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バイスペクトルとは？

•多点統計量の中で２点統計に次いで単純な統計量

•３点相関関数のフーリエ版

•非ガウス性を表す統計指標

パワースペクトルに次いで豊富な宇宙論情報を含んでいる

次世代大規模構造観測による宇宙論研究で重要な統計量

技術的・理論的な課題を洗い出す
今回の研究会
の狙い

密度ゆらぎ

アンサンブル平均

h�(k1)�(k2)�(k3)i = (2⇡)3 �D(k1 + k2 + k3)B(k1,k2,k3)



初期の観測
Peebles (’75),  Peebles & Groth (’75)

Barmgart & Fry (’91)
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Fig. 5.—Corrected bispectra B(k) for equilateral triangle configurations 
plotted against k for all six subsamples. Filled circles show GH sample 1 ; filled 
squares, GH sample 2; filled triangles, GH sample 3; open circles, the CfA 
—17.5 mag sample; open squares, CfA —18.5 mag; open triangles, CfA —19.5 
mag. 

Fig. 6.—Corrected bispectrum B(k) for equilateral triangle configurations, 
averaged over all samples, plotted against k. 

Fig. 7.—Reduced three-point amplitude Q(k) for triangle configurations plotted against k for all six subsamples. Symbols are as in Fig. 5. 
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Fig. 8.—Reduced three-point amplitude Q = B/3P2, averaged over all samples, plotted against k. The dashed line is Q = 7. 

roughly a power law; its total observed variation covers eight 
decades. As found in earlier studies, the slope of the bispectrum 
is close to twice that of the power spectrum, B oc P2, and we 
can remove the main variation by normalizing to Q(k) = B(k)/ 
3P(k)2. Figure 7 shows the reduced three-point amplitude Q(k) 
for all subsamples; again, symbols are identified in the figure 
caption. Figure 8 shows the reduced three-point amplitude 
Q(k) averaged over subsamples. We note that the normal- 
ization from B to Q reduces eight decades of variation to con- 
siderably less than one. The horizontal line shows the value 
Q = j obtained for equilateral triangle configurations to 
lowest nonvanishing order in perturbation theory starting 
from a Gaussian distribution. 

Finally, we evaluate the fourth moment, or trispectrum, for 
tetrahedral configurations. To do this we need a third Carte- 
sian axis, easily obtained from h3 = x h2; the tetrahedral 
axes are then ^ = h3, É2 = (-/j3 + and £3>4 = (—ä3 
— ± ä2v6)/3. Figure 9 shows the trispectrum T(k) 

evaluated for randomly generated tetrahedral configurations 'S' 
with axes of length k, for all subsamples. The detection is 
weaker; for some points the estimated statistical error is larger 
than the signal, but a main power-law trend is still apparent, 
especially in the average over subsamples in Figure 10. The 
hierarchical form T oc P3 is consistent with the four-point 
function as well. The normalization to R(k) = T(k)/16P(k)3 

reduces a range of 10 decades of variation to about one, as seen 
in Figure 11. [In the hierarchical model, eq. (16), there are two 
kinds of terms, those like ^(/Ci) and those like PdA^ +Ar2|), 
but for tetrahedral axes, |£i + £21 = ^4/3 = 1.1547, a small 
difference compared with other uncertainties.] 

5. DISCUSSION 
We have examined Fourier spectra for various volume- 

limited subsamples of the CfA catalog and the Perseus-Pisces 
compilation. The galaxy power spectrum we obtain from each 
subsample (Fig. 3) has roughly a power-law shape, P = Akn 

with n & —2, for wavelengths between l/i“1 Mpc and 100 
Mpc; but it also exhibits a slight curvature, tending to be 
steeper at larger k. We note that this is very similar to the 
results of FS for the Lick catalog over the corresponding range 

k 
Fig. 9.—Corrected trispectra T(k) for tetrahedral configurations plotted 

against k for all six subsamples. Symbols are as in Fig. 5. 
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where (integer index) k is in the range — N/2 < k < N/2 (recall 
that N/2 is the Nyquist frequency). Despite the manifestly 
anisotropic form, in practice the sharpening correction is iso- 
tropic to a fairly high degree of precision. For small k, S & 
1 — n2(kl + + k2)/6N2, isotropic to second order; and even 
for k as large as N/2, the spread in S is from 0.6366 along an 
axis direction (1, 0, 0), to 0.6508 for a face diagonal (1/^/2, 
1/77 0), to 0.6550 for a body diagonal (1/^/3, 1/73, 1/73). 
The anisotropy in S is at most about 3%, small compared with 
other uncertainties; in fact, the correction itself is not that 
large. Experimentation with random catalogs leads us not to 
invoke sharpening before making the discreteness correction; 
it is the unsharpened power that is approximately 1/N for 
Poisson data (see Fig. 2 below). Sharpened spectra can be 
obtained after the discreteness correction simply by dividing by 
sin (nk/N) for each factor of ö(k). 

We also evaluate higher order moments of the Fourier 
amplitudes. Because of homogeneity and isotropy, the average 
product of three ô(k) vanishes except for closed triangles, for 
which 

<^1)^2)^3)>Sfci=o 

= B(k¡, k2, k3) + — [Fifej) + f>(fe2) + P(k3y\ + . (9) 

The terms with 1/N and 1/N2 arise from discreteness, and the 
bispectrum k2, k3) is the transform of the three-point 
function 
£(&!, k2, k3) 

= ^2 J d3ri d3r2d3r3 <5d(Z »,2. rje**1“ ' r‘, (10) 

evaluated at X ^ 0 (Peebles 1980, § 43). Of the 9 degrees of 
freedom in the three-vector the closed triangle constraint 
£ £t- = 0 removes 3, and from rotational invariance another 3 
are irrelevant: a configuration is specified by any three quan- 
tities that uniquely define a triangle. FS show that if the three- 
point function Ci23 °f the so-called hierarchical form, a 
product of two-point functions, 

Cl23=0(¿12^13 + ^12^3 + íl3^23)5 (H) 
then the bispectrum is 

ß(/ci, k2, k3) = QiP.P, + P.P, + P2 P3) (12) 
with the same value of Q. 

Similarly, for the fourth moment we have 

<^1)^2)^3)^4))lfci = 0 

= ^1234 + ~ YB{k i + k2, k3, k4) + sym.(6 terms)] 

+ [Piki + k2) + sym.(3 terms) 

+ P(fci) + sym.(4 terms)] + , (13) 

where by extension ^1234 is the “ trispectrum,” 

^1234 — N3 d3rld3r2d3r3d3rAóD(£ r¡)>h234eilkr ri • (14) 

In the hierarchical model, where the galaxy four-point function 

is a product of three two-point functions, 

>7i234 = Raltu £23 £34 + sym.(12 terms)] 
+ Æ&K12 ^13 ^14 + sym.(4 terms)] , (15) 

the trispectrum is a product of three power spectra, 

71234 = RaLPikJPi I ^1 + ^21 )P(h) + sym.(12 terms)] 
+ Rf,[P(/c1)P(/c2)P(/c3) + sym.(4 terms)] . (16) 

3. DATA 
Our results below are derived from data from two different 

sources. The first of these is the well-analyzed CfA catalog 
(Huchra et al. 1983), complete for m < 14.5, ô > 0,b > 40°. We 
use only northern hemisphere data. From the full catalog we 
extract three volume-limited samples: one relatively faint and 
nearby, including magnitudes M<—17.5 + 5 log h, distances 
D<25h~1 Mpc (407 galaxies); one intermediate, with 
M < —18.5 + 5 log /i, D < 40h'1 Mpc (332 galaxies); and one 
relatively bright and distant, M < —19.5 + 5 log /î, D < 63h'1 

Mpc (189 galaxies). Sample parameters are summarized in 
Table 1. We convert redshifts directly into distances, d = cz/H 
(H = 100h km s'1 Mpc-1), with no correction applied for 
Virgo infall. For each subsample, we embed the data into a 
64 x 64 x 64 cube of size 2D ; thus, in the deepest sample we 
have information out to wavelengths of 120h'1 Mpc. 

We also use data from a compilation of galaxy redshifts in 
the Pisces-Perseus supercluster region (Giovanelli & Haynes 
1985; Giovanelli, Haynes, & Chincarini 1986; Haynes et al. 
1988; hereafter collectively GH), a sample previously used for 
studies of voids (Fry et al. 1989) and of topology of large-scale 
structure (Gott et al. 1989). This sample extends somewhat 
deeper than the CfA sample, but is smaller in angular area, 
covering the region outlined by R.A. = 22h-4h (passing 
through 0h) and decl. = 0°-45o. From this region areas of high 
Galactic extinction ( > 0.4 mag) are excluded. Completeness is 
higher than 90% for each apparent magnitude bin of width 0.1 
up to m = 15.0, but falls to 83% at m = 15.1 and drops below 
60% at m = 15.6. The faint limit of the catalog is taken to be 
mc = 15.5, with small corrections for incompleteness in the 
15.1-15.5 apparent magnitude bins. Radial velocities have been 
corrected for the following: (1) a Virgocentric infall velocity as 
given by the mean solution listed by Hart & Davies (1982) was 
removed ; and (2), for galaxies within approximately 1 project- 
ed Abell radius from the center of each of the 20 largest clusters 
with v < 12,000 km s-1, a reduction of the virial dispersion 
was applied: the difference between the galaxy’s velocity and 
the systematic velocity of the cluster was reduced by the factor 
150/a, where a is the estimated one-dimensional velocity dis- 
persion of the cluster. Again, we extract three volume-limited 
subsamples with different depths and magnitude cutoffs: 

TABLE 1 
Volume-limited Subsamples 

Sample Mc D N Plot Symbol 
CfA 1  —17.5 + 5 log h 25h~l Mpc 407 Open circle 
CfA 2  — 18.5 + 5 1og/i 40/i_1 Mpc 332 Open square 
CfA 3  —19.5+ 5 log/i 64/i_1 Mpc 189 Open triangle 
GH 1  -18.6 + 5 log /i 65/î“1 Mpc 878 Filled circle 
GH 2  —19.4+ 5 log/i 94/i_1 Mpc 659 Filled square 
GH 3  -19.9 + 5 log 7i 119/T1 Mpc 430 Filled triangle 
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最近の観測
1762 H. Gil-Marı́n et al.

Figure 2. Bispectrum data: the top sub-panels display the measured LOWZ- (top panel) and CMASS-DR12 (bottom panel) bispectrum monopole for different
triangular shapes: equilateral triangles (red squares), isosceles triangles (blue circles) and scalene triangles (green triangles), ordered sequentially in k1, k2 and
k3 (see text for details of the ordering), and covering 0.03 ≤ ki [h Mpc−1] ≤ 0.18 for the LOWZ sample and 0.03 ≤ ki [h Mpc−1] ≤ 0.22 for the CMASS
sample. As for the power spectrum, the measurements correspond to a combination of the northern Galactic Cap and SGC, described by equation (8). The
displayed error bars correspond to the dispersion amongst 2048 realizations of the MD-Patchy mocks. The black solid line represents the best-fitting model
using the parameters of Table 3. The middle and the bottom sub-panels show the deviation of the model with respect to the data, as shown in Fig. 1 for the
power spectrum.
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Figure 2. Bispectrum data: the top sub-panels display the measured LOWZ- (top panel) and CMASS-DR12 (bottom panel) bispectrum monopole for different
triangular shapes: equilateral triangles (red squares), isosceles triangles (blue circles) and scalene triangles (green triangles), ordered sequentially in k1, k2 and
k3 (see text for details of the ordering), and covering 0.03 ≤ ki [h Mpc−1] ≤ 0.18 for the LOWZ sample and 0.03 ≤ ki [h Mpc−1] ≤ 0.22 for the CMASS
sample. As for the power spectrum, the measurements correspond to a combination of the northern Galactic Cap and SGC, described by equation (8). The
displayed error bars correspond to the dispersion amongst 2048 realizations of the MD-Patchy mocks. The black solid line represents the best-fitting model
using the parameters of Table 3. The middle and the bottom sub-panels show the deviation of the model with respect to the data, as shown in Fig. 1 for the
power spectrum.
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where the loops go from N0!k to the maximum value considered,
either kNy/2, a truncation scale set by our constraints k1 ≤ k2 ≤
k3 and ki < k1 + k2, or the maximum k-value considered. For the
bispectrum displayed in Fig. 2, the data points have been coloured
according to the type of triangular shape they represent. Equilateral
triangles are displayed by red squares, isosceles by blue circles and
scalene by green triangles.

The power spectrum data cover 0.02 h Mpc−1 ≤ k ≤ 0.18 h Mpc−1

for the LOWZ monopole and 0.04 h Mpc−1 ≤ k ≤ 0.18 h Mpc−1 for
the LOWZ quadrupole, and 0.02 h Mpc−1 ≤ k ≤ 0.22 h Mpc−1 for
the CMASS monopole and 0.04 h Mpc−1 ≤ k ≤ 0.22 h Mpc−1

for the CMASS quadrupole. In Section 7 we will discuss how
we select the maximum k-value used. In a similar way, the bis-
pectrum of Fig. 2 represents triangles whose k-vectors are con-
tained by 0.03 h Mpc−1 ≤ k ≤ 0.18 h Mpc−1 for LOWZ sample and
0.03 h Mpc−1 ≤ k ≤ 0.22 h Mpc−1 for the CMASS sample. In total,
for the LOWZ sample we have 160 bins, whereas for the CMASS
sample we have 707.

The black solid lines in the upper panels of Figs 1 and 2 show
the best-fitting model for the appropriate power spectrum and bis-
pectrum moments. The details about the models are presented in
Section 5; the way the fit has been performed is described in Sec-
tion 6; and the best-fitting parameters are reported in Table 3. The
middle and bottom panels demonstrate how well the best-fitting
theoretical model describes the data. In the middle panel the ratio
between the data points and the model is presented, whereas in the
bottom panel the difference between the data and the model divided
by the diagonal component of the covariance matrix is displayed. In
the bottom panel the 2σ deviation (95.4 per cent confidence level)
is shown in black dashed lines.

5 MO D E L L I N G T H E BI S P E C T RU M

In this section we introduce the model used to describe the power
spectrum and bispectrum measurements presented in Section 4.
The same model has been used in previous works (Gil-Marı́n et al.
2015a, 2016a), so here we only present a brief description. The
model is based on the following four steps: Section 5.1, the galaxy
bias model; Section 5.2, the dark matter clustering and the RSDs
model; Section 5.3, the AP effect; and Section 5.4, the modelling
of the survey window mask.

5.1 The bias model

We assume an Eulerian non-linear and non-local bias model, as pro-
posed by McDonald & Roy (2009) and used in previous analysis
of the power spectrum and bispectrum of BOSS data (Beutler et al.
2014; Gil-Marı́n et al. 2015a, 2016a). The non-local bias model
proposed in McDonald & Roy (2009) depends on four bias param-
eters: the linear bias parameter b1, the non-linear bias parameter b2

and the non-local bias parameters bs2 and b3nl. Here we constrain
the values of the non-local bias parameters by assuming that the
bias model is local in Lagrangian space. This allows us to set the
values of bs2 and b3nl as functions of b1 (Baldauf et al. 2012; Chan,
Scoccimarro & Sheth 2012; Saito et al. 2014), bs2 = −4/7(b1 − 1)
and b3nl = 32/315(b1 − 1), meaning that only two bias parameters
need to be fitted. This approach has been validated by N-body simu-
lations and has been shown to provide consistent results between the
bias parameter obtained from the power spectrum and bispectrum
(see section 5.5.1 and fig. 15 of Gil-Marı́n et al. 2015a for further
details).

5.2 Redshift space distortions

We describe the effects of RSDs on the power spectrum as
in the model presented in Taruya, Nishimichi & Saito (2010)
and Nishimichi & Taruya (2011) [Taruya, Nishimichi & Saito
(TNS) model], which has been used in previous analysis of the
power spectrum multipoles of BOSS data set (Beutler et al. 2014;
Gil-Marı́n et al. 2015a, 2016a). The TNS model provides a descrip-
tion of redshift space quantities in terms of real space quantities:
the density and velocity power spectrum components of the matter
power spectrum. For this work we assume that there is no velocity
bias on the scales of interest, so the dark matter and galaxy velocity
fields are the same. The non-linear real space components used in
this paper are as presented in Gil-Marı́n et al. (2016a). In short,
the non-linear matter quantities are obtained using resummed per-
turbation theory at two-loop level as described in Gil-Marı́n et al.
(2012b) and the necessary linear power spectrum input is computed
using CAMB (Lewis, Challinor & Lasenby 2000), corresponding to
the fiducial cosmological parameters of Section 2.3. The Fingers-of-
God (FoG) is accounted through a one-free-parameter Lorentzian
damping function as described in equation (B.19) of Gil-Marı́n et al.
(2015a), where the free parameter is referred to as σ P

FoG. Although
this factor aims to parametrize the expected non-linear damping
due to the dispersion of satellite galaxies inside the host haloes,
in practice, we treat this parameter as an effective free parameter
that encodes our poor understanding of the non-linear component
of RSD.

Modelling the bispectrum, both in real and in redshift space,
is a more challenging task than modelling the power spectrum.
In this paper we use the same phenomenological model as our
previous analysis of the DR11 BOSS CMASS data. This model
relies on 18 parameters that are calibrated using dark matter N-body
simulations which modify the SPT kernels FSPT

2 and GSPT
2 into an

effective kernels, F eff
2 (Gil-Marı́n et al. 2012a) and Geff

2 (Gil-Marı́n
et al. 2014), and extend the linear behaviour of the predictions of
SPT up to the weakly non-linear regime (for details concerning the
bispectrum model, see section 3.6 and appendix C of Gil-Marı́n
et al. 2015a). As for the power spectrum, we account for FoG in the
bispectrum, through a Lorentzian damping function, as described in
equation (C15) of Gil-Marı́n et al. (2015a), with one free parameter,
σB

FoG, which accounts for the non-linear dispersion of galaxies inside
the host haloes as well as for the poor understanding of the non-
linear components of RSD.

In this paper we describe the amplitude of the shot noise, both
in the power spectrum and in bispectrum, through a free parameter
Anoise, which parametrizes the shot noise deviation with respect to
the Poisson prediction. For the power spectrum this is P noise

0 =
(1 − Anoise)P Poisson

0 and for the bispectrum Bnoise
0 (k1, k2, k3) = (1 −

Anoise)BPoisson
0 (k1, k2, k3), where P Poisson

0 and BPoisson
0 are the Poisson

prediction for the power spectrum and bispectrum.2 For simplicity
we still assume that Anoise does not depend on the scale.

5.3 The Alcock–Paczynski effect

The AP effect (Alcock & Paczynski 1979) leads to observed distor-
tions in the clustering signal about the LOS, resulting from convert-
ing redshifts into distances using a different cosmological model
than the actual one. By measuring this signal in both isotropic

2 For the expression of the Poisson shot noise prediction see equations (A3)
and (A10) of Gil-Marı́n et al. (2015a).
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Cloud-in-Cells scheme (CiC) to associate galaxies with grid cells
and apply the corresponding grid-deconvolution correction once
the FT is performed (Jing 2005). We measure the power spectrum
monopole and quadrupole modes using a logarithmic bin, as de-
scribed in Gil-Marı́n et al. (2016a). For the bispectrum, we opt to
bin in k-shells of 6kf. By doing this we limit the total number of
fundamental triangles to be 825, up to kNy/2. By reducing the size of
the k-shells we would obtain more triangle shapes and potentially
win more signal (e.g. choosing k-shells of 3kf, we would obtain
6391 fundamental triangles). However, we want to keep the total
number of bins significantly smaller than the total number of mocks
(2048 realizations), so the covariance matrices estimated from the
mocks are reliable.

We limit the range of large scales as follows: for the power
spectrum monopole and quadrupole we discard modes with k <

0.02 h Mpc−1 and k < 0.04 h Mpc−1, respectively. This reduces the
impact of the large-scale systematic weights on the analysis as de-
scribed in appendix B of Gil-Marı́n et al. (2016a). In short, by dis-
carding the large-scale modes, we reduce the potential inaccuracies
of the large-scale systematic corrections to be less than 5 per cent
of the signal. For the isotropic bispectrum signal, we discard those
triangles with at least one k-vector k ≤ 0.03 h Mpc−1. As described
in Gil-Marı́n et al. (2015a), the survey window geometry used in the
analysis is not able to account for those shapes in the sense that the
actual effect of the window function selection is not well described
by this approach. Although it would be possible to generalize the
window survey treatment to incorporate those large-scale triangles,
we would also have to account for other artefacts, such as the impact
of the large-scale systematic weights on those triangles, expected to
be larger than for the power spectrum, which is a difficult task that
goes beyond the scope of this paper (see Appendix A for further
details).

The larger the maximum ki included in the cosmological analysis,
the more triangles are used and therefore the smaller the statistical
errors of the estimated parameters. However, small scales are poorly
modelled in comparison to large scales because of dark matter non-
linearities, and the effect of shot noise starts to be dominant. Because

of this, we expect the systematic errors on the modelling to grow
as the minimum scale decreases. Therefore, we empirically find a
compromise between these two effects such that the systematic off-
set induced by the poorly modelled non-linear behaviour is smaller
than the statistical error. To do so, we analyse the galaxy mocks
and full N-body halo catalogues at different minimum scales and
check that the best-fitting parameters of interest do not change sig-
nificantly (compared to the statistical errors) as a function of this
minimum scale. This is described in detail in Section 7.

4 THE POWER SPECTRU M AND BISPECTRUM
MEASUREM ENTS

The top panel of Fig. 1 shows the measured power spectrum
monopole (blue squares), and quadrupole (red circles), while the
top panel of Fig. 2 shows the bispectrum monopole (all symbols).
For both the power spectrum and bispectrum we have combined the
Northern Galactic Cap (NGC) and Southern Galactic Cap (SGC)
by weighting each statistic by the fraction of their effective area,

P = (PNGCANGC + PSGCASGC)/(ANGC + ASGC), (8)

where P represents the statistic (power spectrum monopole,
quadrupole or bispectrum) and ANGC and ASGC the effective ar-
eas of NGC and SGC, respectively. The values for these areas are
ALOWZ

NGC = 5836 deg2, ALOWZ
SGC = 2501 deg2 for the LOWZ sample

and ACMASS
NGC = 6851 deg2 and ACMASS

SGC = 2525 deg2 for the CMASS
sample.

Although 3D plots of the bispectrum are possible, we have
adopted a simple approach where we order the binned bispectrum
in k1, k2 and k3. The first value plotted corresponds to an equilateral
triangle of side N0!k, where !k is the bin-size used (in this case
!k = 6kf) and N0 is an integer corresponding to the first bin-size
considered (in this case N0 = 2 for LOWZ and N0 = 3 for CMASS
because the triangles with ki ≤ 0.03 h Mpc−1 are not considered).
We then plot the bispectrum for triangular bins where we sequen-
tially loop through all possible sets of values of k1, k2 and k3, with
k3 in the inner most loop, and k1 in the outer most increasing loop,

Figure 1. Power spectrum data: the top sub-panels display the measured LOWZ- (left panel) and CMASS-DR12 (right panel), monopole (blue symbols) and
quadrupole (red circles) power spectra. For both cases, the measurements correspond to a combination of the northern and southern galaxy caps according to
their effective areas as presented in equation (8). The error bars correspond to the dispersion amongst 2048 realizations of the MD-Patchy mocks. The black
solid lines correspond to the best-fitting model, calculated from a full fit to the power spectrum and bispectrum moments, with parameters as listed in Table 3.
The middle sub-panel shows the ratio between the power spectrum multipole measurements and the best-fitting models. In the bottom sub-panel the difference
between the data and the model, !P ≡ Pdata − Pmodel, relative to the statistical error of the data, σP, is presented. The black dashed lines represent a 2σ

deviation (95.4 per cent) confidence level. In the middle and bottom sub-panels the quadrupole measurements have been horizontally displaced for clarity.
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where the loops go from N0!k to the maximum value considered,
either kNy/2, a truncation scale set by our constraints k1 ≤ k2 ≤
k3 and ki < k1 + k2, or the maximum k-value considered. For the
bispectrum displayed in Fig. 2, the data points have been coloured
according to the type of triangular shape they represent. Equilateral
triangles are displayed by red squares, isosceles by blue circles and
scalene by green triangles.

The power spectrum data cover 0.02 h Mpc−1 ≤ k ≤ 0.18 h Mpc−1

for the LOWZ monopole and 0.04 h Mpc−1 ≤ k ≤ 0.18 h Mpc−1 for
the LOWZ quadrupole, and 0.02 h Mpc−1 ≤ k ≤ 0.22 h Mpc−1 for
the CMASS monopole and 0.04 h Mpc−1 ≤ k ≤ 0.22 h Mpc−1

for the CMASS quadrupole. In Section 7 we will discuss how
we select the maximum k-value used. In a similar way, the bis-
pectrum of Fig. 2 represents triangles whose k-vectors are con-
tained by 0.03 h Mpc−1 ≤ k ≤ 0.18 h Mpc−1 for LOWZ sample and
0.03 h Mpc−1 ≤ k ≤ 0.22 h Mpc−1 for the CMASS sample. In total,
for the LOWZ sample we have 160 bins, whereas for the CMASS
sample we have 707.

The black solid lines in the upper panels of Figs 1 and 2 show
the best-fitting model for the appropriate power spectrum and bis-
pectrum moments. The details about the models are presented in
Section 5; the way the fit has been performed is described in Sec-
tion 6; and the best-fitting parameters are reported in Table 3. The
middle and bottom panels demonstrate how well the best-fitting
theoretical model describes the data. In the middle panel the ratio
between the data points and the model is presented, whereas in the
bottom panel the difference between the data and the model divided
by the diagonal component of the covariance matrix is displayed. In
the bottom panel the 2σ deviation (95.4 per cent confidence level)
is shown in black dashed lines.

5 MO D E L L I N G T H E BI S P E C T RU M

In this section we introduce the model used to describe the power
spectrum and bispectrum measurements presented in Section 4.
The same model has been used in previous works (Gil-Marı́n et al.
2015a, 2016a), so here we only present a brief description. The
model is based on the following four steps: Section 5.1, the galaxy
bias model; Section 5.2, the dark matter clustering and the RSDs
model; Section 5.3, the AP effect; and Section 5.4, the modelling
of the survey window mask.

5.1 The bias model

We assume an Eulerian non-linear and non-local bias model, as pro-
posed by McDonald & Roy (2009) and used in previous analysis
of the power spectrum and bispectrum of BOSS data (Beutler et al.
2014; Gil-Marı́n et al. 2015a, 2016a). The non-local bias model
proposed in McDonald & Roy (2009) depends on four bias param-
eters: the linear bias parameter b1, the non-linear bias parameter b2

and the non-local bias parameters bs2 and b3nl. Here we constrain
the values of the non-local bias parameters by assuming that the
bias model is local in Lagrangian space. This allows us to set the
values of bs2 and b3nl as functions of b1 (Baldauf et al. 2012; Chan,
Scoccimarro & Sheth 2012; Saito et al. 2014), bs2 = −4/7(b1 − 1)
and b3nl = 32/315(b1 − 1), meaning that only two bias parameters
need to be fitted. This approach has been validated by N-body simu-
lations and has been shown to provide consistent results between the
bias parameter obtained from the power spectrum and bispectrum
(see section 5.5.1 and fig. 15 of Gil-Marı́n et al. 2015a for further
details).

5.2 Redshift space distortions

We describe the effects of RSDs on the power spectrum as
in the model presented in Taruya, Nishimichi & Saito (2010)
and Nishimichi & Taruya (2011) [Taruya, Nishimichi & Saito
(TNS) model], which has been used in previous analysis of the
power spectrum multipoles of BOSS data set (Beutler et al. 2014;
Gil-Marı́n et al. 2015a, 2016a). The TNS model provides a descrip-
tion of redshift space quantities in terms of real space quantities:
the density and velocity power spectrum components of the matter
power spectrum. For this work we assume that there is no velocity
bias on the scales of interest, so the dark matter and galaxy velocity
fields are the same. The non-linear real space components used in
this paper are as presented in Gil-Marı́n et al. (2016a). In short,
the non-linear matter quantities are obtained using resummed per-
turbation theory at two-loop level as described in Gil-Marı́n et al.
(2012b) and the necessary linear power spectrum input is computed
using CAMB (Lewis, Challinor & Lasenby 2000), corresponding to
the fiducial cosmological parameters of Section 2.3. The Fingers-of-
God (FoG) is accounted through a one-free-parameter Lorentzian
damping function as described in equation (B.19) of Gil-Marı́n et al.
(2015a), where the free parameter is referred to as σ P

FoG. Although
this factor aims to parametrize the expected non-linear damping
due to the dispersion of satellite galaxies inside the host haloes,
in practice, we treat this parameter as an effective free parameter
that encodes our poor understanding of the non-linear component
of RSD.

Modelling the bispectrum, both in real and in redshift space,
is a more challenging task than modelling the power spectrum.
In this paper we use the same phenomenological model as our
previous analysis of the DR11 BOSS CMASS data. This model
relies on 18 parameters that are calibrated using dark matter N-body
simulations which modify the SPT kernels FSPT

2 and GSPT
2 into an

effective kernels, F eff
2 (Gil-Marı́n et al. 2012a) and Geff

2 (Gil-Marı́n
et al. 2014), and extend the linear behaviour of the predictions of
SPT up to the weakly non-linear regime (for details concerning the
bispectrum model, see section 3.6 and appendix C of Gil-Marı́n
et al. 2015a). As for the power spectrum, we account for FoG in the
bispectrum, through a Lorentzian damping function, as described in
equation (C15) of Gil-Marı́n et al. (2015a), with one free parameter,
σB

FoG, which accounts for the non-linear dispersion of galaxies inside
the host haloes as well as for the poor understanding of the non-
linear components of RSD.

In this paper we describe the amplitude of the shot noise, both
in the power spectrum and in bispectrum, through a free parameter
Anoise, which parametrizes the shot noise deviation with respect to
the Poisson prediction. For the power spectrum this is P noise

0 =
(1 − Anoise)P Poisson

0 and for the bispectrum Bnoise
0 (k1, k2, k3) = (1 −

Anoise)BPoisson
0 (k1, k2, k3), where P Poisson

0 and BPoisson
0 are the Poisson

prediction for the power spectrum and bispectrum.2 For simplicity
we still assume that Anoise does not depend on the scale.

5.3 The Alcock–Paczynski effect

The AP effect (Alcock & Paczynski 1979) leads to observed distor-
tions in the clustering signal about the LOS, resulting from convert-
ing redshifts into distances using a different cosmological model
than the actual one. By measuring this signal in both isotropic

2 For the expression of the Poisson shot noise prediction see equations (A3)
and (A10) of Gil-Marı́n et al. (2015a).
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バイスペクトルの理論：初歩
摂動論的理解

ガウス的初期条件の場合 （δ1：ガウス場）

� = �1 + �2 + �3 + �4 + · · · ; �n ⇠ O(�n1 )
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つまり、一般に、正の整数 n に対して、
⟨δ0(k1) · · · δ0(k2n+1)⟩ = 0, (4.52)

⟨δ0(k1) · · · δ0(k2n)⟩ =
∑

all pair associations p

∏

pairs (i,j)

⟨δ0(ki)δ0(kj)⟩. (4.53)

これらの性質はウィックの定理 (Wick’s theorem)もしくは、イセルリスの定理 (Isserlis’
theorem)と呼ばれる。

摂動論による統計計算
具体的な道具が出揃ったので、摂動論にもとづき、いくつか統計量を計算してみよう。
• パワースペクトル : ⟨δ(k1)δ(k2)⟩ = (2π)3δD(k12)P (k1)

最低次である線形理論の次のオーダー (１ループと呼ぶ) まで具体的に書き下すと、
⟨δ(k1)δ(k2)⟩ ≃ ⟨δ1(k1)δ1(k2)⟩+ ⟨δ2(k1)δ2(k2)⟩+ ⟨δ1(k1)δ3(k2)⟩+ ⟨δ3(k1)δ1(k2)⟩+ · · · .

(4.54)

これより、パワースペクトルの表式として
P (k, a) ≃ {D1(a)}2 P0(k) + {D1(a)}4

{
P22(k) + P13(k)

}
. (4.55)

を得る。右辺第１項は線形のパワースペクトルで、鉤括弧内の項が高次摂動から来
る補正項である。具体的に書き下すと

P22(k) = 2

∫
d3p

(2π)3
{F2(k − p,p)}2 P0(|k − p|)P0(p), (4.56)

P13(k) = 6P0(k)

∫
d3p

(2π)3
{F3(k,p,−p)}2 P0(p). (4.57)

となる。摂動の各次数で時間依存性が異なるため、これら高次補正が線形パワース
ペクトルに足されることで、パワースペクトルの成長はスケールに依存するように
なる。

• バイスペクトル : ⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3 δD(k123)B(k1,k2,k3)

バイスペクトルは３点統計量であり、線形オーダーのバイスペクトルは初期密度場
がガウス統計に従うためゼロになる。ただ、高次の摂動を考えることでゼロでない
有限のバイスペクトルが現れる。最低次のオーダーの評価で、

⟨δ(k1)δ(k2)δ(k3)⟩ ≃ ⟨δ1(k1)δ1(k2)δ2(k3)⟩+ ⟨δ2(k1)δ1(k2)δ1(k3)⟩
+ ⟨δ1(k1)δ2(k2)δ1(k3)⟩+ · · · . (4.58)

これよりバイスペクトルの表式は、
B(k1,k2,k3) ≃ {D1(a)}4

{
2F2(k1,k2)P0(k1)P0(k2) + (cyclic perm.)

}
. (4.59)

となる。この結果からもわかるように、重力の非線形進化は一般に非ガウス性を生
み出すため、3点統計以外の高次の統計量（4点、5点統計など）も非線形性が顕著に
なるにつれ、無視できなくなる。言い方を変えると、もともとパワースペクトルに
含まれていた初期条件の情報は、重力非線形によって、高次統計量にも流れていく。

44 CHAPTER 4. 非線形構造形成の解析的アプローチ

すると、式 (4.29)(4.30) から以下のような漸化式が得られる4:

F (n)
a (k1, · · · ,kn) =

n−1∑

m=1

σ(n)
ab γbcd(q1, q2)F (m)

c (k1, · · · ,km)F (n−m)
d (km+1, · · · ,kn), (4.36)

ただし、F (1) = (1, 1)。 ここで、q1 = k1+ · · ·+km、q1 = km+1+ · · ·+kn と記した。行
列 σ(n)

ab とテンソル γabc はそれぞれ以下で与えられる (例えば、文献 [3, 16, 43] を参照)：

σ(n)
ab =

1

(2n+ 3)(n− 1)

(
2n+ 1 2

3 2n

)
, (4.37)

γabc(k1,k2) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

α(k2,k1)/2 (a, b, c) = (1, 1, 2)

α(k1,k2)/2 (a, b, c) = (1, 2, 1)

β(k1,k2) (a, b, c) = (2, 2, 2)

0 それ以外

(4.38)

以上の漸化式から得られる摂動論カーネルは、引数 k1, · · · ,kn の入れ替えに対して
対称になっていないので (k1 ↔ k2)、これを用いて統計量を計算する際には対称化して
おく：

sF (3)
a (k1, · · · ,kn) ≡

1

n!

∑

permutations

F (n)
a (k1, · · · ,kn). (4.39)

摂動論カーネルの具体的表式
以下、漸化式にもとづいて構成された摂動論カーネルの表式を３次まで具体的に書き

下しておく:

sF2(k1,k2) =
5

7
+

1

2

k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(k1 · k2)2

k2
1k

2
2

, (4.40)

sG2(k1,k2) =
3

7
+

1

2

k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
+

4

7

(k1 · k2)2

k2
1k

2
2

. (4.41)

sF3(k1,k2,k3) =
1

6

[ 7
9

(k123 · k3)

k2
3

sF2(k1,k2) +
{7
9

(k123 · k12)

k2
12

+
2

9

k2
123(k3 · k12)

k2
3k

2
12

}
sG2(k1,k2)

]

+ (cyclic perm.) , (4.42)

sG3(k1,k2,k3) =
1

6

[ 1
3

(k123 · k3)

k2
3

sF2(k1,k2) +
{1
3

(k123 · k12)

k2
12

+
2

3

k2
123(k3 · k12)

k2
3k

2
12

}
sG2(k1,k2)

]

+ (cyclic perm.) . (4.43)
4この漸化式はアインシュタイン-ド・ジッター宇宙の場合にのみ厳密で、それ以外の宇宙モデルに適用

する場合は近似である。

ツリー近似の表式
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つまり、一般に、正の整数 n に対して、
⟨δ0(k1) · · · δ0(k2n+1)⟩ = 0, (4.52)

⟨δ0(k1) · · · δ0(k2n)⟩ =
∑

all pair associations p

∏

pairs (i,j)

⟨δ0(ki)δ0(kj)⟩. (4.53)

これらの性質はウィックの定理 (Wick’s theorem)もしくは、イセルリスの定理 (Isserlis’
theorem)と呼ばれる。

摂動論による統計計算
具体的な道具が出揃ったので、摂動論にもとづき、いくつか統計量を計算してみよう。
• パワースペクトル : ⟨δ(k1)δ(k2)⟩ = (2π)3δD(k12)P (k1)

最低次である線形理論の次のオーダー (１ループと呼ぶ) まで具体的に書き下すと、
⟨δ(k1)δ(k2)⟩ ≃ ⟨δ1(k1)δ1(k2)⟩+ ⟨δ2(k1)δ2(k2)⟩+ ⟨δ1(k1)δ3(k2)⟩+ ⟨δ3(k1)δ1(k2)⟩+ · · · .

(4.54)

これより、パワースペクトルの表式として
P (k, a) ≃ {D1(a)}2 P0(k) + {D1(a)}4

{
P22(k) + P13(k)

}
. (4.55)

を得る。右辺第１項は線形のパワースペクトルで、鉤括弧内の項が高次摂動から来
る補正項である。具体的に書き下すと

P22(k) = 2

∫
d3p

(2π)3
{F2(k − p,p)}2 P0(|k − p|)P0(p), (4.56)

P13(k) = 6P0(k)

∫
d3p

(2π)3
{F3(k,p,−p)}2 P0(p). (4.57)

となる。摂動の各次数で時間依存性が異なるため、これら高次補正が線形パワース
ペクトルに足されることで、パワースペクトルの成長はスケールに依存するように
なる。

• バイスペクトル : ⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3 δD(k123)B(k1,k2,k3)

バイスペクトルは３点統計量であり、線形オーダーのバイスペクトルは初期密度場
がガウス統計に従うためゼロになる。ただ、高次の摂動を考えることでゼロでない
有限のバイスペクトルが現れる。最低次のオーダーの評価で、

⟨δ(k1)δ(k2)δ(k3)⟩ ≃ ⟨δ1(k1)δ1(k2)δ2(k3)⟩+ ⟨δ2(k1)δ1(k2)δ1(k3)⟩
+ ⟨δ1(k1)δ2(k2)δ1(k3)⟩+ · · · . (4.58)

これよりバイスペクトルの表式は、
B(k1,k2,k3) ≃ {D1(a)}4

{
2F2(k1,k2)P0(k1)P0(k2) + (cyclic perm.)

}
. (4.59)

となる。この結果からもわかるように、重力の非線形進化は一般に非ガウス性を生
み出すため、3点統計以外の高次の統計量（4点、5点統計など）も非線形性が顕著に
なるにつれ、無視できなくなる。言い方を変えると、もともとパワースペクトルに
含まれていた初期条件の情報は、重力非線形によって、高次統計量にも流れていく。
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バイスペクトルの理論：初歩
実空間では（赤方偏移空間歪みなし）３変数の関数：

|k1|,  |k2|,  |k3| |k1|,  |k2|,  θ12or

Q(k1,k2,k3) ⌘
B(k1,k2,k3)

P (k1)P (k2) + P (k2)P (k3) + P (k1)P (k3)
Reduced 

bispectrum

→ ツリー近似ではゆらぎの振幅
（規格化）に依らなくなる

（P(k)のシェイプにのみ依存）

正三角形 ( |k1|=|k2|=|k3| )ではQ =
4

7
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FIG. 3.ÈOne-loop diagrams for the bispectrum. The corresponding amplitudes are given in eqs. (33)È(36).

For the hierarchical amplitude Q (see the loop expansion yieldseq. [21]),

Q 4
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where
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and
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2
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For large scales, it is possible to expand Q 4 Q(0)]Q(1)] É É É , which gives
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Q(1) 4
B(1)(k

1
, k

2
, q) [ Q(0)&(1)(k

1
, k

2
, q)

&(0)(k
1
, k

2
, q) 4 Q3 (1)[Q(0)

&(1)(k
1
, k

2
, q)

&(0)(k
1
, k

2
, q) . (41)

Note that Q(1) depends on the normalization of the linear power spectrum, and its amplitude increases with time evolution.
On the other hand, from equations and it follows that Q(0) is independent of time and normalization(31) (40), (Fry 1984).
Furthermore, for scale-free initial conditions, Q(0) is also independent of overall scale. For the particular case ofP
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(k) P kn,

equilateral conÐgurations and for all pairs), Q(0) is independent of spectral index as well,(k
1
\ k

2
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3
kü
i
É kü

j
\ [0.5

In general, for scale-free initial power spectra, Q(0) depends on conÐguration shape through, e.g., the ratioQ
EQ
(0) \ 4/7. k

1
/k

2and the angle h deÐned by Note that we also deÐned in which denotes the one-loopkü
1

Æ kü
2
\ cos h. Q3 (1) equation (41),

correction to the bispectrum normalized by the tree-level quantity &(0) ; this will be useful in order to assess the behavior of the
one-loop bispectrum with spectral index.

shows Q(0) for the triangle conÐguration given by as a function of h for di†erent spectral indices. TheFigure 4 k
1
/k

2
\ 2

conÐguration dependence of Q(0) is remarkably insensitive to other cosmological parameters, such as the density parameter )
and the cosmological constant see also et al. In fact, since bias between the galaxies and the(Fry 1994 ; Hivon 1995).
underlying density Ðeld is known to change this conÐguration dependence & Gaztan8 aga measurements of the(Fry 1993),
hierarchical amplitude Q in galaxy surveys could provide a measure of bias that is insensitive to other poorly known
cosmological parameters unlike the usual determination from peculiar velocities that has a degeneracy with the(Fry 1994),
density parameter ).

FIG. 4.ÈThe tree-level hierarchical amplitude Q(0) for triangle conÐgurations given by as a function of the angle h Thek
1
/k

2
\ 2 (kü

1
É kü

2
\ cos h).

di†erent curves correspond to spectral indices n \ [2, [1.5, [1, [0.5, and 0 ( from top to bottom ; see alsoFry 1994).

Scoccimarro (’97)

k1/k2 = 2

Plin(k) / kn
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銀河バイアス

�gal = b1�m +
b2
2
(�2m � h�2mi) + · · ·

Qgal(k1,k2,k3) =
1

b1


Qm(k1,k2,k3) +

b2
b1

�

Bgal(k1,k2,k3) = b31Bm(k1,k2,k3) + b2b
2
1 {Plin(k1)Plin(k2) + (cyclic perm.) }

Bgal(k1,k2,k3) = b31Bm(k1,k2,k3) + b2b
2
1 {Plin(k1)Plin(k2) + (cyclic perm.) }

（ローカルバイアス）
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The above results for ellipsoidal collapse reduce to those for spherical collapse, if one sets p = 0 and q = 1.

2.3. Peak Biasing

The biasing coefficients of the peak model can be obtained similarly as the halo model described in the above subsection.
The conditional and unconditional number densities of peaks with peak height ! ! ı=" are derived in Bardeen et al. (1986). In
this case, " denotes the rms value of the density fluctuation smoothed over R ! Œ3m=.4# N$/%1=3, and ı is the density contrast of
the peaks in the smoothed field. Substituting those formulae into the right-hand side of equation (19), one similarly obtains the
biasing coefficients for the peak model (Mo et al. 1997):

b1.!;z/ = 1 +
!2 + g1

ısc.z/
; (23)

b2.!;z/ = 2.1 + a2/
!2 + g1

ısc.z/
+

!
!

ısc.z/

"2 #
!2 " 1 + 2g1 +

2g2

!2

$
; (24)

where the above functions, g1 and g2, are defined in equation (25) of Mo et al. (1997).

2.4. Results of Analytic Models

We consider the above three models (spherical halo, ellipsoidal halo, and peak) to explore the correlation between b1 and b2

analytically.
Figure 1 shows the biasing coefficients, b1(thick lines) and b2=b1(thin lines) at z = 0 (solid) and z = 2 (dashed). We adopt the

cold dark matter transfer function of Bardeen et al. (1986) as the initial mass power spectrum (with Ωm = 0:3, ΩΛ = 0:7, and the
shape parameter Γ = Ωmh = 0:21). In the three biasing models, b1 and b2=b1 behave similarly as functions of Mhalo or !. This
implies the presence of a certain correlation between b1 and b2=b1. To see this point more clearly, we plot b2=b1 in terms of b1

for each model (figure 2). All of the three models exhibit very similar correlations between b1 and b2=b1. The differences among
the three models become even smaller at higher redshifts; compare z = 0 (thick lines) and z = 2 (thin lines).

In analyzing the simulation data below, the estimate of the biasing coefficients is made after averaging over a finite mass range.
We calculate the mass-averaged values of b1 and b2 for halo models at z = 0:

Bn.mmin;mmax/ =

Z mmax

mmin

dmnhalo.m;z = 0/ bn.m;z = 0/

Z mmax

mmin

dmnhalo.m;z = 0/

; .n = 1;2/: (25)

The difference between bn and Bn is illustrated in figure 2, where spherical (open) and ellipsoidal (filled) halo models [equations
(13), (14)] are assumed. We plot the results for two mass ranges, corresponding to S (triangle) and L (square) halo subsamples
(see subsection 3.1 for detail).

Figure 3 plots Qb for biased fields as a function of b1 in real space. The dotted, dashed, and solid lines represent the

Fig. 1. Biasing coefficients in the three perturbative biasing models. The thick and thin curves show b1 and b2=b1 at z = 0 (solid) and z = 2 (dashed).
We use the spherical halo model (left), ellipsoidal halo model (center), and peak model (right). The biasing coefficients are plotted against the halo mass,
Mhalo (left and center), and against peak height, ! (right).

Nishimichi et al. (’07)
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3.2 赤方偏移空間歪み
赤方偏移空間

1 + zobs ≃ (1 + z)(1 + v∥) −→ s = x+
1 + z

H(z)
v∥ x̂. (3.12)

遠方の銀河分布に対しては、銀河間の平均距離に比べて観測者から銀河までの距離の方
が十分長くなるため、ある領域の銀河分布に着目した時、観測者の視線方向はどの銀河
に対してもほぼ同一方向を向いているとみなせる（遠方観測者近似）。この場合、銀河が
クラスタリングしている領域に対する視線方向を ẑ とし、視線方向の銀河の特異速度を
v∥ = (v · ẑ) と表すと、上式は、

s = x+
1 + z

H(z)
(v · ẑ) ẑ. (3.13)

となる。
遠方観測者近似にもとづいて、赤方偏移空間での銀河の個数密度場が、どのように表

されるか考えてみよう。
上式で与えられる赤方偏移空間と実空間の関係は、座標変換とみなせるため、お互い

の空間で銀河の個数密度は保存するはずである。従って、赤方偏移空間と実空間での密度
場をそれぞれ δ(S)(s)、δg(x) と表すと、

{1 + δ(S)(s)}d3s = {1 + δg(x)}d3x

−→ δ(S)(s) = {1 + δg(x)}
∣∣∣∣
∂s

∂x

∣∣∣∣
−1

− 1. (3.14)

見通しをよくするため、フーリエ変換をして密度場の表式を求めると

δ(S)(k) =

∫
d3s δ(S)(s) e−ik·s

=

∫
d3x

[
δg(x)−

1 + z

H(z)

∂vz(x)

∂z

]
e−ik·x−ikµk(1+z)/H(z) vz(x) (3.15)

ここで、µ は視線方向と波数ベクトルの方向余弦を表、µk ≡ (k · ẑ)/|k| で定義される。

線形摂動 (カイザー公式)

式 (3.15) の右辺を線形化すると、

δ(S)(k) ≃
∫

d3x

[
δg(x)−

1 + z

H(z)

∂vz
∂z

]
e−ik·x = δg(k) +

1 + z

H(z)
k µ2

k v(k). (3.16)

さらに、連続の式を線形化した関係式 δ̇m − (k/a)v = 0 [式 (2.8) で Φ̇ ≃ 0 としたもの]を
用いると、線形の銀河バイアス関係 δg = b δm の仮定の下、赤方偏移空間と実空間との密
度場を結びつける関係式が得られる：

δ(S)(k) = (b + f µ2
k)δm(k), (3.17)
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赤方偏移空間ゆがみ：銀河の特異速度場の影響

赤方偏移空間の密度場

：赤方偏移空間
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遠方観測者近似にもとづいて、赤方偏移空間での銀河の個数密度場が、どのように表

されるか考えてみよう。
上式で与えられる赤方偏移空間と実空間の関係は、座標変換とみなせるため、お互い

の空間で銀河の個数密度は保存するはずである。従って、赤方偏移空間と実空間での密度
場をそれぞれ δ(S)(s)、δg(x) と表すと、

{1 + δ(S)(s)}d3s = {1 + δg(x)}d3x

−→ δ(S)(s) = {1 + δg(x)}
∣∣∣∣
∂s

∂x

∣∣∣∣
−1

− 1. (3.14)

見通しをよくするため、フーリエ変換をして密度場の表式を求めると

δ(S)(k) =

∫
d3s δ(S)(s) e−ik·s

=

∫
d3x

[
δg(x)−

1 + z

H(z)

∂vz(x)

∂z

]
e−ik·x−ikµk(1+z)/H(z) vz(x) (3.15)

ここで、µ は視線方向と波数ベクトルの方向余弦を表、µk ≡ (k · ẑ)/|k| で定義される。

線形摂動 (カイザー公式)

式 (3.15) の右辺を線形化すると、

δ(S)(k) ≃
∫

d3x

[
δg(x)−

1 + z

H(z)

∂vz
∂z

]
e−ik·x = δg(k) +

1 + z

H(z)
k µ2

k v(k). (3.16)

さらに、連続の式を線形化した関係式 δ̇m − (k/a)v = 0 [式 (2.8) で Φ̇ ≃ 0 としたもの]を
用いると、線形の銀河バイアス関係 δg = b δm の仮定の下、赤方偏移空間と実空間との密
度場を結びつける関係式が得られる：

δ(S)(k) = (b + f µ2
k)δm(k), (3.17)

✓ ⌘ �r · v
f aH
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q1 ≡ k1 + · · · + km , q2 ≡ km+1 + · · · + kn , q ≡ q1 + q2. (95)

The expressions of the Kernels are not symmetrized about arguments, but below, we use
symmetrized Kernels about their arguments for convenience. At n < 3, Fn and Gn are
obtained by:

F1(k1) = 1, G1(k1) = 1, (96)

F2(k1, k2) =
10
7
+

(
k1

k2
+

k2

k1

)
k1 · k2

k1k2
+

4
7

(
k1 · k2

k1k2

)2

, (97)

G2(k1, k2) =
6
7
+

(
k1

k2
+

k2

k1

)
k1 · k2

k1k2
+

8
7

(
k1 · k2

k1k2

)2

. (98)

In general, the Ωm/ f 2 term is time dependent. For example, it is known from numerical
calculation that in GR case [42],

f ≃ Ω0.55
m . (99)

Therefore, the Kernels must have time dependance. However, the time dependance of the
Kernels is very weak in usual case, and we can generally approximate the PT solutions
even in the non-Einstein-de Sitter universe as follows [43, 44, 45]:

δm(k, τ) =
∑

n=1

∫
d3 p1 · · · d3 pn

(2π)3n δD(k − p1···n) Fn(p1, · · · , pn)δL(p1, τ) · · · δL(pn, τ), (100)

θ(k, τ) =
∑

n=1

∫
d3 p1 · · · d3 pn

(2π)3n δD(k − p1···n) Gn(p1, · · · , pn)δL(p1, τ) · · · δL(pn, τ). (101)

3.2.2 SPT in redshift space
The SPT treatment discussed above can be also applied to the nonlinear density field in
redshift space, let us first expand the redshift-space density field in Fourier space. The
Taylor expansion of Eq. (66) leads to:

δ(s)
i (k) =

∑

n=0

∫
d3q1

(2π)3 · · ·
∫

d3qn

(2π)3 δD(k − q1···n)

× {
δi(k) + fµ2θ(k)

} ( fµk)n

n!
µ1

q1
θ(q1) · · · µn

qn
θ(qn), (102)

where q1···n being q1 + · · · + qn, and i means m or h. Then, the real-space quantities δi

and θ are further expanded in terms of the standard PT kernels by substituting Eqs.(100)
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(fµ k)n�1

(n� 1)!

µ2

q2
✓(q2) · · ·

µn

qn
✓(qn)+

X

n=2

= �(k) + f µ2 ✓(k)
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and (101). Plugging the above expressions into Eq. (102), reorganizing the perturbative
expansion in powers of δL leads to

δ(s)
i (k) =

∑

n=1

∫
d3q1

(2π)3 · · ·
∫

d3qn

(2π)3 δD(k − q1···n)Zn(q1, · · · , qn)δL(q1) · · · δL(qn). (103)

Here, the Zn is called redshift-space PT kernel, and these are expressed in terms of the real-
space PT kernels in a rather intricate way. We present the explicit expression for Zn up to
fourth order (e.g., [46]) bellow.

Z1(k) = b(k) + fµ2, (104)

Z2(k1, k2) = b(k)F2(k1, k2) + fµ2G2(k1, k2) +
fµk
2

[
µ1

k1
(b(k) + fµ2

2) +
µ2

k2
(b(k) + fµ2

1)
]
.

(105)

Z3(k1, k2, k3) = b(k)F3(k1, k2, k3) + fµ2G3(k1, k2, k3) + fµk
[
b(k)F2(k2, k3) + fµ2

23G2(k2, k3)
] µ1

k1

+ fµk(b(k) + fµ2
1)
µ23

k23
G2(k2, k3) +

( fµk)2

2
(b(k) + fµ2

1)
µ2

k2

µ3

k3
, (106)

Z4(k1, k2, k3, k4) = Z4a(k1, k2, k3, k4) + Z4b(k1, k2, k3, k4). (107)

Here, the fourth-order kernels Z4a and Z4b are respectively given by

Z4a(k1, k2, k3, k4) = b(k)F4(k1, k2, k3, k4) + fµ2G4(k1, k2, k3, k4)

+ fµk
[
b(k)F3(k2, k3, k4) + fµ2

234G3(k2, k3, k4)
] µ1

k1

+ fµk(b(k) + fµ2
1)
µ234

k234
G3(k2, k3, k4) +

( fµk)3

6
(b(k) + fµ2

1)
µ2

k2

µ3

k3

µ4

k4
, (108)

Z4b(k1, k2, k3, k4) = fµk
[
b(k)F2(k1, k2) + fµ2

12G2(k1, k2)
] µ34

k34
G2(k3, k4)

+
( fµk)2

2

[
b(k)F2(k1, k2) + fµ2

12G2(k1, k2)
] µ3

k3

µ4

k4

+
( fµk)2

2
µ12

k12
G2(k1, k2)

[
(b(k) + fµ2

3)
µ4

k4
+ (b(k) + fµ2

4)
µ3

k3

]
. (109)

In the above, the vector k in the n-th order kernel implies k = k1 + · · · + kn, and b(k)
is the bias function which parametrize the relation between the matter density field and
galaxy/halo number density field, described the retail at Chap. 5.6.1. The quantities µ, µi,
µi j, and µi jk are defined by:

µ ≡ k · ẑ
k
, µi ≡

ki · ẑ
ki
, µi j ≡

(ki + k j) · ẑ
|ki + k j|

, µi jk ≡
(ki + k j + kk) · ẑ
|ki + k j + kk|

. (110)

赤方偏移空間の摂動論カーネル

µi ⌘
qi · ẑ
|q|



バイスペクトルの理論：初歩
赤方偏移空間のバイスペクトル

実空間の摂動論カーネル Fn をZn におきかえる：

ツリー近似の公式
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In applying these results to the statistical calculations described in Chap. 3.3 and 4.3,
the kernels Zn have to be symmetrized under the exchange of each argument. One important
remark is that even with fully symmetrized kernels Fn and Gn, the resultant redshift-space
kernels Zn at n ≥ 3 only preserve partial symmetry. For instance, while the kernel Z3 given
at Eq. (106) is symmetric under k1 ↔ k3, the expression for Z4a preserve the symmetry of
k2 ↔ k3 ↔ k4. These kernels become fully symmetrized if we take the cyclic permuta-
tions.

3.3 The perturbative calculation of power spectrum and bispectrum
up to 1-loop level

With the PT expression of the density field in Eq. (103), the redshift-space power spectrum
and bispectrum are expanded as

P(s)(k) = Plin + P1-loop + · · · , (111)

B(s)(k1, k2, k3) = Btree + B1-loop
222 + B1-loop

321-I + B1-loop
321-II + B1-loop

411 + · · · . (112)

The power spectrum and bispectrum in real space are also expanded by same expression.
As we will mention below, one can easily obtain expressions of real space from that of
redshift space, so we focus on the expressions if redshift space in this section. Each term
at the right-hand-side of Eqs.(111) and (112) are given by

Plin(k) = {Z1(k)}2PL(k), (113)

P1-loop(k) =
∫

d3 p
(2π)3 {Z2 (p, k − p)}2PL(p)PL(|k − p|) + 2Z1(k)PL(k)

∫
d3 p

(2π)3 {Z3 (p,−p, k)} PL(p).

(114)

for the power spectrum, and

Btree(k1, k2, k3) = 2Z2(k1, k2)Z1(k1)Z1(k2)PL(k1)PL(k2) + 2 perms (k1 ↔ k2 ↔ k3),

(115)

B1-loop
222 (k1, k2, k3) =

∫
d3 p

(2π)3 Z2 (p, k1 − p) Z2 (−p, k2 + p) Z2 (−k1 + p,−k2 − p)

× PL (p) PL (|k1 − p|) PL (|k2 + p|) + 2 perms (k1 ↔ k2 ↔ k3),
(116)

lin lin
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Z1(k) \ (b ] fk2) , (11)

Z2(k1, k2) \ bF2(k1, k2) ] fk2G2(k1, k2) ] fkk
2

]
Ck1

k1
(b ] fk22) ] k2

k2
(b ] fk12)

D] b2
2

, (12)

Z3(k1, k2, k3) \ bF3(s)(k1, k2, k3) ] fk2G3(s)(k1, k2, k3)

] fkk[bF2(s)(k1, k2) ] fk122 G2(s)(k1, k2)]

] k3
k3

] fkk(b ] fk12)
k23
k23

G2(s)(k2, k3)

] ( fkk)2
2

(b ] fk12)
k2
k2

k3
k3

] 3b2 F2(s)(k1, k2) ] b3
6

, (13)

where we denote with andk 4 k Æ zü /k, k 4 k1 ] . . . ] k
n
,

As above, and (given in eqs. [22]È[23])k
i
4 k

i
Æ zü /k

i
. F2 G2denote the second-order kernels for the real-space density

and velocity-divergence Ðelds and similarly for andF3 G3.
Note that the third-order kernel must still be sym-Z3metrized over its arguments. One can similarly obtain the
PT kernels in redshift space to arbitrary higher order.Z

nWe note that there are two approximations involved in
this procedure : one is the mathematical step of going from
equation (4) to equation (5), which approximates the
redshift-space mapping with a power series ; the other is the
PT expansion itself [i.e., the expansion of d(k) and h(k) in
terms of linear Ñuctuations Therefore one is notd1(k)].
guaranteed that the resulting PT in redshift space will work
over the same range of scales as in real space. In fact, we will
Ðnd that, in general, PT in redshift space breaks down at
larger scales than in real space, because the redshift-space
mapping is only treated approximately, and it breaks down
at larger scales than does the perturbative dynamics. In
particular, a calculation of the one-loop power spectrum in
redshift space using equations (11)È(13) does not give satis-
factory results. To extend the leading-order calculations
such as those in this work, one must treat the redshift-space
mapping exactly and only approximate the dynamics using
PT (Scoccimarro, Couchman, & Frieman 1999, hereafter
SCF).

The calculation of redshift-space statistics in Fourier
space proceeds along the same lines as in the unredshifted
case. To leading (linear) order, the redshift-space galaxy
power spectrum reads

P
s
(k) \ P

g
(k)(1 ] bk2)2 \ ;

l/0

=
a
l
P

l
(k)P

g
(k) (14)

(Kaiser 1987), where is the real-space galaxyP
g
(k) 4 b2P(k)

power spectrum, P(k) is the linear mass power spectrum,
and b 4 f/b B )0.6/b. Here denotes the LegendreP

l
(k)

polynomial of order l, and the multipole coefficients are

a0 4 1 ] 23b ] 15b2 , a2 4 43b ] 47b2 , a4 4 835 b2 (15)

(Hamilton 1992 ; Cole et al. 1994) ; all other multipoles
vanish. Equation (14) is the standard tool for measuring )
from redshift distortions of the power spectrum in the linear
regime ; in particular, the quadrupole-to-monopole ratio

should be a constant, independent of wavevec-R
P

4 a2/a0tor k, as k ] 0. Note, however, that in these expressions )
appears only through the parameter b, so there is a degener-
acy between ) and the linear bias factor b (it is impossible
to distinguish an unbiased low-density universe from a
biased high-density model).

Given the second-order PT kernel in redshift-space, the
leading-order (tree-level) galaxy bispectrum in redshift-
space reads

B
s
(k1, k2, k3) \ 2Z2(k1, k2)Z1(k1)Z1(k2)P(k1)P(k2) ] cyc. ,

(16)

which can be normalized by the power spectrum monopole
to give the hierarchical three-point amplitude in redshift
space, Q

s
,

Q
s
(k1, k2, k3) 4

B
s
(k1, k2, k3)

P
s
(k1)P

s
(k2) ] cyc.

\ B
s
(k1, k2, k3)

a02[P
g
(k1)P

g
(k2) ] cyc.]

, (17)

where ““ cyc.ÏÏ denotes a sum over permutations of
Note that the hierarchical amplitude isMk1, k2, k3N. Q

sindependent of power spectrum normalization to leading
order in PT. Since, to leading order, is a function ofQ

striangle conÐguration, which separately depends on ), b,
and it allows one in principle to break the degeneracyb2,
between ) and b present in measurement of the power spec-
trum multipoles in redshift space.

3. RESULTS : THE REDSHIFT-SPACE BISPECTRUM IN

PERTURBATION THEORY

Because of redshift distortions, the bispectrum becomes a
function of Ðve variables. Three of them describe the shape
of the triangle (e.g., the sides and the angle h betweenk1, k2,
them, with and the two remaining vari-cos h 4 kü

1 Æ kü
2),

ables characterize the orientation of the triangle with
respect to the line of sight, which we take to be the polar
angle u \ cos~1 k of and the azimuthal angle / aboutk1kü
1 :

k1 \ k \ cos u \ kü
1 Æ zü ,

k2 \ k cos h [ J(1 [ k2) sin h cos / ,

k3 \ [k1
k3

k [ k2
k3

k2 . (18)

The (k, /) dependence introduced by redshift distortions
can be conveniently described by decomposing the tree-
level bispectrum in equation (16) into spherical harmo-B

snics :

B
s
(k1, k2, k3) \ ;

l/0

= ;
m/~l

l
B

s
(l,m)(k1, k2, h)Y

l,m(u, /) . (19)

Bispectrum multipoles are nonvanishing for even l,B
s
(l,m)

up to l \ 8, m \ 6. We now explore the information
encoded in these multipoles for di†erent triangle conÐgu-
rations.

3.1. Nonequilateral ConÐgurations
Rather than working with the full multipole decomposi-

tion (l, m), here we concentrate for simplicity on the m \ 0
multipoles. In this case, which corresponds to averaging
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k3

k [ k2
k3

k2 . (18)

The (k, /) dependence introduced by redshift distortions
can be conveniently described by decomposing the tree-
level bispectrum in equation (16) into spherical harmo-B

snics :

B
s
(k1, k2, k3) \ ;

l/0

= ;
m/~l

l
B

s
(l,m)(k1, k2, h)Y

l,m(u, /) . (19)

Bispectrum multipoles are nonvanishing for even l,B
s
(l,m)

up to l \ 8, m \ 6. We now explore the information
encoded in these multipoles for di†erent triangle conÐgu-
rations.

3.1. Nonequilateral ConÐgurations
Rather than working with the full multipole decomposi-

tion (l, m), here we concentrate for simplicity on the m \ 0
multipoles. In this case, which corresponds to averaging
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Z1(k) \ (b ] fk2) , (11)

Z2(k1, k2) \ bF2(k1, k2) ] fk2G2(k1, k2) ] fkk
2

]
Ck1

k1
(b ] fk22) ] k2

k2
(b ] fk12)

D] b2
2

, (12)

Z3(k1, k2, k3) \ bF3(s)(k1, k2, k3) ] fk2G3(s)(k1, k2, k3)

] fkk[bF2(s)(k1, k2) ] fk122 G2(s)(k1, k2)]

] k3
k3

] fkk(b ] fk12)
k23
k23

G2(s)(k2, k3)

] ( fkk)2
2

(b ] fk12)
k2
k2

k3
k3

] 3b2 F2(s)(k1, k2) ] b3
6

, (13)

where we denote with andk 4 k Æ zü /k, k 4 k1 ] . . . ] k
n
,

As above, and (given in eqs. [22]È[23])k
i
4 k

i
Æ zü /k

i
. F2 G2denote the second-order kernels for the real-space density

and velocity-divergence Ðelds and similarly for andF3 G3.
Note that the third-order kernel must still be sym-Z3metrized over its arguments. One can similarly obtain the
PT kernels in redshift space to arbitrary higher order.Z

nWe note that there are two approximations involved in
this procedure : one is the mathematical step of going from
equation (4) to equation (5), which approximates the
redshift-space mapping with a power series ; the other is the
PT expansion itself [i.e., the expansion of d(k) and h(k) in
terms of linear Ñuctuations Therefore one is notd1(k)].
guaranteed that the resulting PT in redshift space will work
over the same range of scales as in real space. In fact, we will
Ðnd that, in general, PT in redshift space breaks down at
larger scales than in real space, because the redshift-space
mapping is only treated approximately, and it breaks down
at larger scales than does the perturbative dynamics. In
particular, a calculation of the one-loop power spectrum in
redshift space using equations (11)È(13) does not give satis-
factory results. To extend the leading-order calculations
such as those in this work, one must treat the redshift-space
mapping exactly and only approximate the dynamics using
PT (Scoccimarro, Couchman, & Frieman 1999, hereafter
SCF).

The calculation of redshift-space statistics in Fourier
space proceeds along the same lines as in the unredshifted
case. To leading (linear) order, the redshift-space galaxy
power spectrum reads

P
s
(k) \ P

g
(k)(1 ] bk2)2 \ ;

l/0

=
a
l
P

l
(k)P

g
(k) (14)

(Kaiser 1987), where is the real-space galaxyP
g
(k) 4 b2P(k)

power spectrum, P(k) is the linear mass power spectrum,
and b 4 f/b B )0.6/b. Here denotes the LegendreP

l
(k)

polynomial of order l, and the multipole coefficients are

a0 4 1 ] 23b ] 15b2 , a2 4 43b ] 47b2 , a4 4 835 b2 (15)

(Hamilton 1992 ; Cole et al. 1994) ; all other multipoles
vanish. Equation (14) is the standard tool for measuring )
from redshift distortions of the power spectrum in the linear
regime ; in particular, the quadrupole-to-monopole ratio

should be a constant, independent of wavevec-R
P

4 a2/a0tor k, as k ] 0. Note, however, that in these expressions )
appears only through the parameter b, so there is a degener-
acy between ) and the linear bias factor b (it is impossible
to distinguish an unbiased low-density universe from a
biased high-density model).

Given the second-order PT kernel in redshift-space, the
leading-order (tree-level) galaxy bispectrum in redshift-
space reads

B
s
(k1, k2, k3) \ 2Z2(k1, k2)Z1(k1)Z1(k2)P(k1)P(k2) ] cyc. ,

(16)

which can be normalized by the power spectrum monopole
to give the hierarchical three-point amplitude in redshift
space, Q

s
,

Q
s
(k1, k2, k3) 4

B
s
(k1, k2, k3)

P
s
(k1)P

s
(k2) ] cyc.

\ B
s
(k1, k2, k3)

a02[P
g
(k1)P

g
(k2) ] cyc.]

, (17)

where ““ cyc.ÏÏ denotes a sum over permutations of
Note that the hierarchical amplitude isMk1, k2, k3N. Q

sindependent of power spectrum normalization to leading
order in PT. Since, to leading order, is a function ofQ

striangle conÐguration, which separately depends on ), b,
and it allows one in principle to break the degeneracyb2,
between ) and b present in measurement of the power spec-
trum multipoles in redshift space.

3. RESULTS : THE REDSHIFT-SPACE BISPECTRUM IN

PERTURBATION THEORY

Because of redshift distortions, the bispectrum becomes a
function of Ðve variables. Three of them describe the shape
of the triangle (e.g., the sides and the angle h betweenk1, k2,
them, with and the two remaining vari-cos h 4 kü

1 Æ kü
2),

ables characterize the orientation of the triangle with
respect to the line of sight, which we take to be the polar
angle u \ cos~1 k of and the azimuthal angle / aboutk1kü
1 :

k1 \ k \ cos u \ kü
1 Æ zü ,

k2 \ k cos h [ J(1 [ k2) sin h cos / ,

k3 \ [k1
k3

k [ k2
k3

k2 . (18)

The (k, /) dependence introduced by redshift distortions
can be conveniently described by decomposing the tree-
level bispectrum in equation (16) into spherical harmo-B
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(l,m)(k1, k2, h)Y
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Bispectrum multipoles are nonvanishing for even l,B
s
(l,m)

up to l \ 8, m \ 6. We now explore the information
encoded in these multipoles for di†erent triangle conÐgu-
rations.

3.1. Nonequilateral ConÐgurations
Rather than working with the full multipole decomposi-

tion (l, m), here we concentrate for simplicity on the m \ 0
multipoles. In this case, which corresponds to averaging

統計的な等方性が破れる

どう特徴づけるか？

→三角形（k1, k2, k3）の形以外に視線方向に対する方位にも依る
（５変数）
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バイスペクトル（モノポール成分）のシェイプを使った
宇宙論パラメーターの制限

marginalized uncertainties are given in Table VI where we
show, for clarity, the average between upper and lower
limits.

To see more clearly the benefits brought by using differ-
ent statistics, in parenthesis we indicate the fractional
improvement over the WMAP plus main sample power
spectrum case (W! P), defined as

 improvement factor " !W!P

!
# 1; (49)

so a 50% (100%) improvement corresponds to reducing the
errors by a factor of 1.5 (2).

The first two columns in Table VI show that analyzing
the power spectrum and bispectrum separately can provide
similar constraints (with the bispectrum determining an
extra parameter, b2). This can provide important consis-
tency checks, as the Gaussian and non-Gaussian properties
of galaxy clustering must yield consistent results.

As expected, the effectiveness of the bispectrum in
constraining cosmology depends significantly on the
smallest scale considered due to the fast rise in the number
of triangles available. One can notice how, already at

kMS
max " 0:2h Mpc#1 when combined with the power spec-

trum, it can improve errors by a 13 to 56%. At kMS
max "

0:3h Mpc#1 when considered alone with CMB informa-
tion the bispectrum can actually improve over the power
spectrum by 6% to more than 70% for "#, although at the
expense of a poorer determination of the linear bias. We
should keep in mind that the bispectrum analysis introdu-
ces an extra parameter, the quadratic bias, and that one can
expect a better constrain on the linear bias when combined
with the power spectrum.

A quick glance at Table VI shows that most of the
improvement (numbers in bold) brought by the bispectrum
are in parameters related to the overall amplitude of fluc-
tuations and the effective spectral index. This is expected
as the bispectrum breaks the degeneracy between bias and
dark matter amplitude fluctuations [5,17], and its configu-
ration dependence is sensitive to the spectral index because
of the anisotropy of tidal gravitational fields and velocity
flows [64].

In Fig. 6 we compare the CMB power spectrum like-
lihoods to the combined power spectrum, bispectrum and
LRG power spectrum likelihoods. From this and Table VI

FIG. 6 (color online). Marginalized likelihood functions for the #CDM models assuming kMS
max " 0:3h Mpc#1. For the LRG linear

bias parameter bLRG
1 only, the dashed line denotes the likelihood obtained from WMAP1 plus LRG power spectrum instead of main

sample power spectrum.
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Figure 6: Upper: Expected 1σ (68% C.L.) constraint on the linear growth rate f (z), as-
suming the future spectroscopy survey DESI (Dark Energy Spectroscopy Instrument). The
results are estimated using both the power spectrum and bispectrum. Lower: The fractional
errors of f from power spectrum (dotted), bispectrum (dashed) and the combined result of
the power spectrum and bispectrum. In the combined case, taking account of the cross
covariance, is plotted as solid curve, and taking account of the diagonals only, is plotted as
dot-dashed curve. This figure is taken from Ref. [60].

JCAP08(2015)007

Figure 2. Upper : the expected 1σ error of the angular diameter distance DA(z) for DESI-like
experiment. The size of the errorbars corresponds to the marginalized 1σ error estimated from
the Fisher matrix, combining both the power spectrum and bispectrum. Dotted and dash curves
represent DA(z) for different dark energy models with equations of state parameter w = −1.05 and
−0.95 respectively. Lower : the fractional errors of DA using DESI are presented. Meaning of the line
types are the same as in figure 1.

because the number density of galaxies becomes larger at lower redshift in our setup (table 1).
Then, the shot noise contribution can be suppressed at relatively larger wavenumber. The
combined (S/N) with diagonals only is presented as a dot-dashed curve. Given the fact that
the number of available configurations or modes in the bispectrum more rapidly increases
with the wavenumber than that in power spectrum, (S/N)B eventually exceeds (S/N)P at the
first redshift bin, although the cosmic variance error now comes to play an important role and
the total signal-to-noise is slightly reduced compared to the one at the second redshift bin.

3.2 Constraints on the geometric distances

As we mentioned in section 1, a precision measurement of the BAO scale is the key to
determining the geometric distances, DA(z) and H−1(z), through the A-P effect. Although
the acoustic structure imprinted on the power spectrum and bispectrum actually depends
on cosmology, the counterpart of the acoustic oscillations is precisely observed in the CMB
anisotropies, and with the cosmological results by WMAP and Planck as prior information,
the BAO can be used as standard ruler. At k ! 0.1hMpc−1, the galaxy power spectrum
and bispectrum are supposed to be described by the leading-order perturbation, where the
acoustic signature is clearly visible. In the presence of galaxy bias, the only uncertainty
is the clustering amplitude, however, this does not seriously affect the measurement of the
characteristic scales of BAO.

In figure 2, the forecast result for the statistical errors of the angular diameter distance
DA is shown. The fractional errors are presented in the lower panel. With the DESI-like

– 10 –

JCAP08(2015)007

Figure 3. Upper : expected 1σ errors on the comoving radial distance, given by the inverse Hubble
parameter H−1(z), assuming DESI-like survey. The results combining both the power spectrum and
bispectrum are shown. Dotted and dash curves represent H−1(z) for different dark energy models
with equations of state parameter w = −1.05 and −0.95 respectively. Lower : the fractional errors of
H−1 using DESI are presented. Meaning of the line types are the same as in figure 1.

Figure 4. Two-dimensional contour of the expected 1σ constraint on the parameters f and σp. The
results at the redshift bin of 0.6 < z < 0.8 is particularly shown. The dotted contour represents the
case of power spectrum, the dash contour represents the case of bispectrum, the dot-dashed contour
represents the case of combination with diagonals only, and the solid curve represents the case of the
full covariance combination.

– 12 –

赤方偏移空間歪みとAlcock-Paczynski 効果を利用した制限

ダークエネルギー状態方程式
宇宙論的スケールでの重力テスト

DA H-1 f σ8

kmax=0.1 h-1Mpc（フルシェイプを使って）
DESIを想定したフィッシャー解析



課題：非線形性
ツリー近似の適用範囲は広くない
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Figure 4: Real-space bispectrum as function of wave number k at z = 3 (top), 1 (middle)
and 0.35 (bottom). The left panels plot the bispectrum multiplied by k3, while the right
panels show the fractional difference between the N-body simulation by Gadget-2 [40, 39]
and PT predictions, (BN−body − BPT)/BN−body. The expressions of the points and lines are
similar to Fig. 3.

フィッティング公式の精度も 5%（以上?）

 0

 2

 4

 6

 8

 10

 12

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=0.484
k=k1=k2, theta=120o

0.9
1.0
1.1

 0  0.1  0.2  0.3  0.4  0.5
k×

B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=0.484
k=k1=k2, theta=120o

k (hMpc)
−1

ra
tio

−0.5

 0

 0.5

 1

 1.5

 2

 2.5

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=1.02
k=k1=k2, theta=120o

0.9
1.0
1.1

 0  0.1  0.2  0.3  0.4  0.5

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=1.02
k=k1=k2, theta=120o

k (hMpc)
−1

ra
tio

 0

 2

 4

 6

 8

 10

 12

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=0.484
k=k1=k2, theta=120o

0.9
1.0
1.1

 0  0.1  0.2  0.3  0.4  0.5

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=0.484
k=k1=k2, theta=120o

k (hMpc)
−1

ra
tio

−0.5

 0

 0.5

 1

 1.5

 2

 2.5

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=1.02
k=k1=k2, theta=120o

0.9
1.0
1.1

 0  0.1  0.2  0.3  0.4  0.5

k×
B
δ(
k)

3
(1
0 

  h
  M

p
c)

−
4

−
3

3

simulation z=1.02
k=k1=k2, theta=120o

k (hMpc)
−1

ra
tio

橋本(D論)
高橋(内部
レポート)

ツリー近似

ツリー近似

非等方性には応用できない
 (e.g., Gil-Marin et al.’14)



課題：バイスペクトルの定量化
赤方偏移空間におけるバイスペクトルの非等方性

•  ゆらぎの成長率 (f)

•幾何学的距離 (DA, H-1)

どうやって効率よく特徴づけするか？
サーベイ形状・マスクの影響を考慮して
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ωr̂2
ẑ

r̂1

θ12
k1

k2k3

φ

Figure 9: Definition of the angles, ω and φ, given in Eqs. (207) and (208), which char-
acterize the orientation of the triangle against the line-of-sight direction, ẑ. Here, the
unit vectors, r̂1 and r̂2, are expressed in terms of the quantities indicated in the figure by
r̂1 = ẑ × (k1 × k2)/(k1k2 sin θ12 sinω) and r̂2 = k1 × k2/(k1k2 sin θ12). This figure is taken
from Ref. [47]

where the function S n (n = 1, 2) is defined by Eqs. (137) and (138). These terms come
from the expansion of the overall prefactor exp

{
⟨e j4A4+ j5A5⟩c

}
. Hence, at one-loop order,

Eq. (148) is recast as

B(s)
model(k1, k2, k3) = DFoG(k1µ1, k2µ2, k3µ3)

{
B(s)

SPT,1-loop(k1, k2, k3) −
2∑

n=1

Dn(k1, k2, k3)
}
.

(151)

In what follows, we use Eq. (151) to compute the PT model of redshift-space bispec-
trum, and compare the predictions with N-body simulations. To be precise, we first com-
pute B(s)

SPT,1-loop based on the standard PT calculations summarized in Chap. 3.3 [Eqs. (112)
with (115), (116), (117), (118), and (119)]. Then, we subtract D1 and D2 terms from the
standard PT bispectrum and, we take into account Fingers-of-God effect. The explicit ex-
pressions for D1 and D2 relevant for the one-loop calculations are presented in Appendix
A.

Before closing this section, we look at the significance of the difference between the
standard PT bispectrum and the model given in Eq. (151) or (148). In Fig. 8, ignoring the
DFoG contribution, the monopole and quadrupole moments of the bispectrum are computed
at z = 1 for equilateral (top) and isosceles (bottom) configurations, and the results are
plotted as function of k and angle θ12 ≡ cos−1( k̂1 · k̂2), respectively. Here, the multipole

（５変数）

Sugiyama et al. (’18)
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effect when theoretically modeling the observed bispectrum
and three-point function multipoles. We present a summary
and conclusions in Section 7. We provide six appendixes for
further clearification and systematics test: in Appendix A
we summarize the identities used for the derivations of the
equations used in this paper; in Appendix B we investigate
the dependence of how to choose the LOS direction on the
bispectrum measurements; in Appendix C we provide a com-
parison of several interpolation schemes of density fields; in
Appendix D we show how the FKP weighting works in our
decomposition formalism; in Appendix E we describe the
Hartlap factor and the Percival factor; and in Appendix F
we detail the bispectrum multipoles including survey win-
dow corrections.

2 NEW DECOMPOSITION FORMALISM

The three-point function and its Fourier transform, the bis-
pectrum, are potential tools for extracting cosmological in-
formation that leaks to non-Gaussian fluctuations of galaxy
clustering. To put these in context, we compute the num-
ber density of galaxies, ng, in fractional units relative to
the background density, n̄g: ng = n̄g (1 + δ), where δ is the
density contrast. The three-point function is then defined
as ⟨δ(x 1)δ(x 2)δ(x3)⟩, which is the ensemble average of the
product of the three density contrasts at points x 1, x 2, and
x 3.

The Universe is thought to be statistically homoge-
neous, and hence, the three-point function can be char-
acterized by two relative coordinates, r1 = x 1 − x 3 and
r2 = x 2 − x 3:

ζ (r1, r2) = ⟨ δ(x 1)δ(x2)δ(x 3) ⟩ . (1)

Using the Fourier transform of the density contrast, δ(k ) =∫
d3x e−ik ·x δ(x ), we define the bispectrum as

⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3δD (k1 + k2 + k3) B(k1, k2), (2)

where δD represents the Dirac delta function. In the bis-
pectrum case, its statistical homogeneity corresponds to the
triangle condition, k1 + k2 + k3 = 0.

The observed position of galaxies x is displaced from
the real-space galaxy position x r by the physical peculiar
velocity of galaxies v along the LOS direction:

x = x r +
v (x r) · x̂

aH(a)
x̂, (3)

where a is the scale factor, H(a) is the Hubble expansion pa-
rameter and x̂ = x/|x | is a unit vector pointing to the galaxy
from the origin. The observed galaxy density is then dis-
torted along the LOS direction, the so-called RSD effect. It
is commonly assumed that the anisotropic distortion of the
galaxy clustering is characterized by only one global LOS di-
rection n̂, the so-called global plane-parallel approximation:
ζ (r1, r2, n̂) and B(k1, k2, n̂). However, this assumption does
not hold for actual galaxy data, because observed galaxy po-
sitions have their own LOS directions, and the three-point
function should depend on three LOS directions, x̂1, x̂2, and
x̂3, in the most general case. Throughout this paper, we ap-
ply the local plane-parallel approximation, x̂1 ≈ x̂2 ≈ x̂3, and
choose x̂3 as the LOS direction for the triangular configu-
ration formed by x 1, x 2, and x 3 when measuring the bis-
pectrum from a galaxy sample in Section 4. To validate this

choice, we show in Appendix B that the difference among
the bispectrum measurements choosing each of x̂1, x̂2, and
x̂3 as the LOS is negligibly small in the BOSS analysis. We
will discuss the modeling of the bispectrum under the local

plane-parallel approximation by taking into account survey
geometry effects in Section 6.

The three angular-dependences in the bispectrum, k̂1,
k̂2, and n̂, can be generally decomposed into spherical har-
monics Ym
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:
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with Nℓ1ℓ2L = (2ℓ1 + 1)(2ℓ2 + 1)(2L + 1). Throughout this pa-
per, we use upper-case indices L,M for the expansion with
respect to the angles relevant to LOS. Namely, the modes
with L > 0 are induced by the RSD or AP effects.

Alternatively we can decompose the bispectrum using
TripoSH expansion (Varshalovich et al. 1988):
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The remarkable feature of the TripoSH formalism is to
parameterize departures from statistical isotropy regard-
ing total angular momenta, J and MJ . If the assumption
of statistical isotropy breaks, the corresponding expansion
coefficients yield the J ≥ 1 modes, otherwise only the
J = 0 is non-zero. A similar decomposition formalism in
two-point statistics, the bipolar spherical harmonic expan-
sion, has been used to search for the breaking of the sta-
tistical isotropy assumption of the Universe in the CMB
(e.g., see Planck Collaboration et al. 2016a,b and references
therein) and large-scale structure (Pullen & Hirata 2010;
Shiraishi et al. 2017; Sugiyama et al. 2018).

In this work, we assume that the three-point function
has arisen through a physical process which is statistically
isotropic and parity-symmetric as well as homogeneous. The
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effect when theoretically modeling the observed bispectrum
and three-point function multipoles. We present a summary
and conclusions in Section 7. We provide six appendixes for
further clearification and systematics test: in Appendix A
we summarize the identities used for the derivations of the
equations used in this paper; in Appendix B we investigate
the dependence of how to choose the LOS direction on the
bispectrum measurements; in Appendix C we provide a com-
parison of several interpolation schemes of density fields; in
Appendix D we show how the FKP weighting works in our
decomposition formalism; in Appendix E we describe the
Hartlap factor and the Percival factor; and in Appendix F
we detail the bispectrum multipoles including survey win-
dow corrections.

2 NEW DECOMPOSITION FORMALISM

The three-point function and its Fourier transform, the bis-
pectrum, are potential tools for extracting cosmological in-
formation that leaks to non-Gaussian fluctuations of galaxy
clustering. To put these in context, we compute the num-
ber density of galaxies, ng, in fractional units relative to
the background density, n̄g: ng = n̄g (1 + δ), where δ is the
density contrast. The three-point function is then defined
as ⟨δ(x 1)δ(x 2)δ(x3)⟩, which is the ensemble average of the
product of the three density contrasts at points x 1, x 2, and
x 3.

The Universe is thought to be statistically homoge-
neous, and hence, the three-point function can be char-
acterized by two relative coordinates, r1 = x 1 − x 3 and
r2 = x 2 − x 3:

ζ (r1, r2) = ⟨ δ(x 1)δ(x2)δ(x 3) ⟩ . (1)

Using the Fourier transform of the density contrast, δ(k ) =∫
d3x e−ik ·x δ(x ), we define the bispectrum as

⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3δD (k1 + k2 + k3) B(k1, k2), (2)

where δD represents the Dirac delta function. In the bis-
pectrum case, its statistical homogeneity corresponds to the
triangle condition, k1 + k2 + k3 = 0.

The observed position of galaxies x is displaced from
the real-space galaxy position x r by the physical peculiar
velocity of galaxies v along the LOS direction:

x = x r +
v (x r) · x̂

aH(a)
x̂, (3)

where a is the scale factor, H(a) is the Hubble expansion pa-
rameter and x̂ = x/|x | is a unit vector pointing to the galaxy
from the origin. The observed galaxy density is then dis-
torted along the LOS direction, the so-called RSD effect. It
is commonly assumed that the anisotropic distortion of the
galaxy clustering is characterized by only one global LOS di-
rection n̂, the so-called global plane-parallel approximation:
ζ (r1, r2, n̂) and B(k1, k2, n̂). However, this assumption does
not hold for actual galaxy data, because observed galaxy po-
sitions have their own LOS directions, and the three-point
function should depend on three LOS directions, x̂1, x̂2, and
x̂3, in the most general case. Throughout this paper, we ap-
ply the local plane-parallel approximation, x̂1 ≈ x̂2 ≈ x̂3, and
choose x̂3 as the LOS direction for the triangular configu-
ration formed by x 1, x 2, and x 3 when measuring the bis-
pectrum from a galaxy sample in Section 4. To validate this

choice, we show in Appendix B that the difference among
the bispectrum measurements choosing each of x̂1, x̂2, and
x̂3 as the LOS is negligibly small in the BOSS analysis. We
will discuss the modeling of the bispectrum under the local

plane-parallel approximation by taking into account survey
geometry effects in Section 6.

The three angular-dependences in the bispectrum, k̂1,
k̂2, and n̂, can be generally decomposed into spherical har-
monics Ym

ℓ
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monic function, and the corresponding expansion coefficients
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(5)

with Nℓ1ℓ2L = (2ℓ1 + 1)(2ℓ2 + 1)(2L + 1). Throughout this pa-
per, we use upper-case indices L,M for the expansion with
respect to the angles relevant to LOS. Namely, the modes
with L > 0 are induced by the RSD or AP effects.

Alternatively we can decompose the bispectrum using
TripoSH expansion (Varshalovich et al. 1988):

B(k1, k2, n̂) =
∑
JMJ
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and the TripoSH coefficients are then given by
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with the Clebsch-Gordan coefficients
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The remarkable feature of the TripoSH formalism is to
parameterize departures from statistical isotropy regard-
ing total angular momenta, J and MJ . If the assumption
of statistical isotropy breaks, the corresponding expansion
coefficients yield the J ≥ 1 modes, otherwise only the
J = 0 is non-zero. A similar decomposition formalism in
two-point statistics, the bipolar spherical harmonic expan-
sion, has been used to search for the breaking of the sta-
tistical isotropy assumption of the Universe in the CMB
(e.g., see Planck Collaboration et al. 2016a,b and references
therein) and large-scale structure (Pullen & Hirata 2010;
Shiraishi et al. 2017; Sugiyama et al. 2018).

In this work, we assume that the three-point function
has arisen through a physical process which is statistically
isotropic and parity-symmetric as well as homogeneous. The
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effect when theoretically modeling the observed bispectrum
and three-point function multipoles. We present a summary
and conclusions in Section 7. We provide six appendixes for
further clearification and systematics test: in Appendix A
we summarize the identities used for the derivations of the
equations used in this paper; in Appendix B we investigate
the dependence of how to choose the LOS direction on the
bispectrum measurements; in Appendix C we provide a com-
parison of several interpolation schemes of density fields; in
Appendix D we show how the FKP weighting works in our
decomposition formalism; in Appendix E we describe the
Hartlap factor and the Percival factor; and in Appendix F
we detail the bispectrum multipoles including survey win-
dow corrections.

2 NEW DECOMPOSITION FORMALISM

The three-point function and its Fourier transform, the bis-
pectrum, are potential tools for extracting cosmological in-
formation that leaks to non-Gaussian fluctuations of galaxy
clustering. To put these in context, we compute the num-
ber density of galaxies, ng, in fractional units relative to
the background density, n̄g: ng = n̄g (1 + δ), where δ is the
density contrast. The three-point function is then defined
as ⟨δ(x 1)δ(x 2)δ(x3)⟩, which is the ensemble average of the
product of the three density contrasts at points x 1, x 2, and
x 3.

The Universe is thought to be statistically homoge-
neous, and hence, the three-point function can be char-
acterized by two relative coordinates, r1 = x 1 − x 3 and
r2 = x 2 − x 3:

ζ (r1, r2) = ⟨ δ(x 1)δ(x2)δ(x 3) ⟩ . (1)

Using the Fourier transform of the density contrast, δ(k ) =∫
d3x e−ik ·x δ(x ), we define the bispectrum as

⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3δD (k1 + k2 + k3) B(k1, k2), (2)

where δD represents the Dirac delta function. In the bis-
pectrum case, its statistical homogeneity corresponds to the
triangle condition, k1 + k2 + k3 = 0.

The observed position of galaxies x is displaced from
the real-space galaxy position x r by the physical peculiar
velocity of galaxies v along the LOS direction:

x = x r +
v (x r) · x̂

aH(a)
x̂, (3)

where a is the scale factor, H(a) is the Hubble expansion pa-
rameter and x̂ = x/|x | is a unit vector pointing to the galaxy
from the origin. The observed galaxy density is then dis-
torted along the LOS direction, the so-called RSD effect. It
is commonly assumed that the anisotropic distortion of the
galaxy clustering is characterized by only one global LOS di-
rection n̂, the so-called global plane-parallel approximation:
ζ (r1, r2, n̂) and B(k1, k2, n̂). However, this assumption does
not hold for actual galaxy data, because observed galaxy po-
sitions have their own LOS directions, and the three-point
function should depend on three LOS directions, x̂1, x̂2, and
x̂3, in the most general case. Throughout this paper, we ap-
ply the local plane-parallel approximation, x̂1 ≈ x̂2 ≈ x̂3, and
choose x̂3 as the LOS direction for the triangular configu-
ration formed by x 1, x 2, and x 3 when measuring the bis-
pectrum from a galaxy sample in Section 4. To validate this

choice, we show in Appendix B that the difference among
the bispectrum measurements choosing each of x̂1, x̂2, and
x̂3 as the LOS is negligibly small in the BOSS analysis. We
will discuss the modeling of the bispectrum under the local

plane-parallel approximation by taking into account survey
geometry effects in Section 6.

The three angular-dependences in the bispectrum, k̂1,
k̂2, and n̂, can be generally decomposed into spherical har-
monics Ym
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with Nℓ1ℓ2L = (2ℓ1 + 1)(2ℓ2 + 1)(2L + 1). Throughout this pa-
per, we use upper-case indices L,M for the expansion with
respect to the angles relevant to LOS. Namely, the modes
with L > 0 are induced by the RSD or AP effects.

Alternatively we can decompose the bispectrum using
TripoSH expansion (Varshalovich et al. 1988):
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The remarkable feature of the TripoSH formalism is to
parameterize departures from statistical isotropy regard-
ing total angular momenta, J and MJ . If the assumption
of statistical isotropy breaks, the corresponding expansion
coefficients yield the J ≥ 1 modes, otherwise only the
J = 0 is non-zero. A similar decomposition formalism in
two-point statistics, the bipolar spherical harmonic expan-
sion, has been used to search for the breaking of the sta-
tistical isotropy assumption of the Universe in the CMB
(e.g., see Planck Collaboration et al. 2016a,b and references
therein) and large-scale structure (Pullen & Hirata 2010;
Shiraishi et al. 2017; Sugiyama et al. 2018).

In this work, we assume that the three-point function
has arisen through a physical process which is statistically
isotropic and parity-symmetric as well as homogeneous. The
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effect when theoretically modeling the observed bispectrum
and three-point function multipoles. We present a summary
and conclusions in Section 7. We provide six appendixes for
further clearification and systematics test: in Appendix A
we summarize the identities used for the derivations of the
equations used in this paper; in Appendix B we investigate
the dependence of how to choose the LOS direction on the
bispectrum measurements; in Appendix C we provide a com-
parison of several interpolation schemes of density fields; in
Appendix D we show how the FKP weighting works in our
decomposition formalism; in Appendix E we describe the
Hartlap factor and the Percival factor; and in Appendix F
we detail the bispectrum multipoles including survey win-
dow corrections.

2 NEW DECOMPOSITION FORMALISM

The three-point function and its Fourier transform, the bis-
pectrum, are potential tools for extracting cosmological in-
formation that leaks to non-Gaussian fluctuations of galaxy
clustering. To put these in context, we compute the num-
ber density of galaxies, ng, in fractional units relative to
the background density, n̄g: ng = n̄g (1 + δ), where δ is the
density contrast. The three-point function is then defined
as ⟨δ(x 1)δ(x 2)δ(x3)⟩, which is the ensemble average of the
product of the three density contrasts at points x 1, x 2, and
x 3.

The Universe is thought to be statistically homoge-
neous, and hence, the three-point function can be char-
acterized by two relative coordinates, r1 = x 1 − x 3 and
r2 = x 2 − x 3:

ζ (r1, r2) = ⟨ δ(x 1)δ(x2)δ(x 3) ⟩ . (1)

Using the Fourier transform of the density contrast, δ(k ) =∫
d3x e−ik ·x δ(x ), we define the bispectrum as

⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3δD (k1 + k2 + k3) B(k1, k2), (2)

where δD represents the Dirac delta function. In the bis-
pectrum case, its statistical homogeneity corresponds to the
triangle condition, k1 + k2 + k3 = 0.

The observed position of galaxies x is displaced from
the real-space galaxy position x r by the physical peculiar
velocity of galaxies v along the LOS direction:

x = x r +
v (x r) · x̂

aH(a)
x̂, (3)

where a is the scale factor, H(a) is the Hubble expansion pa-
rameter and x̂ = x/|x | is a unit vector pointing to the galaxy
from the origin. The observed galaxy density is then dis-
torted along the LOS direction, the so-called RSD effect. It
is commonly assumed that the anisotropic distortion of the
galaxy clustering is characterized by only one global LOS di-
rection n̂, the so-called global plane-parallel approximation:
ζ (r1, r2, n̂) and B(k1, k2, n̂). However, this assumption does
not hold for actual galaxy data, because observed galaxy po-
sitions have their own LOS directions, and the three-point
function should depend on three LOS directions, x̂1, x̂2, and
x̂3, in the most general case. Throughout this paper, we ap-
ply the local plane-parallel approximation, x̂1 ≈ x̂2 ≈ x̂3, and
choose x̂3 as the LOS direction for the triangular configu-
ration formed by x 1, x 2, and x 3 when measuring the bis-
pectrum from a galaxy sample in Section 4. To validate this

choice, we show in Appendix B that the difference among
the bispectrum measurements choosing each of x̂1, x̂2, and
x̂3 as the LOS is negligibly small in the BOSS analysis. We
will discuss the modeling of the bispectrum under the local

plane-parallel approximation by taking into account survey
geometry effects in Section 6.

The three angular-dependences in the bispectrum, k̂1,
k̂2, and n̂, can be generally decomposed into spherical har-
monics Ym
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(5)

with Nℓ1ℓ2L = (2ℓ1 + 1)(2ℓ2 + 1)(2L + 1). Throughout this pa-
per, we use upper-case indices L,M for the expansion with
respect to the angles relevant to LOS. Namely, the modes
with L > 0 are induced by the RSD or AP effects.

Alternatively we can decompose the bispectrum using
TripoSH expansion (Varshalovich et al. 1988):
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The remarkable feature of the TripoSH formalism is to
parameterize departures from statistical isotropy regard-
ing total angular momenta, J and MJ . If the assumption
of statistical isotropy breaks, the corresponding expansion
coefficients yield the J ≥ 1 modes, otherwise only the
J = 0 is non-zero. A similar decomposition formalism in
two-point statistics, the bipolar spherical harmonic expan-
sion, has been used to search for the breaking of the sta-
tistical isotropy assumption of the Universe in the CMB
(e.g., see Planck Collaboration et al. 2016a,b and references
therein) and large-scale structure (Pullen & Hirata 2010;
Shiraishi et al. 2017; Sugiyama et al. 2018).

In this work, we assume that the three-point function
has arisen through a physical process which is statistically
isotropic and parity-symmetric as well as homogeneous. The
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課題：エラー共分散
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parameters

H0 72
ΩΛ 1 −Ωm

Ωm 0.301
σ8 0.801
ns 0.963

Table 6: Cosmological parameters using for Gadget-2 simulation.

Matter fields Halo fields
Number of realizations 380 350
Box size [h−1Mpc] 1000. 1000.
Number of particles 10243 10243

Particle/Halo mass [h−1M⊙] 2.58 × 1011 > 5.16 × 1012

Initial redshift (zini) 15 15
Output redshifts z = 1, 0.5 z = 1, 0.5

Table 7: Parameters of N-body simulation data sets used in the Gadget-2 code.

power spectrum and bispectrum:

LP ∝ exp
{
−1

2
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}
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(176)

LB ∝ exp
{
−1

2
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}
; χ2

B ≡
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) (
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(177)

Here, i and j represent the Fourier bin. The functions P(s)
i,ℓ,model and B(s)

i,ℓ,model are respec-
tively the theoretical templates of multipole power spectrum and bispectrum given at the
wavenumber of i-th Fourier bin or the i-th triangular configuration (actual meaning of the
index i for the bispectrum will be later described in Chap. 5.5). For P(s)

i,ℓ,model, we use the
TNS model in Ref. [11]. The derivation of the TNS model and its analytical expressions
are summarized in Appendix C. For B(s)

i,ℓ,sim, we adapt our improved model in Eq.(148) with
Gaussian damping function (Eq.(157)), but for references, the models ignoring the one-loop
corrections (tree PT model), and including the D1 and D2 terms (SPT one-loop model, see

エラー共分散
i, j: バイスペクトルの形状を表すラベル

ガウス統計なら

Section 5.4. Likelihood Analysis 67

0 1 2 3
Statistical quantity Power spectrum Bispectrum
kmin k f k f 0.05
kmax 0.15 k3 < 0.05, k1 and k2 < 0.15 0.15
Configurations cos θ23 < 0.0 0.0 ≤ cos θ23

Number of bins 29 204 384 766

Table 8: Summary of data sets for power spectrum and bispectrum used in likelihood anal-
ysis. Here, cos θ23 ≡ k̂2 · k̂3.

Eqs.(149), (150) and Appendix A) with Gaussian damping function are also examined to
see the impact of correction terms. The P(s)

i,ℓ,sim and B(s)
i,ℓ,sim are the averaged power spectrum

and bispectrum over 300 realizations of N-body simulations given at i-th Fourier bin or i-th
triangular configuration. The CP

ℓℓ′,i j and CB
ℓℓ′,i j in Eqs.(176) and (177) are the covariance

matrices of the ℓ- and ℓ′-th moment of multipole power spectrum and bispectrum between
i-th and j-th bins. In this thesis, we consider only the diagonal components, ignoring the
non-Gaussian off-diagonal components. Thus, the covariances can be written as

CP
ℓℓ′,i j ≡ δℓℓ′δi j

(
σP

i

)2
, (178)

CB
ℓℓ′,i j ≡ δℓℓ′δi j

(
σB

i

)2
. (179)

Here, σP
i and σB

i is the statistical errors of power spectrum and bispectrum at i-th bin
or i-th triangle, which are evaluated from the standard error of simulations according to
Eq.(156). Then, the maximum likelihood estimation gives the best fit values of parameters.
Also, with the MCMC chain of the samples, one can evaluate the posterior probability
distribution for each parameter from which we can estimate the statistical uncertainty of
the best-fit values. When combining both power spectrum and bispectrum, we assume that
power spectrum and bispectrum are statistically uncorrelated, and use LP ×LB as the total
likelihood function to estimate the best-fit value and statistical uncertainties of the model
parameters.

Below, the likelihood analysis is performed with various values of kmax up to 0.15 h

Mpc−1. In particular, for the bispectrum, robustness of the best-fit results are carefully
checked with different combination of data set. Table 8 summarizes the data used for
likelihood analysis.

•サーベイ形状・非ガウス性の影響（非対角成分）

l,l': バイスペクトルの非等方性を特徴づけるラベル

•パワースペクトルと組み合わせた解析ではクロス共分散

宇宙論データ解析

どこまで正しく定量的にエラー推定できるか？



小まとめ

（バイスペクトルの特徴づけ・分解法）

•高精度な理論モデル構築

•実用的なバイスペクトル測定方法の開発

•バイスペクトルを取り入れたデータ解析手法の構築
（バイスペクトルのエラー共分散）

•新たな宇宙論プローブとしての可能性

バイスペクトルを使った宇宙論的応用が進みつつある

今後の精密宇宙論観測においてどこまで正しい解析ができるか？
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ABSTRACT
The anisotropic galaxy clustering on large scales provides us with a unique opportunity to probe
into the gravity theory through the redshift-space distortions (RSDs) and the Alcock–Paczynski
effect. Using the multipole power spectra up to hexadecapole (ℓ = 4), of the luminous red
galaxy (LRG) sample in the Data Release 7 (DR7) of the Sloan Digital Sky Survey II (SDSS-II),
we obtain simultaneous constraints on the linear growth rate f, angular diameter distance DA,
and Hubble parameter H at redshift z = 0.3. For this purpose, we first extensively examine
the validity of a theoretical model for the non-linear RSDs using mock subhalo catalogues
from N-body simulations, which are constructed to match with the observed multipole power
spectra. We show that the input cosmological parameters of the simulations can be recovered
well within the error bars by comparing the multipole power spectra of our theoretical model
and those of the mock subhalo catalogues. We also carefully examine systematic uncertainties
in our analysis by testing the dependence on prior assumption of the theoretical model and the
range of wavenumbers to be used in the fitting. These investigations validate that the theoretical
model can be safely applied to the real data. Thus, our results from the SDSS DR7 LRG sample
are robust including systematics of theoretical modelling; f(z = 0.3)σ 8(z = 0.3) = 0.49 ±
stat.0.08 ± sys.0.04, DA(z = 0.3) = 968 ± stat.42 ± sys.17 (Mpc), H(z = 0.3) = 81.7 ± stat.5.0 ±
sys.3.7 (km s−1 Mpc−1). We believe that our method to constrain the cosmological parameters
using subhaloes catalogues will be useful for more refined samples like CMASS and LOWZ
catalogues in the Baryon Oscillation Spectroscopic Survey in SDSS-III.

Key words: galaxies: haloes – galaxies: statistics – cosmological parameters – large-scale
structure of Universe.

1 IN T RO D U C T I O N

Cosmic acceleration is strongly supported by a recent set of cosmo-
logical observations including the cosmic microwave background
(CMB) anisotropies [Hinshaw et al. 2013; Ade et al. (Planck Col-
laboration) 2013] and Type Ia supernovae (Riess et al. 1998; Perl-
mutter et al. 1999; Suzuki et al. 2012). Revealing the origin of the
cosmic acceleration is one of the key sciences in modern physics,
and there are therefore ongoing or planned cosmological observa-
tions from various points of view (for a recent review, see Weinberg

⋆ E-mail: oka@utap.phys.s.u-tokyo.ac.jp

et al. 2013). The origin of cosmic acceleration may be explained by
either of two possible ways as follows. One is to introduce myste-
rious energy component with negative pressure, the so-called dark
energy. Another is to modify general relativity on infrared scales
while keeping unchanged on small scales so that the theory can
pass tests of gravity in the Solar system. It is desirable to establish
a methodology to distinguish two possibilities and even to identify
the nature of dark energy or the theory of gravity on cosmolog-
ical scales (for a review of modified gravity, see Jain & Khoury
2010).

A standard approach to tackle this problem is to combine mea-
surements of the expansion history with those of the growth of
the large-scale structure at different time and scales. Interestingly,

C⃝ 2014 The Authors
Published by Oxford University Press on behalf of the Royal Astronomical Society
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Planck Collaboration: Cosmological parameters

with HST. As a result, the MW solutions for H0 are unstable
(see Appendix A of E14). The LMC solution is sensitive to the
metallicity dependence of the Cepheid period-luminosity rela-
tion which is poorly constrained by the R11 data. Furthermore,
the estimate in Eq. (30) is based on a di↵erential measurement
comparing HST photometry of Cepheids in NGC 4258 with
those in SNe host galaxies. It is therefore less prone to pho-
tometric systematics, such as crowding corrections, than is the
LMC+MW estimate of Eq. (31). It is for these reasons that we
have adopted the prior of Eq. (30) in preference to using the
LMC and MW distance anchors.19

Direct measurements of the Hubble constant have a long and
sometimes contentious history (see e.g., Tammann et al. 2008).
The controversy continues to this day and one can find “high”
values (e.g., H0 = (74.3 ± 2.6) km s�1Mpc�1, Freedman et al.
2012) and “low” values (e.g., H0 = (63.7 ± 2.3) km s�1Mpc�1,
Tammann & Reindl 2013) in the literature. The key point that we
wish to make is that the Planck only estimates of Eqs. (21) and
(27), and the Planck+BAO estimate of Eq. (28) all have small
errors and are consistent. If a persuasive case can be made that
a direct measurement of H0 conflicts with these estimates, then
this will be strong evidence for additional physics beyond the
base ⇤CDM model.

Finally, we note that in a recent analysis Bennett et al. (2014)
derive a “concordance” value of H0 = (69.6±0.7) km s�1Mpc�1

for base ⇤CDM by combining WMAP9+SPT+ACT+BAO
with a slightly revised version of the R11 H0 value (73.0 ±
2.4 km s�1Mpc�1). The Bennett et al. (2014) central value for
H0 di↵ers from the Planck value of Eq. (28) by nearly 3 % (or
2.5�). The reason for this di↵erence is that the Planck data are
in tension with the Story et al. (2013) SPT data (as discussed in
Appendix B of PCP13; note that the tension is increased with the
Planck full mission data) and with the revised R11 H0 determi-
nation. Both tensions drive the Bennett et al. (2014) value of H0
away from the Planck solution.

5.5. Additional data

5.5.1. Redshift space distortions

Transverse versus line-of-sight anisotropies in the redshift-space
clustering of galaxies induced by peculiar motions can, poten-
tially, provide a powerful way of constraining the growth rate
of structure. A number of studies of redshift space distortions
(RSD) have been conducted to measure the parameter combina-
tion f�8(z), where for models with scale-independent growth

f (z) =
d ln D
d ln a

, (32)

and D is the linear growth rate of matter fluctuations. Note that
the parameter combination f�8 is insensitive to di↵erences be-
tween the clustering of galaxies and dark matter, i.e., to galaxy
bias (Song & Percival 2009). In the base ⇤CDM cosmology, the
growth factor f (z) is well approximated as f (z) = ⌦m(z)0.545.

19As this paper was nearing completion, results from the Nearby
Supernova Factory have been presented that indicate a correlation be-
tween the peak brightness of Type Ia SNe and the local star-formation
rate (Rigault et al. 2014). These authors argue that this correlation in-
troduces a systematic bias of ⇠ 1.8 km s�1Mpc�1 in the SNe/Cepheid
distance scale measurement of H0 . For example, according to these
authors, the estimate of Eq. 30 should be lowered to H0 = (68.8 ±
3.3) km s�1Mpc�1, a downward shift of ⇠ 0.5�. Clearly, further work
needs to be done to assess the important of such a bias on the distance
scale. It is ignored in the rest of this paper.
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Fig. 16. Constraints on the growth rate of fluctuations from
various redshift surveys in the base ⇤CDM model: green star
(6dFGRS, Beutler et al. 2012); purple square (SDSS MGS,
Howlett et al. 2014); cyan cross (SDSS LRG, Oka et al. 2014);
red triangle (BOSS LOWZ survey, Chuang et al. 2013); large red
circle (BOSS CMASS, as analysed by Samushia et al. 2014);
blue circles (WiggleZ, Blake et al. 2012); and green diamond
(VIPERS, de la Torre et al. 2013). The points with dashed red
error bars (o↵set for clarity) correspond to alternative analy-
ses of BOSS CMASS from Beutler et al. (2014b, small circle)
and Chuang et al. (2013, small square). The BOSS CMASS
points are based on the same data set and are therefore not in-
dependent. The grey bands show the range allowed by Planck
TT+lowP+lensing in the base ⇤CDM model. Where available
(for SDSS MGS and BOSS CMASS), we have plotted condi-
tional constraints on f�8 assuming a Planck⇤CDM background
cosmology. The WiggleZ points are plotted conditional on the
mean Planck cosmology prediction for FAP (evaluated using the
covariance between f�8 and FAP given in Blake et al. (2012)).
The 6dFGS point is at su�ciently low redshift that it is insensi-
tive to the cosmology.

More directly, in linear theory the quadrupole of the redshift-
space clustering anisotropy actually probes the density-velocity
correlation power spectrum, and we therefore define

f�8(z) ⌘
h
�(vd)

8 (z)
i2

�(dd)
8 (z)

, (33)

as an approximate proxy for the quantity actually being mea-
sured. Here �(vd)

8 measures the smoothed density-velocity corre-
lation and is defined analogously to�8 ⌘ �(dd)

8 , but using the cor-
relation power spectrum Pvd(k), where v = �r · vN/H and vN is
the Newtonian-gauge (peculiar) velocity of the baryons and dark
matter, and d is the total matter density perturbation. This defi-
nition assumes that the observed galaxies follow the flow of the
cold matter, not including massive neutrino velocity e↵ects. For
models close to ⇤CDM, where the growth is nearly scale inde-
pendent, it is equivalent to defining f�8 in terms of the growth of
the baryon+CDM density perturbations (excluding neutrinos).

The use of RSD as a measure of the growth of structure is
still under active development and is considerably more di�cult
than measuring the positions of BAO features. Firstly, adopt-
ing the wrong fiducial cosmology can induce an anisotropy in

27

Planck 
ΛCDM
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SDSSの論文を差し置いて、
我々の論文がPlanckの論文
で引用されている

こういう論文をバイスペク
トルで書きたい！
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from redshift-space bispectrum 
based on perturbation theory
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What has been done

• Perturbation-theory (PT) based modeling of 
redshift-space bispectrum at one-loop order

• Constructing mock galaxy catalog (halos) based on 350 
runs of N-body simulations (L=1000 h-1Mpc & 
N=10243)

• Parameter estimation study with PT template
(particularly focusing on the estimation of growth rate)

I. Hashimoto (PhD thesis)

✓combination of bispectrum with power spectrum improves 
the constraint on fσ8 by ~20%

✓un-biased estimation of fσ8 is possible within 3% accuracy



PT-based model of bispectrum標準摂動論

単純に展開 → 標準摂動論(SPT) 
指数関数的な減衰の効果も単純に展開

Taruya et al. (‘10)

Z
dr12dr23heX · · · i =

Z
dr12dr23h(1 +X +X2/2 · · · ) · · · i

Z
dr12dr23heX · · · i =

Z
dr12dr23h(1 +X +X2/2 · · · ) · · · i

有限の項までの効果しか取り入れられずパワースペクトルでも
シミュレーションとの一致が悪い

O((�1)
4) O((�1)

6)

B(s) ' B
tree

+B
1�loop

+ · · ·B(s) ' B
tree

+B
1�loop

+ · · ·B(s) ' B
tree

+B
1�loop

+ · · ·B(s) ' B
tree

+B
1�loop

+ · · ·B0
PT(k1,k2,k3) B0

PT(k1,k2,k3)



PT-based model of bispectrum我々の理論モデル

減衰を表す部分を展開しない 
B(s)(k1,k2,k3) ' heX · · · i= exp{heXic}{h· · · ic · · · }

B(s)(k
1

,k
2

,k
3

) = D
FoG

(k
1

,k
2

,k
3

)(B
tree

+B0
1�loop

)B0
PT(k1,k2,k3)B(s)(k1,k2,k3)

標準摂動論で 
1-loopまで計算我々のモデル

Taruya et al. (‘10)

・キュムラントで統計平均を書き直し、減衰の効果を分離する
・パワースペクトルの場合では、系統誤差の少ないモデルとして 
　広く実際の観測にも用いられている e.g. Oka et al. (‘14)

P (s)(k, µ) = D
FoG

(k, µ)P 0
PT

(k, µ)TNSモデル:



Explicit expressions具体的な表式
減衰のモデル：ガウス型、1変数の減衰関数を使用

B0
PT

(k
1

,k
2

,k
3

) = Btree +B1-loop
222

+B1-loop
321-I +B1-loop

321-II +B1-loop
411

�D
1

�D
2

摂動計算の部分：1-loopの標準摂動論 ー 補正項(         ) を計算D1, D2

q2 = k21z + k22z + k23z

D2(k1,k2,k3) = �
q2�2

v,lin

2
C2(k1,k2,k3)

D1(k1,k2,k3) = �
q2�2

v,lin

2
C1(k1,k2,k3)

exp

�
hej4A4+j5A5i

c

 
! D

FoG

(q) = exp(��2

vq
2/2)

:フリーパラメータ



Multipole expansionバイスペクトルの非等方成分

!r̂2

ẑ

r̂1

✓12
k1

k2k3

�

: line of sight

以下では、バイスペクトルの非等方性を次のように特徴付ける
赤方偏移空間でバイスペクトルは5変数を持つ

3変数 5変数
B̂(s)

` (k1, k2, ✓12) =

Z 1

�1
dµ

Z 2⇡

0

d�

2⇡
B(s)(k1, k2, ✓12, µ,�)P`(µ)

ルジャンドル多項式
µ ⌘ cos!

: 四重極成分` = 2

: 単極成分` = 0

例.赤方偏移空間のパワースペクトル

µ ⌘ k̂ · ẑ

2変数1変数



Standard PT results結果：標準摂動論
実空間 
: 正三角形

単純な摂動論は実空間で有効だが、赤方偏移空間では
すぐにシミュレーションと一致しなくなる

k = k1 = k2 = k3
N-body

赤方偏移空間 
: 正三角形

k
3
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An improved PT model

・準非線形領域では物質場のシミュレーションとよく一致

赤方偏移空間のバイスペクトル：正三角形

結果：我々の理論モデル

・　　　　　　　     までのデータで      をフィットk
max

= 0.13 hMpc�1 �v

k
max

単極成分 四重極成分

k
3
B

(s
)

`
(k
)
⇥

1
0
�
4
[(
M

p
c/

h
)3
]

DEUS (L=1325h-1Mpc, N=5123, 512 runs)



An improved PT model結果：減衰効果のモデル

我々のモデルでは、　 はパワースペクトルのものと 
ほぼ一致する

�v

　  の　　　依存性�v k
max

単極・四重極成分を用いて       までフィットk
max

1-loop tree

TNSモデル 
(パワースペクトル)

我々のモデル: 直角
我々のモデル: 正

z = 1 z = 1



Mock catalogN体シミュレーション

ハローの同定：Friends-of-friends + Rockstar code

N体粒子の分布の中からハローを同定するアルゴリズム 
20個以上の粒子が束縛されている天体をハローと定義する
ハロー質量  ＞ 5⇥ 1012 M

solar

物質場の生成：Gadget-2 code
            ,           粒子, 350 回, z=1 
e.g. Subaru PFS:

バイスペクトル測定の高速化

  

  

  
FFTを用いたバイスペクトルの高速測定方法を我々の
四重極成分の定義に基づいて実装

1.0 < z < 1.2, Vsurv = 0.96h�3Gpc

Springel(‘05)

Davis et al.(’85), Springel et al.(‘01)

Baldauf et al.(’76), Scoccimarro.(‘15)



Statistical analysis統計解析
理論モデルをパラメータ空間内で繰り返し計算し、尤度関数
が最大となるパラメータの組みと信頼区間を求める

尤度関数

最尤推定法 & Markov-chain Monte Carlo 法   

i, j : binの番号: 共分散行列,

：N体の標準誤差�P
i ,�

B
i



Halo power spectrumハローのパワースペクトル
フリーパラメータ:

f, �v, b0, Q, A

P+B をフィットに用いた

�Pi = P (s)
TNS(ki)� P (s)

sim(ki)

�P
i = �Psim：N体の標準誤差

・四重極成分のジグザグはbin内のモードの離散性による
・大スケールほどTNSモデルとN体は一致する



Halo bispectrumハローのバイスペクトル

細長い三角形でシミュレーションと大きな誤差が生じる 
→ 理論、測定ともに問題があるのでこれらを除いて統計解析を行う

鈍角三角形鋭角三角形



Estimation of growth rate結果：成長率の推定精度

・1-loopからの寄与は、推定精度を大きく向上させる
・バイスペクトル単体でも < 3%の精度で成長率を決定できる

750個の三角形(                                    )に対して統計解析を実施cos ✓12 > �0.9, k2 + k3 � k1 < 3�k/2

ffid
fest

:真の成長率
:推定した成長率



Combined constraint結果：バイスペクトルの有効性

Hector et al. 2016と同程度
・バイスペクトルは単極成分のみ 
・ k

max

= 0.22 h�1Mpc

我々の理論モデルを用いれば、より大きなスケールに
限っても、従来と同程度制限を強めることができる

成長率の制限は17%強まる 
(全ての三角形を加えると30%以上)

真の値は１σの範囲内

の観測領域を仮定Vsurv = 1 h�3Gpc3, z = 1
k
max

= 0.15 hMpc�1

e.g. Subaru PFS: 1.0 < z < 1.2, Vsurv = 0.96h�3Gpc



C.f.  previous work先行研究: 現状の制限
Hector et al. (2016)

・バイスペクトルの単極成分を加え、成長率の制限を~15%改善 
・理論モデルはシミュレーションに基づくフィット関数 
・パワースペクトルと組み合わせても、5%の系統誤差が生じうる

  
Boss CMASS sample 
から重力テストを行った

z = 0.57

�8 :パワースペクトルの振幅     
 を決める量



Discussion将来の展望

・非線形なバイアスモデル 
・摂動論部分の改良 
・bin内部の離散性の取り入れ

より精密なモデルに改良し、多くのモードを取り入れられれ
ば、成長率の制限を大きく改善できるはず

小スケールの情報ほど、バイスペクトルの重要性は増す

我々の理論モデルには、まだ改良の余地がある
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理論テンプレートの改良

バイスペクトル測定法の改良
•細長い三角形（squeezed, folded）の測定方法の改善
•新しい分解方法を用いた測定

データ解析方法の改良
•エラー共分散（クロスコバリアンス）の影響

（くりこみ計算への拡張と高速化）
A-P効果の影響


