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Granular materials and jamming transition

 DissipativeDissipative, athermal, no equilibrium state, athermal, no equilibrium state
Nonequilibrium steady stateNonequilibrium steady state under external drivingunder external driving Nonequilibrium steady stateNonequilibrium steady state under external drivingunder external driving

 Emergence of Emergence of rigidityrigidity at φ > φat φ > φJJ for disordered for disordered 
materials due to mechanical contactmaterials due to mechanical contact
(granules, colloids, emulsions, foams, …)(granules, colloids, emulsions, foams, …)(g , , , , )(g , , , , )

 Critical scaling behavior (stress, pressure, granular Critical scaling behavior (stress, pressure, granular 
temperature )temperature )temperature, …)temperature, …)
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Jamming vs. glass transitions
 Relaxation of the densityRelaxation of the density--density correlationdensity correlation

 Glass:Glass: 22--stepstep relaxation (cage effect)relaxation (cage effect) Glass: Glass: 22 stepstep relaxation (cage effect)relaxation (cage effect)
 Jamming: Jamming: 11--stepstep relaxationrelaxation

l j i
(Gleim et al. ,1998)

glass
(Pica Ciamarra,Coniglio,2009)

jamming

e=0.88
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Theoretical approachTheoretical approach
 Kinetic theory for inelastic spheres  (Garzo,Dufty,1999)

 breaks down at (Chialvo,Sundaresan,2013) breaks down at

shear stress ratio

(Chialvo,Sundaresan,2013)

see also (Mitarai,Nakanishi,2007)

shear stress ratio

Solid lines: GDKT
Points: frictionless DEM

0.5
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Aim of the study / Contents
 Aim of the studyAim of the study

 Construct aConstruct a microscopicmicroscopic theory valid in the densetheory valid in the dense Construct a Construct a microscopicmicroscopic theory valid in the dense theory valid in the dense 
regime up to the jamming pointregime up to the jamming point

 ContentsContents
Mi i d lMi i d l Microscopic modelMicroscopic model

 SteadySteady--state distribution functionstate distribution function
 SteadySteady--state temperaturestate temperature
 MD simulationMD simulation

 shear stress, temperatureshear stress, temperature
 relaxation timerelaxation time relaxation timerelaxation time
 dissipation functiondissipation function
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Microscopic model
 Equation of motionEquation of motion

κ

mass

 normal normal contactcontact forcesforces vx
&

y m

 elastic : linear springelastic : linear spring
 dissipative : viscousdissipative : viscous

y
x




diameterpp
 no thermal noisesno thermal noises

x

d

volume V
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Steady-state distribution function
 Approximate expressionApproximate expression

 Derived from Liouville eq.Derived from Liouville eq. Derived from Liouville eq.Derived from Liouville eq.
 Relaxation time approximationRelaxation time approximation

 Depends only on Depends only on 
Constit tes of “canonical te m” + “co ection”Constit tes of “canonical te m” + “co ection” Constitutes of “canonical term” + “correction”Constitutes of “canonical term” + “correction”

 TTSSSS : determined by the energy balance: determined by the energy balance
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Relaxation time
 Relaxation timeRelaxation time

 Eigenvalue of the perturbation of the Liouville eq.Eigenvalue of the perturbation of the Liouville eq. Eigenvalue of the perturbation of the Liouville eq.Eigenvalue of the perturbation of the Liouville eq.

(hard-core limit)( )
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Steady-state temperature
 SteadySteady--state condition (energy balance)state condition (energy balance)

 Energy dissipation rateEnergy dissipation rate

 Retain only the leading canonical term Retain only the leading canonical term ⇒⇒ check latercheck later
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Steady-state temperature
 Shear stressShear stress

 Approximate 4Approximate 4--body correlation by a product of 2body correlation by a product of 2--body body 
l til ticorrelationscorrelations

 11stst peak value of the radial distribution functionpeak value of the radial distribution functionpp
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MD simulation
 Frictionless grainsFrictionless grains
 Uniform shear (SLLOD + LeesUniform shear (SLLOD + Lees--Edwards b.c.)Edwards b.c.) Uniform shear (SLLOD + LeesUniform shear (SLLOD + Lees Edwards b.c.)Edwards b.c.)
 UnitsUnits

Mass :Mass : length:length: dd time: (time: ( /k/k))1/21/2 Mass : Mass : mm,  length: ,  length: dd,  time: (,  time: (m/km/k))1/21/2

 ParametersParameters
 N = 2000, N = 2000, ΔΔt* = 0.01, ε = 0.018375 (e=0.96)t* = 0.01, ε = 0.018375 (e=0.96)
 0.50 < φ < 0.66, 0.50 < φ < 0.66, 

 ProcedureProcedure
 Initial thermalization ( )Initial thermalization ( ) Initial thermalization (         ,               )Initial thermalization (         ,               )
 Switch on shear & dissipationSwitch on shear & dissipation

Sta t meas ement of the st ess afte the ela ationSta t meas ement of the st ess afte the ela ation Start measurement of the stress after the relaxationStart measurement of the stress after the relaxation
of of 
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Shear stress
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Shear viscosity
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Granular temperature
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Discussions

 ProblemProblem
 Is the relaxation time coincident to the collision time ?Is the relaxation time coincident to the collision time ? Is the relaxation time coincident to the collision time ?Is the relaxation time coincident to the collision time ?

 We measure the stressWe measure the stress--stress time correlation function stress time correlation function 
by MD simulationby MD simulationby MD simulationby MD simulation
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Relaxation timeRelaxation time
 Stress time correlation function (MD)Stress time correlation function (MD)

q Conditions

y(
0)

2 >
eq

1.0 

1.2 
φ=0.60
φ=0.619

Conditions

( 0 999)

q
／

<σ
xy

0.6 

0.8 φ=0.629
φ=0.633
φ=0.636

(e=0.999)

N = 1000

σ x
y(

0)
> e

q

0.2 

0.4 
φ 0.636
φ=0.638 200 samples

Time scales

<σ
xy

(t
) σ

-0.2 

0.0 

1.E-02 1.E+00 1.E+02 1.E+04

Time scales
 shear rate
 dissipation (collision time)

Independent of the densitIndependent of the densit

t (k/m)1/2

<  dissipation (collision time)
 contact duration

 Independent of the densityIndependent of the density
 Determined by the Determined by the contact duration timecontact duration time

1515



Contents

 IntroductionIntroduction
Microscopic modelMicroscopic model Microscopic modelMicroscopic model

 SteadySteady--state distribution function state distribution function 
 Relaxation timeRelaxation time

SteadySteady state temperaturestate temperature SteadySteady--state temperaturestate temperature
 MD simulationMD simulation

 Shear stress, temperatureShear stress, temperature
Relaxation timeRelaxation time Relaxation timeRelaxation time

 Dissipation functionDissipation function
 SummarySummary



Dissipation functionDissipation function
 Check the approximation (MD)Check the approximation (MD)
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Dissipation functionDissipation function
 Check the approximation (MD)Check the approximation (MD)
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Summary

 The theory for sheared granular materials is based The theory for sheared granular materials is based 
on the assumption that the relaxation time ison the assumption that the relaxation time ison the assumption that the relaxation time is on the assumption that the relaxation time is 
given by the given by the collision timecollision time..
Th l ti ti f th t ti l tiTh l ti ti f th t ti l ti The relaxation time for the stress time correlation The relaxation time for the stress time correlation 
function is numerically estimated.function is numerically estimated.
It is determined by the It is determined by the contact durationcontact duration..

 There are two timeThere are two time--scales:scales: contact durationcontact duration There are two timeThere are two time scales: scales: contact duration contact duration 
(stress)(stress) and and collision time (dissipation).collision time (dissipation).
h l h h dh l h h d The implications to the theory are now under The implications to the theory are now under 

investigation.investigation.gg

1818


