
Correlation Coefficients between Cosmological Parameters to Be Constrained
(First Row) and Extra Parameters (First Column) when Utilizing GC-only

Information and Jointly with IA

As w0 wa

GC +IA GC +IA GC +IA

Ωk 0.67 0.68 0.42 0.62 0.08 −0.06
mν 0.20 0.27 0.02 −0.01 −0.34 −0.40
γ −0.34 −0.48 −0.22 −0.16 0.19 0.12
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improvement is particularly significant for wa, tightened at least
by 25% in all cases. The w0 constraints are improved nearly by
30% in flat dynamical DE models but noticeably less in nonflat
models. Overall, the DE FoM improvement ranges from 42%
to 57%, depending on extra parameters added to the w0waCDM
model. Such improvements in FS DE constraint are note-
worthy, as they are comparable to those predicted in
geometric/dynamical analyses (A. Taruya & T. Okumura
2020; T. Okumura & A. Taruya 2022), where the absence of
FS information results in inherently weaker constraints, leaving
significantly more room for IA to improve cosmological
constraints.

The reduction in marginalized error for As is at the 17%–
19% level in DE models without MG, but it becomes 1%–7%
weaker in γ-added models. Such model-dependent improve-
ments can be attributed to the increased parameter degeneracies
in the joint analysis, as shown by the changes in correlation
coefficients in Table 1. Adding IA information noticeably
increases the correlation coefficients for w0-Ωk, wa-mν, and
As-γ, implying that IA strengthens their degeneracies. Thus, the
contribution of IA becomes less effective in the presence of a
particular extra parameter, e.g., Ωk, mν, and γ, due to its
strengthened degeneracies with the DE EOS or As parameters.

In the right panel of Figure 3, we show the marginalized
errors in the joint analysis. The marginalized error on As is at
percent level in all models. At the same time, w0 and wa can be
constrained at 10%–19% and 39%–43% levels, respectively.
We note that our joint FS DE constraints are about 2–4 times
tighter than those from the joint geometric/dynamical analysis
with a similar survey setup (T. Okumura & A. Taruya 2022).
As expected, the fractional errors increase when more extra
cosmological parameters are added to the w0waCDM model.
The parameter-degeneracy-dependent trend is again found in
the marginalized errors. For instance, the marginalized errors
on w0 become noticeably larger in nonflat models, at least by
30% compared to those in flat cases. This can be explained by
w0’s strongest degeneracy with Ωk than mν or γ, which remains
the strongest even after combined with IA. Thus, the w0
constraints become substantially worse in the presence of
curvature. Similarly, the existence of massive neutrinos

worsens wa constraints roughly by 10% compared to the cases
without the massive neutrinos. Again, this likely originates
from the tightest correlation of wa with mν. A similar
explanation can be applied to the As constraints becoming
weaker in models with γ.

5. Conclusions

Unveiling the true nature of DE has entered into a new era as
DE may be dynamic rather than static, as suggested by the
recent BAO (A. G. Adame et al. 2025) and FS analyses (DESI
Collaboration et al. 2024b; M. Ishak et al. 2024) by the DESI
collaboration. Thus, tightening the current DE constraints will
play a pivotal role in ultimately identifying DE.
In this Letter, we investigated the efficacy of IA in

improving DE EOS and As constraints, leveraging its
cosmological information complementary to GC (A. Taruya
& T. Okumura 2020; T. Okumura & A. Taruya 2022; J. Shim
et al. 2024). For the first time, we have demonstrated that FS IA
information significantly tightens the FS GC constraints on
various extensions of the dynamical DE model. Specifically,
1D marginalized constraints on w0 and wa are improved by
15%–30% and 26%–29%, achieving 42%–57% of DE FoM
gains. Such enhancement with FS IA, relative to FS GC,
represents a remarkable advancement given that FS GC
information can already substantially improve geometric DE
constraints, e.g., DESI’s FS GC (DESI Collaboration et al.
2024b) tightening the DE FoM roughly by 20% from its BAO-
based constraints (A. G. Adame et al. 2025).
Our joint FS analysis forecasts a 10% level of marginalized

(fractional) error on w0 in flat w0waCDM models. The
constraints are exacerbated in nonflat models, yielding 19%
level precision in the most extended dynamical DE model. The
wa constraints are weaker, on average around 40% level
precision, becoming more uncertain in the presence of massive
neutrinos. For the simplest w0waCDM or w0waCDM+mν

models, our joint constraints on w0 and wa are 12%–35% and
5%–40% weaker than those from the DESI’s FS GC results
(DESI Collaboration et al. 2024b), depending on their choices
of supernova Type Ia (SN Ia) data. However, it should be noted
that we only added FS IA to FS GC, whereas in DESI
Collaboration et al. (2024b), FS GC is combined with the BAO
and SN Ia results that more directly probe the nature of DE. It is
also worth noting that the joint analysis with IA makes DE
constraints robust against adding MG to the flat dynamical DE
mode. In such a model, FS GC alone would lead to weaker DE
constraints without further supplementary probes, e.g., weak
gravitational lensing (M. Ishak et al. 2024).
We tested the robustness of our forecasts by examining how

survey geometry and fiducial assumptions—specifically the
shape-noise level, IA amplitude, and maximum wavenumber—
affect the cosmological utility of IA. For a Euclid-like wide

Figure 3. Improvement in 1D marginalized constraints with IA (left) and FS
joint constraints (right), assuming a PFS-like survey with CMB prior included.
Joint constraints as fractional errors, σi/θi, are shown. For wa, we show their
actual error, σi, since its fiducial value, θi, is zero.
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Correlation Coefficients between Cosmological Parameters to Be Constrained
(First Row) and Extra Parameters (First Column) when Utilizing GC-only

Information and Jointly with IA
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Adopting the sampling algorithm MultiNest [105–107]
with the wider flat prior range, [0, 2] for f and
½0; 15"h Mpc−1 for σv, the Bayesian parameter inference
is performed, and the posterior distribution is obtained,
varying the maximum wave number kmax at each redshift of
z ¼ 0.484, 1.03, and 1.48.
Figure 5 summarizes the systematic survey of the

parameter estimation, in which the one-dimensional mar-
ginalized errors on the linear growth rate and the FoG
parameter are estimated from the posterior distribution and
are respectively plotted around their mean values in upper
and middle panels as a function of kmax. Note that in all
cases we examined, the mean values of the posterior
distribution are close enough to both the maximum like-
lihood and maximum a posteriori probability. Also, in the
lower panel, the quantity χ2red, computed with the mean
values of the estimated parameters, is plotted in logarithmic
scales.
In Fig. 5 the results obtained from three different power

spectrum templates are shown: (i) PT model given at
Eq. (38), including all terms (labeled as “w/ A and B”),
(ii) same model as in (i), but ignoring the correction terms,
AE and BE (labeled as “w/o A and B”), and (iii) linear
theory template. Note that in (iii), the linear growth rate is
the only parameter to estimate, and no results for σv
are shown.
Clearly, even adopting the scale-dependent bias

in simulations, the linear theory template fails to reproduce
the fiducial value of f beyond the linear scale. Although
it accidentally matches the fiducial value at kmax ∼
0.2h Mpc−1, the goodness of fit, as indicated by χ2red,

is rather poor, and falls outside the plot range
(at kmax ∼ 0.2h Mpc−1, χ2red exceeds 100, 35, and 15 at
z ¼ 0.484, 1.03, and 1.48, respectively). The fitting result
is thus considered to be unsuccessful. On the other hand,
including the FoG damping and nonlinear corrections at
one-loop order, both PT models, i.e., (i) and (ii), reproduce
the simulation results quite well. This is irrespective of the
redshift, having χ2red ≲ 2 even at kmax ∼ 0.2h Mpc−1.
However, differences are manifest for the estimated values
of f and σv. Overall, in all of the redshifts examined, the
PT model with the AE and BE terms tends to give a larger
value of f and σv than the model ignoring these correc-
tions, and this results in reproducing well the fiducial
values of the linear growth rate at kmax ≲ 0.18h Mpc−1.
Given that the statistical error in this analysis is ideally
small (dominated by the cosmic variance of hypothetical
survey volume of 20h−3 Gpc3), this is a significant
success.
To see the inference results in more detail, we pick up the

result at kmax ¼ 0.172h Mpc−1, and the best-fit models of
the power spectrum templates are compared with simu-
lation results in Fig. 6. Also, in Fig. 7, the estimated results
of parameters f and σv are plotted in two-dimensional
contours, together with their one-dimensional marginalized
posterior distributions. The best-fit PT models, both with
and without the AE and BE terms, agree remarkably well
with simulations for all multipoles, though we did not use
the hexadecapole (l ¼ 4) power spectra in the parameter
inference. In both cases, a good agreement persists even
beyond kmax. However, as already shown in Fig. 5, the
estimated parameter on f is systematically biased if the

FIG. 5. One-dimensional marginalized errors on f (upper) and σv (middle), and the reduced χ2 (lower), as a function of maximum
wave number, kmax. From left to right, the results at z ¼ 0.484, 1.03, and 1.48 are respectively shown. In each panel, both of the filled
blue triangles and red circles represent the results based on the PT model at Eq. (38), but for the latter case, the next-to-leading order
corrections, AE and BE, are ignored in the analysis of parameter inference. For reference, gray crosses are the linear from the linear
theory template. In all cases, the linear scale dependent bias measured from simulations is incorporated into the predictions.
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AT, Kurita & Okumura (’25)
Improving theoretical predictions

For large , higher-
order EFT terms need 
to be takn into account

kmax

(Kurita et al. in progress) 

Linear growth 
rate



Ellipticity fields are perturbatively described, in a unified manner, as a tracer 
tensor field constructed with matter density & velocity fields (  & ):δ Θ

(γI
+, γI

×) = (gxx − gyy, 2gxy)

gij(x) = bK Kij

Kij ≡ 1
4π Gρ a2 [∂i∂j − 1

3 δK
ij ∇2]Φ = [

∂i∂j

∂2 − 1
3 δK

ij ]δ

Tidally induced alignment (bK<0)

+bδK δ(x)Kij(x) + bK2 {KikKjk − 1
3 δK

ij Tr[K2]} + bt tij(x) + ⋯
Second order

tij ≡ [
∂i∂j

∂2 − 1
3 δK

ij ]{Θ − δ} ; Θ = − 1
aH

(∇ ⋅ v)

EFT description of ellipticity fields

Spin-induced alignment

Linear order

Matter density field Velocity-divergence field of matter

See also
Bakx et al. (’23)
Akitsu et al. (’23)

Similar to the description 
of galaxy density field Vlah et al. (’20ab)

Schmitz et al. (’18)
Blazek et al. (’19)

Chen & Kokron (’23)



Summary
Intrinsic galaxy shape/alignment carries ample cosmological information 

complementary to galaxy density field — New frontier of cosmology

✦ Tracer of tidal field of large-scale structure (matter distribution)

✦ Sensitive probe of cosmological vector/tensor fields

- Help tightening cosmological constraints 
- First cosmological constraints on growth of structure (Test of gravity)

Precision modeling & new statistical characterization deserve further investigation

Okumura & AT (’23)

AT & Okumura (’20), Okumura & AT (’22), 
Shim, Okumura & AT (‘25a & ‘25b)

Akitsu et al. (’23), Kurita & Takada (’23), Kurita et al. (’26), …

- Precision EFT-based modeling in redshift space
AT, Kurita & Okumura (’25), Kurita, AT & Okumura (in prep)


