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Frontiers and Impact of Nuclear Science 

28!

Aim of  modern nuclear theory: 
 

Develop unified first-principles picture of  structure and reactions 
 

   - Nuclear forces (QCD/strong interaction at low energies) 
   - Electroweak physics 
   - Nuclear many-body problem 
 
 

stable nuclei 

Unstable 
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Advances in Ab Initio Nuclear Structure for 
Medium-Mass Exotic Nuclei 
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Exploring the frontiers of  nuclear science: 
 

Worldwide joint experimental/theoretical effort 
 

What are the properties of  proton/neutron-rich matter? 
 

What are the limits of  nuclear existence? 
 

How do magic numbers form and evolve? 
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What are the properties of  proton/neutron-rich matter? 
 

What are the limits of  existence of  matter? 
 

How do magic numbers form and evolve? 
 

Worldwide joint experimental/theoretical effort! 

3N forces essential 
for exotic nuclei 

Advances in many-body methods Treatment of  nuclear forces 



Chiral Effective Field Theory: Nuclear Forces 
Nucleons interact via pion exchanges  
and contact interactions 
 

Consistent treatment of NN, 3N,…  
 

 
 
 
 
 
 
 
 

Weinberg, van Kolck, Kaplan, Savage, Wise 
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Chiral Effective Field Theory: Nuclear Forces 
Nucleons interact via pion exchanges  
and contact interactions 
 

Consistent treatment of NN, 3N,…  
 

NN couplings fit to scattering data 
 

3N couplings fit to 3/4-body systems 
 

 
Consistent EW/WIMP interactions 
 
 
 
 
 
 
 
 
 

Weinberg, van Kolck, Kaplan, Savage, Wise… 



The Nuclear Many-Body Problem 
Nucleus strongly interacting many-body system – how to solve A-body problem? 
 
 
 
 

Quasi-exact solutions only in light nuclei (GFMC, NCSM, …) 
 

Large scale: controlled approximations to full Schrödinger Equation  
 

Coupled Cluster 

In-Medium SRG 

Green’s Function 
Unitary model operator 

Limited range: 

  Closed shell ±1 

  Even-even 
 

Limited properties: 
Ground states only 

  Some excited state 

H n = En n

Large-scale approaches 



The Nuclear Many-Body Problem 
Nucleus strongly interacting many-body system – how to solve A-body problem? 
 
 
 
 

Quasi-exact solutions only in light nuclei (GFMC, NCSM, …) 
 

Large scale: controlled approximations to full Schrödinger Equation  
 

Valence space: diagonalize exactly with reduced number of degrees of freedom 

Coupled Cluster 

In-Medium SRG 

Green’s Function 
Unitary model operator 

Limited range: 

  Closed shell ±1 

  Even-even 
 

Limited properties: 
Ground states only 

  Some excited state 

H n = En n

Valence-space approaches 

Coupled Cluster 

In-Medium SRG 

Perturbation Theory 

All nuclei near  

closed-shell cores 
 

All properties: 
  Ground states 
  Excited states   
  EW transitions 

Large-scale approaches 
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Valence-Space Philosophy 

Active nucleons occupy  
valence space 

          

Nuclei understood as many-body system starting from closed shell, add nucleons 
 

Valence-space Hamiltonian derived from nuclear forces: 
 
 

Single-particle energies  
 

Interaction matrix elements 
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Nuclei understood as many-body system starting from closed shell, add nucleons 
 

Valence-space Hamiltonian derived from nuclear forces: 
 
 

Single-particle energies 
 

Interaction matrix elements 
 

Valence-Space Philosophy 

          

Effective valence space Hamiltonian: 
Sum all excitations outside valence space 

Veff 
V
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Perturbative Approach 
 

1) Effective Hamiltonian: sum excitations outside valence space to MBPT(3) 
 

2) Self-consistent single-particle energies 
 

3) Harmonic-oscillator basis of 13-15 major shells: converged 
 

4) NN and 3N forces from chiral EFT 
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Perturbative Approach 
 

1) Effective Hamiltonian: sum excitations outside valence space to MBPT(3) 
 

2) Self-consistent single-particle energies 
 

3) Harmonic-oscillator basis of 13-15 major shells 
 

4) NN and 3N forces from chiral EFT 
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Undesirable Features 
 

•  Uncertain perturbative convergence 
 

•  Core physics inconsistent or absent 
 

•  Degenerate valence space requires HO basis (HF requires nontrivial extension) 
•  Must treat additional orbitals nonperturbatively (extend valence space) 



Impact on Spectra: 23O 
Neutron-rich oxygen spectra with NN+3N  
 

5/2+, 3/2+ energies reflect 22,24O shell closures 

sd-shell NN only  
  Wrong ground state 
  5/2+ too low 
  3/2+ bound 
 

NN+3N  
Clear improvement in 
extended valence space 
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Perturbative Approach 
 

1) Effective Hamiltonian: sum excitations outside valence space to MBPT(3) 
 

2) Self-consistent single-particle energies 
 

3) Harmonic-oscillator basis of 13–15 major shells 
 

4) NN and 3N forces from chiral EFT – to 3rd-order MBPT 
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state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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Particle/Hole Excitations 
Consider basis states as excitations from some reference state: 
 
 
 
 
 
 
 
 
 
 
 
 
 
Hamiltonian schematically given in  
terms of ph excitations  

Unoccupied 
(Particles) 
 

Occupied 
(Holes) 

|�i =
NY

i=1

a†i |0i

"F

|�a
i i = a†aai |�i

���ab
ij

↵
= a†aaia

†
baj |�i

hi|H|ji

SRG Overview Methods Lattice NCSM

In-medium SRG decoupling [slides from H. Hergert]

Consider SRG with 0p–0h reference state (instead of vacuum)

H. Hergert - Ohio State University - ANL Theory Seminar, 03/22/12

Decoupling in A-Body Space
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H. Hergert - Ohio State University - ANL Theory Seminar, 03/22/12

Decoupling in A-Body Space
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K. Tsukiyama, S. K. Bogner, and A. Schwenk, PRL 106, 222502 (2011)

Dick Furnstahl TALENT: Nuclear forces

Reference 
Slater Determinant 1p-1h excitation 2p-2h excitation 



Normal-Ordered Hamiltonian 
Now rewrite exactly the initial Hamiltonian in normal-ordered form 
 
 
 
 
 
 
 
 
 
 
 
 
 
Normal-ordered Hamiltonian w.r.t. reference state 
 

Loop = sum over occupied states 
 

Include dominant 1-,2-,3-body physics in NO  

HN.O. = E0 +
X

ij
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H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, 02/19/2015

Normal-Ordered Hamiltonian

Normal-Ordered Hamiltonian
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in-medium contributions from 
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In-Medium SRG continuous unitary trans. drives off-diagonal physics to zero  
 
 
From uncorrelated Hartree-Fock ground state (e.g., 16O) define:  
 
 
 
 
 
 
 
 
 
 

Drives all n-particle n-hole couplings to 0 – decouples core from excitations 

Nonperturbative In-Medium SRG 
Tsukiyama, Bogner, Schwenk, PRL (2011) 

hi|H|ji hnpnh|H(1)|�
core

i = 0

H(s) = U(s)HU †(s) ⌘ Hd(s) +Hod(s) ! Hd(1)

Hod = hp|H|hi+ hpp|H|hhi+ · · ·+ h.c.



Define U(s) implicitly from particular choice of generator: 
 
 
chosen for desired decoupling behavior – e.g., 
 
 

 
Solve flow equation for Hamiltonian (coupled DEs for 0,1,2-body parts) 
 
 
 

Hamiltonian and generator truncated at 2-body level: IM-SRG(2) 
 

0-body flow drives uncorrelated ref. state to fully correlated ground state 
 
 

Ab initio method for energies of closed-shell systems 

IM-SRG: Flow Equation Formulation 

⌘(s) ⌘ (dU(s)/ds)U†(s)

dH(s)

ds
= [⌘(s), H(s)]

⌘I (s) =
⇥
Hd(s), Hod(s)

⇤
Wegner (1994) 

E0(1) ! CoreEnergy

H(s) = E0(s) + f(s) + �(s) + · · ·



Open-shell systems 
 

Separate p states into valence states (v) and those above valence space (q) 
 
 
  

 
 
 
 
 
 
 
 
Redefine Hod to decouple valence space from excitations outside v 

IM-SRG: Valence-Space Hamiltonians 
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Tsukiyama, Bogner, Schwenk, PRC (2012) 

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, 02/19/2015

Valence Space Decoupling

• construct generator from off-diagonal Hamiltonian
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Open-shell systems 
 

Separate p states into valence states (v) and those above valence space (q) 
 
  
 
 
 
 
 
 
 
 

Core physics included consistently (absolute energies, radii…) 
 

Inherently nonperturbative – no need for extended valence space 
 

Non-degenerate valence-space orbitals 

IM-SRG: Valence-Space Hamiltonians 
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Valence Space Decoupling

• construct generator from off-diagonal Hamiltonian
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1) NN and 3N forces from Chiral EFT 
 

2) Evolve with free-space SRG 
 

3) Normal-order w.r.t. HF reference state 
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state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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       valence-neutron interaction
       induced from 3N force

FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
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Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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anomaly 

Otsuka, Suzuki, JDH, Schwenk, Akaishi, PRL (2010) 

3N repulsion amplified with N: crucial for neutron-rich nuclei 

Probe limits of nuclear existence with 3N forces 

In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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Large-space methods with same SRG-evolved NN+3N-ind forces 
 
 
 
 
 
 
 
 
 
 
Agreement between all methods with same input forces 
 

No reproduction of dripline in any case 

Comparison with Large-Space Methods 
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Large-space methods with same SRG-evolved NN+3N-full forces 
 
 
 
 
 
 
 
 
 
 
Agreement between all methods with same input forces 
 

Clear improvement with NN+3N-full 
 

Validates valence-space results 

Comparison with Large-Space Methods 
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Large-space methods with same SRG-evolved NN+3N-full forces 
 
 
 
 
 
 
 
 
 
 
Improved method to capture neglected 3N forces in valence space 
 

“Targeted” IMSRG results agree well with data and large-scale methods! 
 

Comparison with Large-Space Methods 
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Self-consistent Green’s Function with same SRG-evolved NN+3N forces 
 

 
 
 
 
 
 
 
 
 
Robust mechanism driving dripline behavior 
 

3N repulsion raises d3/2, lessens decrease across shell 
 

Similar to first MBPT NN+3N calculations in oxygen 

Oxygen Dripline Mechanism 

(Fig. 1) is over bound at !130:8ð1Þ MeV but in close
agreement with the !130:5ð1Þ MeV obtained from
IM-SRG [11], giving further confirmation of the accuracy
achieved by different many-body methods. Note that the
energies of 15O and 23O can be obtained in two different
ways, from either neutron addition or removal on neigh-
boring subshell closures. Results in Fig. 2 differ by at most
400 keV, again within the estimated uncertainty of our
many-body truncation scheme. The c.m. correction in
Eq. (10) is crucial to obtain this agreement. For @! ¼
24 MeV and !SRG ¼ 2:0 fm!1, the discrepancy in 15O
(23O) is 1.65 MeV (1.03 MeV) when neglecting the
changes in kinetic energy of the c.m. but it reduces to
only 190 keV (20 keV) when this is accounted for. This
gives us confidence that a proper separation of the center of
mass motion is being reached.

Figure 2 also gives a first remarkable demonstration of
the predictive power of chiral 2N þ 3N interactions:
accounting for the precision of our many-body approach
and dependence on !SRG found in Ref. [28], we expect an
accuracy of at least 5% on binding energies. All calculated
values agree with the experiment within this limit. Note
that the interactions employed were only constrained by
2N and 3H and 4He data.

Figures 3 and 4 collect our results for the oxygen, nitro-
gen and fluorine isotopes calculated with @! ¼ 24 MeV
and !SRG ¼ 2:0 fm!1. The top panel of Fig. 3 shows the
predicted evolution of neutron single particle spectrum
(addition and separation energies) of oxygen isotopes in
the sd shell. Induced 3NFs reproduce the overall trend but
predict a bound d3=2 when the shell is filled. Adding pre-
existing 3NFs—the full Hamiltonian—raises this orbit
above the continuum also for the highest masses. This
gives a first principle confirmation of the repulsive effects
of the two-pion exchange Fujita-Miyazawa interaction
discussed in Ref. [3]. The consequences of this trend are
demonstrated by the calculated ground state energies
shown in the bottom panel and in Fig. 4: the induced
Hamiltonian systematically under binds the whole isotopic
chain and erroneously places the drip line at 28O due to the
lack of repulsion in the d3=2 orbit. The contribution from
full 3NFs increase with the mass number up to 24O, when
the unbound d3=2 orbit starts being filled. Other bound
quasihole states are lowered resulting in additional overall
binding. As a result, the inclusion of NNLO 3NFs consis-
tently brings calculations close to the experiment and
reproduces the observed dripline at 24O [41–43]. Our cal-
culations predict 25O to be particle unbound by 1.54 MeV,
larger than the experimental value of 770 keV [44] but
within the estimated errors. The ground state resonance for
28O is suggested to be unbound by 5.2 MeV with respect to
24O. However, this estimate is likely to be affected by the
presence of the continuum which is important for this
nucleus but neglected in the present work.
The same mechanism affects neighboring isotopic

chains. This is demonstrated in Fig. 4 for the semimagic
odd-even isotopes of nitrogen and fluorine. Induced 3NF
forces consistently under bind these isotopes and even
predict a 27N close in energy to 23N. This is fully cor-
rected by full 3NFs that strongly bind 23N with respect to
27N, in accordance with the experimentally observed drip
line. The repulsive effects of filling the d3=2 is also
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and dependence on !SRG found in Ref. [28], we expect an
accuracy of at least 5% on binding energies. All calculated
values agree with the experiment within this limit. Note
that the interactions employed were only constrained by
2N and 3H and 4He data.

Figures 3 and 4 collect our results for the oxygen, nitro-
gen and fluorine isotopes calculated with @! ¼ 24 MeV
and !SRG ¼ 2:0 fm!1. The top panel of Fig. 3 shows the
predicted evolution of neutron single particle spectrum
(addition and separation energies) of oxygen isotopes in
the sd shell. Induced 3NFs reproduce the overall trend but
predict a bound d3=2 when the shell is filled. Adding pre-
existing 3NFs—the full Hamiltonian—raises this orbit
above the continuum also for the highest masses. This
gives a first principle confirmation of the repulsive effects
of the two-pion exchange Fujita-Miyazawa interaction
discussed in Ref. [3]. The consequences of this trend are
demonstrated by the calculated ground state energies
shown in the bottom panel and in Fig. 4: the induced
Hamiltonian systematically under binds the whole isotopic
chain and erroneously places the drip line at 28O due to the
lack of repulsion in the d3=2 orbit. The contribution from
full 3NFs increase with the mass number up to 24O, when
the unbound d3=2 orbit starts being filled. Other bound
quasihole states are lowered resulting in additional overall
binding. As a result, the inclusion of NNLO 3NFs consis-
tently brings calculations close to the experiment and
reproduces the observed dripline at 24O [41–43]. Our cal-
culations predict 25O to be particle unbound by 1.54 MeV,
larger than the experimental value of 770 keV [44] but
within the estimated errors. The ground state resonance for
28O is suggested to be unbound by 5.2 MeV with respect to
24O. However, this estimate is likely to be affected by the
presence of the continuum which is important for this
nucleus but neglected in the present work.
The same mechanism affects neighboring isotopic
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IM-SRG Oxygen Spectra 
Oxygen spectra: extended-space MBPT and sd-shell IM-SRG 
 
 
 
 
 
 
 
 
 
 
 
 
Clear improvement with NN+3N-full 
 

IM-SRG: comparable with phenomenology 
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Oxygen spectra: Effective interactions from Coupled-Cluster theory 
 
 
 
 
 
 
 
 
 
 
 
MBPT in extended valence space 

 

IM-SRG/CCEI spectra agree within ~300 keV 

Comparison with MBPT/CCEI Oxygen Spectra 
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Physics beyond dripline highly sensitive to 3N forces and continuum effects 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Prediction of low-lying 2+ in 26O (recently measured at RIKEN) 
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IM-SRG valence-space results for fully open F/Ne isotopes 
 
 
 
 
 
 
 
 
 
 
NN+3N-ind incorrect trend 
 

NN+3N-full improved agreement with experiment; overbound past N=14 
 

Beyond Semi-Magic: Ground-States of F/Ne 

Bogner, Hergert, JDH, Schwenk, Stroberg, in prep. 
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IM-SRG valence-space results for fully open F/Ne isotopes 
 
 
 
 
 
 
 
 
 
 
NN+3N-ind incorrect trend 
 

NN+3N-full improved agreement with experiment; overbound past N=14 
 

“Targeted” normal ordering gives results very similar to phenomenology 

Beyond Semi-Magic: Ground-States of F/Ne 

Bogner, Hergert, JDH, Schwenk, Stroberg, in prep. 
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Fluorine spectroscopy: MBPT and IM-SRG (sd shell) from NN+3N forces 
 
 
 
 
 
 
 
 
 
 
 
IM-SRG: competitive with phenomenology, good agreement with data 
 
 

Fully Open Shell: Neutron-Rich Fluorine Spectra 

Bogner, Hergert, JDH, Schwenk, Stroberg in prep. 
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Neon spectra: extended-space MBPT and IM-SRG (sd shell) 
 
 
 
 
 
 
 
 
 
 
 
 

MBPT: clear deficiencies 
 

IM-SRG: competitive with phenomenology, good agreement with data 

Fully Open Shell: Neutron-Rich Neon Spectra 
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Magnus expansion: explicitly construct unitary transformation 
 
 

 
With flow equation: 
 
 
 
 

Leads to commutator expression for evolved Hamiltonian 
 
 
 
Nested commutator series – in practice truncate numerically 
 

All calculations truncated at normal-ordered two-body level 

Alternative Approach: Magnus Expansion 
Morris, Parzuchowski, Bogner, arXiv:1507.06725 

H(s) = e⌦(s)He�⌦(s) = H +
1

2
[⌦(s), H] +

1

12
[⌦(s), [⌦(s), H]] + · · ·

d⌦(s)

ds
= ⌘(s) +

1

2
[⌦(s), ⌘(s)] +

1

12
[⌦(s), [⌦(s), ⌘(s)]] + . . .

U(s) = exp⌦(s)



Variation of step size  
 
 
 
 
 
 
 
 
 
 
 
Evident error accumulation in flow-equation for small step sizes  
Magnus: rapid convergence, independent of step size 

Magnus vs Flow-Equation 



Keep unitary transformation from evolution of Hamiltonian 
 

Can generalize to arbitrary operators 
 
 
 

 
 
 
 
 

 
Must work out normal-ordered operators in J-coupled basis 
 

First apply to scalar operators 

Effective Operators 
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Seldom calculated in nuclear shell model 
In single HO shell: 
 
                                    
 

Must resort to other methods 
 
IM-SRG: straightforward to calculate effective valence-space operator: 
 
 
Commutators induce important higher-order and two-body parts 
 
 
 
 

Quantify importance of induced higher-body contributions! 

E0 Transitions and Radii 

where |hf |⇢E0 |ii|2 / �ij ⇢E0 =
1

e2R

X

i

eir
2
i

⇢E0(s) = e⌦(s)⇢E0e
�⌦(s) = ⇢E0 +

1

2
[⌦(s), ⇢E0 ] + · · ·



Preliminary results in sd shell:  
 
 
 
 
 
 
 
 
 
 
 
Promising but need additional benchmarks 

E0 Transitions in sd Shell Model 



Previous SM radii calculations rely on empirical input or as relative to core 
Absolute radii for entire sd shell calculated in shell model NN+3N 
 
 
 
 
 
 
 
 
 
 
Benchmarked against NCSM in various SM codes 
~10% too small – deficiencies expected to come from initial Hamiltonian 
Two-body part important 15-20% 

RMS Charge Radii in sd Shell Model 

Stroberg, Bogner, Hergert, JDH, Schwenk , in prep 
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Ab initio valence-shell Hamiltonians 
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Fundamental symmetries 
   Effective electroweak operators 

   Non-empirical calculation of  0νββ decay 
   WIMP-nucleus scattering 

Heavier semi-magic chains: MBPT as guide 
 

Ab initio valence-shell Hamiltonians 
  Towards full sd- and pf-shells 
  Implement extended valence spaces 
 

Moving beyond stability 
  Include continuum effects 
  Map sd- and pf-shell driplines? 
   
 

 
 

New Directions and Outlook 
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