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研究テーマ１：素粒子論・宇宙論
・ブラックホールの内部

・ビッグバン「以前」の宇宙

・超弦理論に基づく宇宙論・ブラックホール物理

研究テーマ２：物理教育
・身体感覚と理解のプロセス

「難しいこと」を理解するには？

・思春期における勉強への照れ・恥じをなくす教育

アソビとマナビの接続，「勉強ってかっこいい？」

・一般講座「世界を面白がるための物理」など

ブラックホールの特異点と弦

高次元宇宙とビッグバン



テーマ１：超弦理理論論
¡ 重⼒力力と物質を統⼀一，量量⼦子重⼒力力の候補

¡ 「弦」という1次元物体の量量⼦子論論



テーマ１：超弦理理論論と宇宙論論
¡ ⾼高次元時空の存在



テーマ１：超弦理理論論
¡ 時空間⾃自体が弦からできている



テーマ１：超弦理理論論とBH
¡ ブラックホールの内部構造



テーマ２：離離散/⾮非可換時空
¡ Causal Dynamical Triangulation (CDT)

¡ 時空を単体（三⾓角形や四⾯面体）で分割



テーマ２：因果的動的単体分割
¡ どういった時空が創発しうるか数値的に計算

¡ 何故この世が4次元なのかを考える



テーマ２：因果的動的単体分割
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テーマ３：より⼯工学的なもの

¡ 1次元電⼦子系と共形場の理理論論
¡ カーボンナノチューブの電気特性
¡ 応⽤用：カーボンナノラジオ，トランジスタ



テーマ３：より⼯工学的なもの

¡ Optical Vortex（光渦）とその応⽤用
¡ 軌道⾓角運動量量を持つ光
¡ 系外惑星観測への応⽤用
¡ ドラッグデリバリーシステムへの応⽤用



テーマ３：より⼯工学的なもの

¡ テンセグリティの構造安定性
¡ 群論論を使う
¡ 数値計算で安定な構造を探す



負の屈折率がもたらす不思議の世界

光をはじめとするすべての電磁波は，屈折率が負の媒質の中では直観に反したさまざまな振る舞いをする。

水の屈折率は空気よりも大きいの
で，水の入ったコップに差し入れた
鉛筆は折れ曲がって見える。

負の屈折率の媒質に差し込んだ鉛
筆は，その媒質からはじき出され
るように折れ曲がって見える。

屈折率が正の媒質 屈折率が負の媒質

屈折率の低い物質から高い物質に
光が進むとき，その界面で光は法
線（破線で表示）に近づくように
折れ曲がる。

遠ざかっていく物体が放射する光は
ドップラー効果によって全体が長波
長のほうにシフト（赤方偏移）する。

光速より速く移動する帯電物質（赤）
は，進行方向に円錐状のチェレン
コフ光（黄）を発生させる。

屈折率が正の媒質の中では，電磁
波パルスに含まれる個々の波（紫）
は，パルスの全体の形（緑）やエ
ネルギーの流れ（青）と同じ方向
に進む。

正の屈折率の媒質から負の屈折率
の媒質に光が進むとき，法線に対
して同じ側に折れ曲がる。

遠ざかっていく物体が放射する光
は短波長のほうにシフト（青方偏移）
する。

光の円錐は荷電物質の進行方向と
は逆の方向を向く。

電磁波パルスに含まれる個々の波
はパルス全体の形やエネルギーの
流れと逆方向に進む。

• 負の屈折率率率を持つメタマテリアル

n =
1

p
"rµr

=
1

p
"r

· 1
p
µr

"r < 0, µr < 0 ! n < 0

テーマ３：より⼯工学的なもの
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abstract

We study the geodesics in a static circularly symmetry(SCS) black hole spacetime which
is a solution in the (2+1)-dimensional BHT massive gravity(BHT massive gravity) proposed
in [1]. We obtained analytic solutions for the massless geodesic equation and found that
there are find the geodesics which receives a repulsive force from the black hole. We gave an
interpretation for this repulsive force using Newtonian analogy. Moreover, we compare with
the other SCS black holes, the Schwarzschild(AdS) black hole, the BTZ black hole and the
Reissner-Nordström black hole, and conclude the repulsive force of the gravity doesn’t exist
in these black hole spacetime.
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that our conclusion and the future discussion.

2 BHT massive gravity and static circularly symmetry black hole solution

The action of BHT massive gravity is given by [1]

S =
1

16πG

∫
d3x

√
−g

(
R− 2λ− 1

m2
K

)
, (2.1)

where K is

K = RµνR
µν − 3

8
R2. (2.2)

The source-free field equation can be read

Gµν + λgµν −
1

2m2
Kµν = 0, (2.3)

where

Kµν = 2!Rµν −
1

2
(∇µ∇νR+ gµν!R)− 8RµρR

ρ
ν +

9

2
RRµν + gµν

(
3RαβRαβ − 13

8
R2

)
. (2.4)

When a spacetime has a constant curvature as Rµνρσ = Λ(gµρgνσ − gµσgνρ), Kµν in Eq.(2.3)

is also simplified as Kµν = −1
2Λgµν [1, 5]. Then we can obtain solutions of constant curvature

with two different radii, determined by

Λ± = 2m(m±
√

m2 − λ). (2.5)

from Eq.(2.3). A special case defined as

m2 = λ =
1

2
Λ, (2.6)

corresponds to the maximally symmetric one, since the two curvature constants becomes the

same value Λ+ = Λ−. We will focus on this case in the remaining of this paper.

In the case of negative cosmological constant, there exists a following static circularly sym-

metric solution [5], [negative Λ means m2 < 0. Does this mean that we can not interpret m as

the mass of gravitons?]

ds2 = −(−Λr2 + br − µ)dt2 +
dr2

−Λr2 + br − µ
+ r2dφ2, (2.7)

where b and µ can be regarded as the gravitational hair and the mass parameters, respectively[8],

since if b = 0, the solution reduces to the BTZ black hole solution that is the only nontrivial

3

region I region III1 region III2

Figure 4: Behaviors of the geodesics for the parameter region I and III.

[The following argument is about Λ = 0 case?] We can rewrite the eom considered in the

previous section in the same form as Eq.(4.1) as,

FBHT
r = L2

(
−µ+ 1

r3
+

b

2r2

)
. (4.2)

The first term works as an attractive force and the second one works as a repulsive one. We can

define a repulsion radius rrep as, Fr = 0. Clearly FBHT
r is positive where rrep < r. Interestingly,

the gravity behaviors the repulsive. The behavior of a radial component of the force varies

depending on the region of radius. The gravitational force is attractive when rh < r < rrep and

is repulsive when rrep < r.

We would be able to interpret that the repulsive force is caused by the mass of gravitons. If

a graviton is massive, it can not reach so far as a massless one. In other words, the gravitational

interaction in the large scale gets different. [Any example? Both (3+1) and (2+1)-dimensional

cases, OK.] rrep determines the boarder between repulsion and attraction. As a simple evidence

of that, if we take b, which is a peculiar parameter for the BHT massive gravity, to zero, the

repulsion region disappear since rrep → ∞. This means that the repulsive gravity doesn’t appear

in GR limit.

Here considering the Reissner-Nordström black hole in GR gives a good lesson though there

is no repulsive gravitational force in this spacetime as well. The metric of RN black hole is given

by

ds2 = −
(
1− 2G4M

r
+

Q2

r2

)
dt2 +

(
1− 2G4M

r
+

Q2

r2

)−1

dr2 + r2(dθ2 + sinθφ2), (4.3)

where Q is a charge of the RN black hole. The horizons of the RN black hole are located at
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Motivation

Quantum Gravity?

Quantum Geometry?

Natural?   Criterion?



Candidates of quantum gravity
¡ string theory
¡ string field theory
¡ matrix models
¡ ...

¡ loop quantum gravity

¡ (causal) dynamical triangulation

¡ noncommutative geometry

¡ …
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four (111) directions. Pairs of solute atoms
lying along these four directions will be affected
equally by a shear stress o, —p» across the (110)
planes, but unequally by a shear stress o.,„across
a (001) plane. The first type of shear stress will
therefore not cause a preferred orientation of
pair axes, i.e., 5' is identically zero, and therefore
the h~ due to interaction of nearest neighbors is
zero when a tensile stress is applied along one of
the principal axes. On the other hand, the shear
stress o,„will tend to cause a preferred orien-
tation, and hence 8 is not zero. These conclusions
may be arrived at in a more elegant manner.
Let n111, n111 ~ ~ be the number of pairs of solute
atoms with axes lying along the directions { 111),
L111], The potential energy of the lattice
can then contain three interaction terms which
are linear in the e's and in the strains. One inter-
action term will contain the product of the sum
of the n's and of the sum e, +~»+e„.This term
will cause no relaxation, and hence will not be
further considered. The remaining two terms
represent interaction of the orientation variables

with shear strains, These terms must have the
same symmetry as the lattice. One term is

cc {nlll(epz+ ele+e e) +n ill(eel e~e e»)
+nlll( eez+ ezra ezy) +niii( eez ezx+e») }~

No interaction term can be formed of the ~

e», e„strains, other than that representing a
uniform dilation, which has the cubic symmetry
of a cubic lattice.
In f.c.c. lattices the axes passing through

nearest neighbors lie along one of the six (110)
directions. These pairs are affected unequally by
both types of shearing stress, and hence both 8
and 5' are different from zero. This conclusion
is vindicated by the existence of two shear
interaction terms which satisfy the symmetry
relations. These are

P {(noii+noii) (2e..—e„„e„)—
+(nioi+nioi) (2ep els —ee )

+(niM+niio) (2e» e» e—»)}-
alld

p{(np]i np]])cog+(n101 nloi)egg+(niip nile)e p} ~
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Quantiz'ed Syace-Time
HEARTLAND 5. SNYDER

Department of Pkysics, Northwestern University, Evanston, Illinois
(Received May 13, 1946)

It is usually assumed that space-time is a continuum. This assumption is not required by
Lorentz invariance. In this paper we give an example of a Lorentz invariant discrete space-time.

! 'HE problem of the interaction of matter
and fields has not been sa,tisfactorily solved

to this date. The root of the trouble in present
field theories seems to lie in the assumption of
point interactions between matter and 6elds.
On the other hand, no relativistically invariant
Hamiltonian theory, is known for any form of
interaction other than point interactions.
Even for the case of point interactions the

relativistic iiivariance is of a formal nature only,
as the equations for quantized interacting fields
have no solutions. The uses of source functions,
or of a cut-off in momentum space to replace
infinity by a finite number are distasteful arbi-

trary procedures, and neither process has yet
been formulated in a relativistically invariant
manner. It may not be possible to do this.
It is possible that the usual four-dimensional

continuous space-time does not provide a suitable
framework within which interacting matter and
fields can be described. I have chosen the idea
that a modification of the ordinary concept of
space-time may be necessary because the "ele-
mentary" particles have fixed masses and
associated Compton wave-lengths.
The special theory of relativity may be based

on the invariance of the indefinite quadratic form

P =c't' —x'—y'—s' (1)



Old history

HARTLAN D S. SNYDER

in which A is Plank's constant divided by 2x.
Now, I„I„,1„3f„3f„,M, are, with the ex-
ception of the factor i', the in6nitesimal elements
of the four-dimensional Lorentz group. It may
be shown that each of the above operators
commutes with quadratic form (1) when the
values of x, y, s, t given by (3) are used. This is
another way of stating the Lorentz invariance of
quadratic form (1). It will be observed that I„
L~, L„3I„3II„,3E, do not involve g4, and that
as a consequence the Lorentz transformation
which leaves form (2) and g4 invariant leaves
quadratic form (1) invariant, and as has already
been shown, leaves the spectra of the operators
x, y, s, and t invariant. We see from these facts
that the usual assumptions concerning the con-
tinuous nature of space-time are not necessary
for Lorentr invariance. This result is the mini-
mum objective of this work.
The ten operators defined in (3) and (4) have

a total-of forty-6ve commutators. Only six of
these commutators diRer from the ordinary ones
and these six are

[x, y$ = (ia'/h)I. „[t,xi = (za'/kc) M.,
[y, s) = (ia'/5)L. , [t, y j= (ia'/kc) M„, (5)

[s, x] =' (ia'/k) I.„, [t, sj= (ia'/hc) M..
We see from these commutators that if we take
the limit a—+0 keeping A and c 6xed, our quan-
tized space-time changes to the ordinary con-
tinuous space-time.
The commutators for the quantities I, I.„,I.„

M, 3f„, 3f, are those of the infinitesimal ele-
ments of the Lorentz group, and for this reason
we introduced the factor of iV) in their definition.
Thus, I. , L,„, I., have the usual properties of
quantum angular momentum, The commutators
which involve one of the operators x, y, s, or I,,
with one of the operators I. , I„,L„, 3f„3f„,3f,
are independent of a, the natural unit of length.
Thus all of the commutators pass in the. limit
a~0 to their usual expressions.
In addition to the ten quantities de6ned in

(3) and (4) we define four additional operators,
having the transformation properties of space
or time displacement operators, or the equiva-

lent, of energy and momentum operators. '
p.= (&/&)(~i/~4) p.= (&/a)(ns/s4),
pw = (&la)(n2/~4) pi = (&~/a)(no/n4).

By 1Tleans of Rlgebr Rlc manipulations one CRn
show that

I.,=yp, sp„;—M.= xp, +—cd„etc (.7)
C

The angular momenta have their usual ex-
pression in terms of coordinate and momentum.
One must exercise care as to the order in which
the factors in (7) are written since they do not
commute Th. e four quantities p„p„, p„pi
commute with one another, and have the same
commutators with I„I.„,I.„M, 3f„, M, as do
the usual expressions for the space or time dis-
placement operators. In addition, each has a
continuous spectrum running from minus infinity
to plus infinity. Their commutators with the co-
ordinates and time are not the same as usual and
Rre given by

[x, p.'j =il'i[1+ (a/l'i) 'px'$;
[~, p,j=ia[1—(e/ric)'p, 'j
[x p~l=[y p ]=i&(a/I'i)'p. p~'

[x, pg) =c'[p„ f7= jk(a/0)'p. pg, etc.
Here we note that if all the components of the
momentum are small compared to h/a and the
energy is small compared to hc/u then these
commutators approach those which are given in
orinary quantum mechanics. Further, as we take
the limit a—+0 these commutators change to their
standard values.
The fact that these new commutators between

coordinate and momentum diRer from the old
ones appreciably only for large values of the
momentum, and that they difkr by large
amounts when ~p~ &Ii/u implies that a field
theory based on quantized space-time will give
substantially the same results as the usual 6eld

3The most general form for the energy momentum
operators with the correct transformation properties is

in which f(g4/q) is a dimensionless function of its argu-
ment. A choice of f{q4jq) other than the choice which gives
Eqs. (6) may be more useful for physical problems.

deformation of spacetime → deformation of 
algebraic structure of functions on it 



A realization of noncommutativity
¡ Noncommutativity between space coordinates

: constant parameter

¡ a realization: Wick-Voros product

[x, y] = i✓, ✓
✓
z =

x+ iyp
2✓

, z̄ =
x� iyp

2✓

◆

(f ? g)(z, z̄) = exp

✓
@

@z̄0
@

@z00

◆
f(z0, z̄0)g(z00, z̄00)

���
z0=z00=z

cf.) [a, a†] = 1

[z, z̄] = 1

[z, z̄]? = z ? z̄ � z̄ ? z = 1



A field theory on 
noncommutative space

S =

Z
dtd

2
x

⇣
@z�@z̄�+

m

2
�

2 + · · ·
⌘

S =

Z
dtd

2
x

⇣
@z� ? @z̄� +

m

2
� ? � + · · ·

⌘

on a commutative space:

on a noncommutative space:

algebraic structure of functions is changed 
by introducing noncommutativity



Applications to gravity
¡ Gauge theories of gravitation

[Chamseddine, Chaichian-Setare-Tureanu-Zet,  Banados-Chandia-Grandi-Schaposnik-Silva, …]
¡ (2+1)dim CS theory 〜～ (2+1)dim gravity → NC version

¡ Twisted diffeomorphism [Aschieri-Dimitrijevic-Meyer-Wess]

¡ Deformation in source terms [Nicolini, Banerjee, Mukherjee, Rahaman, SK, ...]

�(r) ! e�r2/✓ (width ⇠ ✓)

dA+A · A = 0 ! dA+A ?A = 0 ! L = e ?R



Fuzzy object as BH source
¡ point mass → Gaussian distribution:

¡ BH solution with a smeared point mass as a source
¡ Schwarzschild-like  [Nicolini et al (2006)], RN-like [Ansoldi et al (2007)],
¡ Kerr-like [Smailagic et al (2007)], (1+1)-dim. [Mureika et al (2011)] 
¡ BTZ-like [Rahaman et al (2011), Larranaga et al. (2011), SK (2016)], ....

¡ BH solution with fuzzy disc or fuzzy annulus as source [SK (2016)]

¡ ordinary gravitational solutions with NC inspired sources

�(r) ! e�r2/2✓

fuzzy disc



Round way: 
space & functions on it

manifold

coordinate: 
commutative

Quantum Space

coordinate: ?
geometry: ?

commutative 
algebra of functions

noncommutative 
algebra of functions

noncommutative
deformation

quantization of
geometry?

f · g = g · f f ? g 6= g ? f



Example: Fuzzy Sphere

Two-sphere S2 Fuzzy Sphere

commutative algebra of 
spherical harmonics

noncommutative algebra 
of deformed spherical 

harmonics
noncommutative

deformation

a quantization of
geometry

f(✓,�) =
X

almYlm(✓,�)

f(✓,�) · g(✓,�) = g(✓,�) · f(✓,�) f(✓,�) ? g(✓,�) 6= g(✓,�) ? f(✓,�)

f(✓, �) =
X

almŶlm(✓, �)



Noncommutative Solitons
¡ a scalar field theory on NC plane

[Gopakumar- Minwalla- Strominger, Kraus-Larsen, … (2000)]

¡ nontrivial soliton solutions do exist: GMS solitons

E =

Z

D
d2zV?(�)

V?(�) =
b2
2
� ? �+

b3
3
� ? � ? �+ · · ·

-2

0

2
-2

0

2

0
2
4
6
8

10

-2

0

2

← no kinetic term



Construction of GMS solitons
¡ EOM:

usually, there is no non-trivial solution (lack of kinetic term)

¡ if there is                          , where       satisfies

EOM →

¡ nontrivial solution: 

0 =
@V?

@�
= b2�+ b3� ? �+ b4� ? � ? �+ · · ·

� = �⇤pn(z, z̄)

0 = (b2�+ b3�
2 + b4�

3 + · · · )pn

pn� = �pn(z, z̄)

�⇤

b2� + b3�
2 + b4�

3 + · · · = 0

is a solution of the algebraic equation

pn ? pn = pn

projection operator-like



Functions and Operators:
Weyl-Wigner Correspondence

function: 

star product:  

operators acting on 
the Fock space 
of a harmonic oscillator

f(x, y)

[x, y] = i✓

f̂(x̂, ŷ)

algebra of functions

f ? g

operator: 

product
with an ordering:  

algebra of operators

f̂ · ĝ

[x̂, ŷ] = i✓ [ẑ, ẑ†] = 1



Weyl-Wigner 
Correspondence
“Harmonic oscillator” in operator formalism:

N̂ |n i = n |n i

ẑ =
x̂+ iŷp

2✓
ẑ

† =
x̂ � iŷp

2✓
N̂ = ẑ

†
ẑ =

x̂

2 + ŷ

2

2✓

H = span{|0i , |1i , |2i , · · · }



Weyl-Wigner 
Correspondence

Weyl projection

function

operator

f(z̄, z) =
1X

n=0

fTay
mnz̄

mzn

f̂(ẑ†, ẑ) =
1X

n=0

f Tay
mnẑ†mẑn



Weyl-Wigner 
Correspondence

inverse Weyl projection

function

operator

f(z̄, z) = h z | f̂ | z i

: coherent state

f̂(ẑ†, ẑ) =
1X

n=0

f Tay
mnẑ†mẑn

ẑ | z i = z | z i



Projection operators
as NC solitons

¡ EOM:

¡ nontrivial solution:                          with

0 =
@V?

@�
= b2�+ b3� ? �+ b4� ? � ? �+ · · ·

analogy to 
projection operator

p̂n = |n i hn |

� = �⇤pn(z, z̄)

pn(r) = h z | n i h n | z i = e� r2

2✓
r2n

n!(2✓)n

W-W
correspondence

pn ? pn = pn



GMS solitons
¡ circular symmetric solitons
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Fuzzy Disc
and angle state

a finite disc in the Moyal plane
angular noncommutative solitons

SK-Asakawa, JHEP04(2013)145



Fuzzy Disc    [Lizzi, Vitale, Zampini (2003)]

¡ Def: finite dim. truncation of a noncommutative plane

¡ Two parameters: 
¡ noncommutativity: θ
¡ fuzzyness : N

¡ applications:
¡ matrix model
¡ quantum Hall effect



Shape of a fuzzy disc
(N=10, θ =1)

p0 + p1 + · · · + p9

=
9X

n=0

e� r2

2✓
r2n

n!(2✓)n

Â10 = P̂10ÂP̂10

P̂10 = p̂0 + p̂1 + · · · + p̂9



GMS soliton and fuzzy disc

N=4 case

p̂0 = | 0 i h 0 |

p̂1 p̂2 p̂3



Another orthonormal basis
: angle states

¡ number basis: concentric cutting of a disc
¡ ~ radius operator 

¡ another basis: radial cutting of disc
¡ ~ angle operator

N̂

'̂

(N̂ ⇠
p

x̂

2 + ŷ

2)

[SK-Asakawa, JHEP04(2013)145]

• nontrivial solutions with more general forms
• introduction of the polar coordinate in NC gemoetry



Angle Operator and States

¡ The angle operator: 

¡ Eigen states of the angle operator:

¡ Relation to the number state

¡ Orthonormality:

¡ Angular projection operators:

→ angular “delta function” peaked at 

h 'm | 'n i = �mn

'̂ | 'm i = 'm | 'm i

'̂ =
N�1X

m=0

'm | 'm i h 'm |

'm =
2⇡

N
m

⇡̂m = |'m i h'm |

|'m i = 1p
N

N�1X

n=0

ein'm |n i

with help of
Pegg-Barnett 
phase operator



Number ⇄ Angle 



Number ⇄ Angle (cont’d)

Û = |0i h1|+ |1i h2|+ · · ·+ |N � 2i hN � 1|+ eiN'0 |N � 1i h0|

unitary, cyclic operator

Pegg-Barnett formalism in quantum optics



Two descriptions 
for fuzzy disc
¡ baum-kuchen vs shortcake

p̂0

p̂1

p̂2

p̂3

⇡̂3

⇡̂2

⇡̂1

⇡̂0

N�1X

n=0

p̂n =
N�1X

m=0

⇡̂m



Algebraic definition 
of fuzzy disc



Function counterparts of 
angular projection operators

⇡(N)
k (r,') =

1

N

N�1X

m,n=0

e� r2

2✓
rm+n

p
m!n!(2✓)m+n

e�i(m�n)('�'k)

⇡̂3

⇡̂2

⇡̂1

⇡̂0

not concentric, but fan-shaped, like pieces of cake 

N=4 case



Other fuzzy objects: 
e.g.) fuzzy Annulus

P̂M
N := p̂M + p̂M+1 + · · · + p̂M+N�1

any set of N orthonormal operators is allowed for truncation



Angular NC solitons
as D0-branes?
¡ scalar field on the NC plane

= tachyon filed on a non-BPS D2-brane

¡ The solution 
= a D0-brane (rank             →  same tension)

¡ Same thing can be said:
the solution                  also can be seen as a D0-brane,

¡ Commutative limit (with Nθ fixed), 
angular NC soliton becomes thinner and thinner

� = �⇤p̂n

p̂n = 1

� = �⇤⇡̂m
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¡ We propose a 3 dim. model with C.C. term only

¡ Infinitely many nontrivial solutions

NC gravity of 
cosmological constant

[Asakawa-SK, CQG27(2010)105014]



¡ Other quantities (metric, determinant, Ricci tensor etc.) are 
viewed as composites of vielbeins

lNC metric

l “Commutative” metric 

l Several kinds of determinants

NC gravity of cosmological 
constant (cont’d)



¡ EOM:

¡ an example of solutions: diagonal ansatz

¡ Mutually anti-commuting  ⇒ realized by

1) Projection operators

2) Dirac gamma matrices (Clifford algebra)

Equation of motion

[Asakawa-SK (2010)]



¡ Simplest ansatz: diagonal

¡ EOMs:

Solution 1: Diagonal Solution

mutually anti-commuting
→ realized by 

the orthogonality of 



¡ Solution (simplest one)

¡ Line element



¡ Diverges when θ→0: particular to NC gravity 

¡ Does not have the star inverse,
but has the ordinary inverse of itself.

¡ Scalar invariants can be defined on commutative space
(we switched to the metric formalism here)



¡ Ansatz

¡ EOMs

solution 2: nondiagonal



¡ Solution (simplest one)

¡ Line element

¡ Effectively two-dimensional
→ Discrepancy b/w manifold & metrical dim.

(typical feature of quantum gravity?)



Solution3: Clifford algebra-like
¡ EOM:

→ vielbein should be mutually anti-commuting

¡ The vielbein obeying the Clifford algebra 
solves the EOM, e.g.,



¡ Representation of the matrix elements in the harmonic oscillator basis

¡ Metric:

¡ Interpolates two vacua,                   and
→ same as the noncommutative scalar solitons

← propotional to 
the Minkowski spacetime



¡ Scalar invariants
note: defined on commutative space (not on NC space) 



Two descriptions for fuzzy 
disc
¡ number basis: concentric cutting of a disc

: radius operator 

¡ angle basis: radial cutting of disc [SK-Asakawa, 2013]

: angle operator  ← with aid of phase state 
in quantum optics

N̂

'̂

(N̂ ⇠
p

x̂

2 + ŷ

2)

[Pegg-Barnett]



Radius ⇄ Angle

|'mi = 1p
N

N�1X

n=0

ein'm |ni,

'̂ =
N�1X

m=0

'm|'mih'm|N̂ =
N�1X

n=0

n|nihn|

'm = '0 +
2⇡

N
m (m = 0, 1, · · · , N � 1)

• introduction of the polar coordinate in NC geometry
• how about fuzzy sphere? (extension to "3D")

conjugate



Angular NC solitons in gravity

Figure 12: The ordinary (commutative) Ricci scalar and the Kretchmann invariant for the line

element (4.13). We set ↵0 = ↵1 = ↵2 = 1 and ✓ = 1.

where

⇡
(3)
k (r,') =

1

3
e�r2/✓

"

1 +
2r

✓1/2
cos('� '

(3)
k )

+
r2

✓

n

1 +
p
2 cos[2('� '

(3)
k )]

o

+

p
2r3

✓3/2
cos('� '

(3)
k ) +

r4

✓2

#

. (4.14)

Note that ⇡(N)
i is idempotent with respect to the Wick-Voros product. Considering this metric

as an ordinary (that is, commutative) one, one can formally construct several quantities such as

the Riemann tensor. This is possible because the function (4.14) is non-zero everywhere, and

the ordinary commutative product is written by using the Wick-Voros product [2]. On the other

hand, the metric itself (4.13) is not invertible with respect to the Wick-Voros product. Figure 12

shows the ordinary Ricci scalar and the Kretchmann invariant for the metric (4.13), respectively.

Both quantities are almost flat in the disc region but diverge outside the disc, which suggest

that the spacetime corresponding to this solution is a fuzzy disc with radius R =
p
6✓. They

also diverge around three points, where ⇡
(3)
0 ,⇡

(3)
1 and ⇡

(3)
2 have their peaks. These divergences

would be artifacts due to the bad choices of the observables, and would be resolved if we define

more admissible quantities. We emphasize that a fuzzy disc is a emergent space in this model,

that is, its size N is not a parameter of the theory but a parameter of a solution.

5 Conclusion and Discussion

In this paper, we investigated the fuzzy disc by introducing the concept of angles. By defining

the angle states |'m i and the angle operator '̂, which are known as the phase states and the

phase operator in quantum optics, we reformulate the N ⇥N matrix algebra for the fuzzy disc

as the commutation relations among the operators '̂, N̂ , Û and V̂ . The angle states were also

20

S = � ⇤

2

Z
dtd2z E? E? = det?E =

1

3!
✏µ⌫⇢✏abcE

a
µ ? Eb

⌫ ? Ec
⇢

Ea
µ =

0

@
E0

0 0 0
0 E1

1 0
0 0 E2

2

1

A =

0

B@
↵0⇡

(N)
0 0 0

0 ↵1⇡
(N)
1 0

0 0 ↵2⇡
(N)
2

1

CA

ds

2 = �↵

2
0⇡

(3)
0 dt

2 + ↵

2
1⇡

(3)
1 dx

2 + ↵

2
2⇡

(3)
2 dy

2

⇡(3)
k (r,') =

1

3

e�r2/✓

"

1 +

2r

✓1/2
cos('� '(3)

k ) +

r2

✓

n

1 +

p
2 cos[2('� '(3)

k )]

o

+

p
2r3
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cos('� '(3)

k ) +

r4

✓2
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⌫ , E

c
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Analogy to Gaussian beam
¡ Gaussian beam



Analogy to Gaussian beam
¡ Laguerre-Gaussian beam

GMS 
solitons

angular NC solitons



Example: Fuzzy Sphere

Two-sphere S2 Fuzzy Sphere

commutative algebra of 
spherical harmonics

noncommutative algebra 
of deformed spherical 

harmonics
noncommutative

deformation

a quantization of
geometry

f(✓,�) =
X

almYlm(✓,�)

f(✓,�) · g(✓,�) = g(✓,�) · f(✓,�) f(✓,�) ? g(✓,�) 6= g(✓,�) ? f(✓,�)

f(✓, �) =
X

almŶlm(✓, �)



Example: Fuzzy Disc

Two-Disc D2 Fuzzy Disc

commutative algebra
of functions

noncommutative algebra 
of functionsnoncommutative

deformation

a quantization of
geometry



Toward quantum black holes

(2+1)-dim. space
with or without

horizons
?

commutative algebra
of functions on it

noncommutative algebra 
of functions on itnoncommutative

deformation

a quantization of
geometry



(2+1)-dim. spacetime with 
conical singularity

[Deser et al., Deser-Jackiw (1984)]



(2+1)-dim. spacetime with 
conical singularity

[Deser et al., Deser-Jackiw (1984)]

locally flat, but there is a conical singularity



(2+1)-dim. spacetime with 
conical singularity

[Deser et al., Deser-Jackiw (1984)]

deficit angle

conical singularity geometry of cone

point mass

light A

light B

they will intersect



Fuzzy Cone

(2+1)-dim. spacetime

with conical singularity
Fuzzy Cone

?noncommutative
deformation

quantization of
geometry

ds2 = �dt2 + r�8m(dr2 + r2d'2)



Effective theory
¡ deformation of source distribution [Nicolini et al,...]

¡ effective theory of (2+1)D NC graivity [SK (2016), Sadohara (2016卒研)]

¡ BTZ-like BH with Gaussian density distribution

¡ (of course,) we cannot see "thickness" of horizon 

¡ full quantum treatment is needed

M�(~r) ! ↵e� r2

2✓



Density distribution
¡ Laguerre-Gaussian beam

solution?



Summary
¡ Noncommutative geometry
¡ one of the trials to know quantum gravity/geometry
¡ algebraic structure of functions on a NC space
→ equivalent to know the NC space, intuitively easier

¡ Applications to gravity
¡ a trial: NC gravity without Ricci scalar 
¡ horizon with "thickness"

¡ There are many ways to introduce noncommutativity
criterion?

¡ noncommutative/discrete
¡ discrete integrable geometry → fuzzball?



�
� 「小林君はアホやからなあ」
「物理で『アホ』は褒め言葉やで」

� 「小林君はミーハーやからいつも不安やと思うで」
「僕もそうやからわかる」

� 「小林君は何かごちゃごちゃ言ってるだけや」
� 早田さん「小林君の議論は地に足がついてない」
� Myers "For example?"

� 「そんなのはもう終わってるんや」

阪上さんに言われたこと


