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Determination of the baryon-baryon interactions 
using lattice QCD at the physical point



Lattice QCD calculation
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  Lattice QCD simulation
L=−1

4
G 

a G a 
q i ∂−g t a A

a
q −m q q

〈O  q ,q ,U 〉=∫dU d q dq e−S q,q,U O  q ,q ,U 

=∫dU det D U e−SU U O D −1 U 

=lim
N ∞

1
N
∑
i=1

N

O D −1
U i 

〈 t  t 0 〉
p

p p



 Formulation  
 i) basic procedure: 
 asymptotic region 
 (or temporal correlation) 
 --> scattering energy 
 --> phase shift 

 Luscher, NPB354, 531 (1991). 
 Aoki, et al., PRD71, 094504 (2005). 
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 Formulation  
  Lattice QCD simulation

 

  Calculate the scattering state
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 Formulation  
 i) basic procedure: 
 asymptotic region 
 --> phase shift 
 ii) advanced (HAL's) pro-
cedure: interacting region 
 --> potential 



 HAL formulation  
 ii) advanced procedure: 
 make better use of the lattice 
 output ! (wave function) 
 interacting region 
 --> potential 

 NOTE: 
 > Potential is not a direct experimental observable. 
 > Potential is a useful tool to give (and to reproduce)

the physical quantities. (e.g., phase shift) 

 .... 

 Ishii, Aoki, Hatsuda, 
 PRL99, 022001 (2007); 
 ibid., arXiv:0805.2462[hep-ph]. 



 HAL formulation  
 ii) advanced procedure: 
 make better use of the lattice 
 output ! (wave function) 
 interacting region 
 --> potential 

 > Phase shift 
 > Nuclear many-body problems 

 Ishii, Aoki, Hatsuda, 
 PRL99, 022001 (2007); 
 ibid., arXiv:0805.2462[hep-ph]. 



cf. Ishii (HAL QCD), PLB712 (2012) 437. 

Take account of not only the spatial correla-
tion but also the temporal correlation in 
terms of the R-correlator:

A general expression of the potential: 
 

An improved recipe for NY potential: 
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Effective block algorithm 
for various baryon-baryon 
calculations 

arXiv:1510.00903(heplat)
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 Generalization to the various baryon-baryon channels 
 strangeness S=0 to -4 systems 

Make better use of the computing resources!



 Generalization to the various baryon-baryon channels 
 strangeness S=0 and -1 systems 

 Each number of iterations is less than 600 



 Generalization to the various baryon-baryon channels 
 strangeness S=-2 systems  

 Each number of iterations is less than 600 



 Generalization to the various baryon-baryon channels 
 strangeness S=-2 systems (cont’d) 

 Each number of iterations is less than 600 



 Generalization to the various baryon-baryon channels 
 strangeness S=-2 systems (cont’d) 

 Each number of iterations is less than 600 



 Generalization to the various baryon-baryon channels 
 strangeness S=-2 systems (cont’d) 

 Each number of iterations is less than 600 



 Generalization to the various baryon-baryon channels 
 strangeness S=-3 and -4 systems  

 Each number of iterations is less than 600 
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Benchmark of the hybrid parallel 
C++ code implementation 

 >>>  a b aPbP  x  y  z   ratio               From_other_work     From_this_work     diff
                                                                                     (=From_otherFrom_this)

 >>>  0 1 0 1   0  0  0   1.000000000000e+00  4.755520154185e20  4.755520154185e20 8.907425992791e34 
 >>>  0 1 0 1   1  0  0   1.000000000000e+00  1.064483789589e19  1.064483789589e19 4.935195482492e34 
 >>>  0 1 0 1   2  0  0   1.000000000000e+00  1.034021677632e19  1.034021677632e19 8.185202263646e34 
 >>>  0 1 0 1   3  0  0   1.000000000000e+00  9.903890629525e20  9.903890629525e20 9.750020343460e34 
 >>>  0 1 0 1   4  0  0   1.000000000000e+00  9.480310911656e20  9.480310911656e20 1.095372655870e33 
 >>>  0 1 0 1   5  0  0   1.000000000000e+00  1.030125191701e19  1.030125191701e19 9.388908478888e34 
 >>>  0 1 0 1   6  0  0   1.000000000000e+00  8.655174217981e20  8.655174217981e20 6.500013562307e34 
 >>>  0 1 0 1   7  0  0   1.000000000000e+00  2.229267218351e20  2.229267218351e20 9.087981925077e34 
 >>>  0 1 0 1   8  0  0   9.999999999996e01  2.330235858756e21  2.330235858757e21 8.911187574714e34 
 >>>  0 1 0 1   9  0  0   1.000000000000e+00  2.034855576332e20  2.034855576332e20 7.011588703785e34 
 >>>  0 1 0 1  10  0  0   1.000000000000e+00  3.822483016345e20  3.822483016345e20 6.981496048404e34 
 >>>  0 1 0 1  11  0  0   1.000000000000e+00  6.506309796602e20  6.506309796602e20 4.453712996395e34 
 >>>  0 1 0 1  12  0  0   1.000000000000e+00  8.118512223003e20  8.118512223003e20 6.981496048404e34 
 >>>  0 1 0 1  13  0  0   1.000000000000e+00  5.202429085187e20  5.202429085187e20 1.017131751880e33 
 >>>  0 1 0 1  14  0  0   1.000000000000e+00  5.725220267276e20  5.725220267276e20 7.342607912976e34 
 >>>  0 1 0 1  15  0  0   1.000000000000e+00  4.331313772187e20  4.331313772187e20 8.185202263646e34 

 Comparisons have been made for all 52 channels over 31 
 time-slices, 16*16*16 points for spatial, and 2*2*2*2 
 points for the spin degrees of freedom. 
 There are 16*16*16*2*2*2*2 = 65536 points per time-slice 
 per channel. 
 For example: 



 Benchmark (only LN-LN channel at t-t
0
=+001)



 Benchmark (at LN-LN channel)



 Benchmark (from NN to XiXi channels)



 Summary on 1st part 
(1) We present a fast algorithm to calculate the 4pt correlation 
function of Lambda-Nucleon system, which was used to study the 
hyperonic nuclear forces from lattice QCD. 
(2) Generalize the target system to various baryon-baryon 
channels. (E.g., 52 channel NBS wave functions can be obtained at 
the same time from one computing job for the 2+1 lattice QCD.) 
(3) In this approach, the number of iterations to obtain the 
four-point correlation function is remarkably smaller than the 
numbers given in the unified contraction algorithm[2]. 
(4) A hybrid parallel (C++) and multi-GPU (CUDA) program has been 
implemented with MPI and OpenMP, working on supercomputer 
(HA-PACS); Concurrent kernel executions with streams improve the 
computing performance for K20X (TCA part of HA-PACS).  

[1] H.N. PoS(LAT2013)426;(LAT2008)156;(LAT2009)152;(LAT2011)167;
    (LAT2013)426; arXiv:1510.00903(hep-lat). 
[2] Doi and Endres, Comput. Phys. Commun. 184, 117 (2013). 



Nuclear few-body problem
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Stochastic variational calculation of 4He 
with using a lattice potential

For NN potential, we use the SU(3) potential 
at the lightest quark mass(m_ps = 469 MeV), 
which has been reported to have a 4N bound 
state (about 5.1MeV) within a tensor-
included effective central potential; 
NPA881, 28-43 (2011). 
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For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
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Stochastic variational calculation of 4He 
with using a lattice potential

For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
NPA881, 28-43 (2011). 



Benchmark test calculation of a four-
nucleon bound state, 
Phys. Rev. C64, 044001 (2001). 

For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
NPA881, 28-43 (2011). 











Summary
(I-1) Lattice QCD calculation for hyperon potentials toward the 
physical point calculation. (Lambda-N, Sigma-N: central, tensor) 
(I-2) Effective hadron block algorithm for the various 
baron-baryon interaction [arXiv:1510.00903(hep-lat)]

A hybrid parallel (C++) and multi-GPU (CUDA) program is 
implemented (MPI + OpenMP). 
Reasonable performances at various hybrid parallel execution 
on the supercomputers (BlueGene/Q and HA-PACS)

(II-1) Four-nucleon bound state with a lattice NN potential 
(+Coulomb potential) has been solved by using the stochastic 
variational method 

The lattice NN potential is represented by AV8-type operators.
The tensor potential is weaker than the phenomenological 
realistic NN potentials due to the heavier pion mass about 
470MeV. 
The D-state probability is only about 1.2%. 
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